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Motivation:
Bender & Boettcher, PRL 80, 5243 (1998):
H = p? +iz> has a real spectrum. Why?
e This operator commutes with P7, where
Py(z) = ¢(—=z), Tuv(z) :=¢(z)"
e [ =z is PT-symmetric but its spectrum is imaginary.
e What about non-P7-symmetric operators such as
H=((p+32)°+2> or H=p?*+;35(z) withj;eC,
which have a real spectrum?

e Can we use such operators in QM as Hamiltonians operators
or observables?
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. Observables are diagonalizable
Measurement AXiom of QM = operators with real spectrum.

Let H : 2 — 2 be an operator with a discrete spectrum.

Diagonalizability of H means the eXistence of a complete
biorthonormal eigensystem {(¢n, ¥n)}:

Un)(Pn| = 1

H Wn — E—n..?,éf’n..g H' Dn — E-:;-,@)'n..; (@m‘ '@'/’?1) — 6??1—?1;

T

QWxn: What are the necessary and sufficient conditions for an
operator to be diagonalizable and have a real spectrum.
Ans: It must satisfy H' =, Hn, ! for some positive-definite
metric operator n,.

In this case it becomes Hermitian if we change the inner
product of the Hilbert space:

(Blg) — (B, = (@) =D |9a)(nl

A .M. "“Pseudo-Hermiticity versus ’PT—Symm:etry I, II, III,"
JMP 43, 205, 2814, 3944 (2002).
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Pseudo-Hermitian QM:

e Use (-,-), to construct a Hilbert space, 7, .

e Because H : 7, — 7, is Hermitian, (J7, ,H) defines a
unitary quantum system.

o4 1= 3% — S IS a unitary operator.
e h :=pHp':# — 2 is Hermitian.

(7, ,H) and (', h) are unitary-equivalent.

e [ he basic ingredient is the metric operator 7,.
A. M. Int. J. Geom. Meth. Mod. Phys. 7, 1191 (2010); arXiv:0810.5643.



Examples:

2 3 /1 27 2 (p®  9u? ,
f?='t—+—,u' X2+ ( {rr. ,p}+,u' l4+—)r{2+ (; _ {xz,;f}
/

2m 2 2ut 3m 2 \m?  m?

S1pd 78 8177 112 6972 1 .
- { , P- }— 2 x®— o ;32 ~ ,1:2) e4+(}'(56)

[JPA 38 (2005) 6557 & 39 (2006) 13495]
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)-Function Potential with Complex Coupling

p2
H=—+4z26(2), R(z) >0
2m

H is not P7-symmetric.
2
- f—m + R(2)E(2) + ho S(2)2 + O(S(2))3

hoW(z) 1= A, e 1P/l 4 B §(2)

~ mW(0) B, .M
- 8h2 VR
h2
mR(z)

/I‘ dx E’_|T|/LW($)

What happens if R®(z) = 07



1-Dim. Scattering & Spectral Singularities
e Time-Indep. Schrodinger Eq.: —¢ ()" 4+ v(2)y(z) = k2 (z)

e v.:R— Cis a possibly k-dependent potential &

v(z) -0 for x— +oo.



1-Dim. Scattering & Spectral Singularities
e Time-Indep. Schrodinger Eq.: —¢ ()" 4+ v(2)y(z) = k2 (z)
e v.:R— Cis a possibly k-dependent potential &
v(z) -0 for x— +oo.
e Asymptotic solutions:

P(z) = Are™ + Bire * for 2 — +oo.

Ay

e [ransfer matrix:
By

_ { Mi1(k)  Mi2(k) ] [ A ]
| M21(k) Moa(k) B |

o det M = 1.

Spectral Singularities are the real zeros of M (k).



e Example: v(x) = z06(x), z € C:

1z 1z
_ 2k 2k
- Transfer matrix: M =
21z 1 4+ 2=
L 2k 2k
22
- There is a spectral singularity for z € iR at k% = T

[A. M., JPA 39 (2006) 13506]
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zka: —ikx

left . —|— R for »r— —o

o) = { Tlethe for z — +oo

: Tre—ikz for r — —o0
right -

w (m) - { —lk.L’ + R"e ikx for r — —I‘OO
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e Scattering from the left and right:
ethr 4 Rze_ikm for = — —o0
T'letkx for » — 400

- Tre—ikz for r — —o¢
Ibr'ght(x) — {

e~k 4 Rrethr for x — 400

wleﬁ(gj)

T =T =T
M , M 1
R[ p— _ip R.} p— i? T —_—
Moo Moo Moo

e Reflection and Transmission amplitudes diverge at
a spectral singularity.

= infinite amplification of incident waves.

e Physically they correspond to scattering states that behave
like resonances: Zero-width resonances.

[PRL 102, 220402 (2009); arXiv:0901.4472]
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A Physical Application:
Infinite planar slab gain medium %

n202F — 202E = 0 ///

n =7 4+ x. Refractive index

W _ WhRZ W _ L .
E - (n:z ct) S e e el (nz—ct) ;
|E|2 grows exponentially for k < 0: Gain Medium

Gain Coefficient: g := —2¥~
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n2OPE — c?9°E = 0
E(z,t) = Ee ™ (2)7

—(2) + v(2)Y(2) = k() f / .

N B

.} 5 for [z[ < L/2
v(z) = { 0 for |z| > L/2

3:=k%(1—n2)eC, k:=uw/c

n =1+ x: Refractive index
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Spectral singularities of complex barrier potential:

o— 2Lk — ( 1)2
n+1

]\/1’22 =0 —

2
R = (I‘;_—i) is called Reflectivity in optics.

Taking Absolute value of both sides gives:

1 1
e 29l — IRIZ = = n

This is known as the Laser Threshold Condition.

Optical Spectral Singularity = Lasing at threshold gain
[A. M. PRA 83, 045801 (2011); arXiv:1102.4695]

. . T
Time-reversal transformation: M — o1M*oq
T
= Moo +— Mfl

e [ ime-reversed optical spectral singularities:
= Antilasing (CPA) [Wan et al Science 2010]



Unidirectional Invisibility

I R'R™ RT
T _
M — T T
R! 1
! T T

Unidir. Reflectionlessness: Rl =0# R" or R" = 0 # R!
Only one of My, and M>; IS zero.

Unidir. Invisibility: R =0# R or RFR=0# R & T =1
Only one of M2 and Mo>q1 is zero & N1 = Moo = 1.

Lin et al, PRL 106, 213901 (2011)
Regensburger et al, Nature 488, 167 (2012)

A. M. PRA 87, 012103 (2013)



If v(x) is a real potential,
R =R,  |[RVPH|TP=1

= Spectral singularities and unidirectional reflec-
tionlessness & invisibility cannot happen for a real
potential.
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Composition Property of M

Let v; and vo be scattering potentials such that

vi(z) =0 for x> a,

v(z) =0 for x<a
v(z) = vi(x) + vo(x).

Mq: Transfer matrix of v, ot

Mbo->: Transfer matrix of v»o

M: Transfer matrix of v = v1 4+ v2 V5

Then M = M2 Ml.

This resembles the composition rule

0t

for the evolution operator U(t,tg) of
a quantum system: 0

U(to,to) = U(t2,t1)U(%1,10)

for to < t1 < to. Ot

VN
A
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Time-indep. Schrodinger Eq.: —"(z) + v(2)yY(z) = k%Y (x)

. do(T v(T)
T = k=, o(1) ‘=P(r/k), o(1) = ng ): w(r) = 2;;2

_ 1] o(r) —ig(r) S S N
V= E[cxﬁ(’r)-l-iqb('r)]’ A [—1 —1] 2 ¥ o

_ w(T) —1 w(T) .
H(r) = { —(u,?(’r) —w(T)+1 ] = —o3+ w(r)N

W (r) = H(H)W(7)




Time-indep. Schrodinger Eq.: —"(z) + v(2)yY(z) = k%Y (x)

w(r) —1 w(T)
—w(r)  —w(r) + 1

W (r) = H(H)W(7)

e H(7) is a 2-level non-Hermitian Hamiltonian.
e H(7) is o3-pseudo-Hermitian, if v is real; H(7)" = osH(7)o3".
e Eigenvalues of H(7) = +n(7), n:=+1 - 2w =+/1—v/k>.
e Classical turning points are exceptional points of H(7).
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. _ 1 1
H(7) := —o3+w(7)N, N:= { 1 _1 }

: —i [T H()d
e Evolution operator: U(7,70) := Je f-’o ) it;

iU(r,70) = H(-)U(+, 70), U(70,70) =1
W(r) = U(r,70)WV(70)

e Free particle: H(7) = —o3, U(7,70) = Uo(T — 10).
Uo(’?‘) = e!73

Theorem: The S-matrix of H(7) is the transfer matrix of v;
M = Ug(4+0) U (400, —00)Ug(—0).

A. M. PRA. 89, 012709 (2014)
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e Interaction-picture Hamiltonian: W(7) — Uo(7) W (1)
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e Free particle: H(7) = —o3, U(7r,70) = Ug(7 — 70).

e Interaction-picture Hamiltonian: W(7) — Ug(7) W (1)

A (1) = Ug(r) "H(r)Uo(7) — iUg(7) ' Up(7)

= ’lU(T) [ _123'7' 812;7- ]

€

e 7 (1) is non-diagonalizable matrix.
e Spectrum of () is {0}.

o /(1) is o3-pseudo-normal, i.e., [ (1), #(7)!] = 0, where
P = ngﬁTcrg.

o (1) is o3-pseudo-Hermitian, if v is real.



e Free particle: H(7) = —o3, U(7r,70) = Ug(7 — 70).

e Interaction-picture Hamiltonian: W(7) — Uo(7) W (1)

A (r) = Uo(r)""H(r)Uo(7) — iUo(r) " Uo(7)
1 8—2:&7‘
- ’LU(T) [ _823"7' -1 ]

Theorem: Let % (7.,70) be the Interaction-picture evolution
operator. Then M = % (40, —0).
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Motivation: 3 a dynamical eq. for Z (7, 10).
iU (1,70) = H(T)U (7,70) & U (70, 70) =1

Can we find a dynamical eq. for M?

v(z)
For each a € R, let o := ak,
) v(x) for z<a
va() '_{ O for z>a’
and M(«) := transfer matrix of v,.
Va ()

Then M(«a) = % (o, —o0). Therefore,
10.M(a) = 7€ (a)M(a), M(—oc0) = 1.
We also have M = M(0).




iI0aoM(a) = H(a)M(a) & detM # 0 =

i[0.M(a)]M(a) ! = #(a) = w(a) [ _elzm efim ]

Recall w(a) = v(a)/2k?.



iI0aoM(a) = H(a)M(a) & detM # 0 =
1

T0M@IM() ™ = (@) = (@) | b
Recall w(a) = v(a)/2k?.

Eg: Square Barrier Potential of height ; € C,
3 for z € [0, L]

v(@) = vilz) = { 0 for z¢[0,L]

€
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iI0aoM(a) = H(a)M(a) & detM # 0 =

0M(a)]M(a) 1 = H#(a) = w(a) [ . 62“]

- |
Recall w(a) = v(a)/2k?.

Eg: Square Barrier Potential of height ; € C,

3 for z € [0, L]

v(@) = vilz) = { 0 for z¢[0,L]

Mji(@) = [cos(na) +i(n”+ 1)sin(na)/2n] e,
Mis(a) =i(n? —1)sin(na)e™™/2n,
Mi(a) = Myp(—a),  My(a) = My (—a),

n = /1 —3/k?




i0uM(a) = #()M(a), M(—o0) = 1



i0uM(a) = #()M(a), M(—o0) = 1

R'RT R’ |
T —
M — T T
R! 1
T T

RVUT(a) := RY" for v, & T(a) :=: T for v, =
RY"(a) and T(«) satisfy dynamical egs.
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Finite-range potentials: w(r) =0 for = & [, T+].
z=e e SICC & 24y i =me?meStCC

S(z)

R() = 555

P S"(¢)
Blz) = / “ SO0
() = ——

S'(z)



Finite-range potentials: w(r) =0 for = & [, T+].

z=e e SICC & 24y i =me?meStCC

RG) = 22—

Z B z SH(C)
RG) = - [ % emie
() = S%z).

225" (2) - h(;)] S(z) =0
S(z_) = 2_, S'(z.) =1

v(z) '=wv(Inz/2k) = v(a)



Finite-range potentials: w(r) =0 for « & [7—, 74].
z=e e SICC & 24y i =me?meStCC

RG) = 22—
Z B z SH(C)
)= _/z “ 50507
e = S%z)
225" (2) A [ﬁ(z)] S(z) =0
) 4k= ) Can use these for
S(z_) = z_, S'(z-) =1

iInverse scattering.
v(z) '=wv(ilnz/2k) = v(a)
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A finite-range potential with a SS at k = ko:
T = 1/S’ should have a pole at k = ko.

A. M. Ann. Phys. 341, 77 (2014)



I R'R™ R’
T _
M — T T
R! 1
! T T

A finite-range potential with a SS at k = ko:
T = 1/S’ should have a pole at k = ko.

2 _ 1
Choose S(z) = = — 2=+t 1 6 o — kL koL ¢ 2nZ.
2(1 — 2y) +
2(p) = 1- 28 1+ 8 [e#hor — 2e-2ih(l-0) 4 1] 70z € [0, L]
1 €Tr ) = —_ p—
k2 1 z ¢ [0, L]

A. M. Ann. Phys. 341, 77 (2014)
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Finite-range right-invisible potential at £ = kg:

RT—%—z—O&T—S,—lforz—z_|_—e_2”+.

Choose S(z) = z[a(z — 1)2 4+ 1],
=0, 7. =koLy, :=7n, & neZT:

2o 2 [ 1@ welon
- 1 z ¢ [0, L]

—kznfa(aj) r € [0, L]
O x ¢ [0, L]
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642']{30513 + Oé(]. _ eQik‘oJ))Q

v(x) = van(x) = {

fa(x) 1=



Finite-range right-invisible potential at £ = kg:

RT—%—z—O&T—S,—lforz—z_|_—e_2”+.

Choose S(z) = z[a(z — 1)2 4+ 1],
=0, 7. =koLy, :=7n, & neZT:
@@ﬂ:{1+wmx@ z € [0, L]
1 x ¢ [0, Ly]
—k?nfa(x) @ € [0, Ly]
0 x ¢ [0, Ly]
8mic(3 — 2e2ikor)

v(x) = van(x) = {

Jalx) = =7 T (1 — 2ikor)2
At k= kg - R'=0, T=1
For a > 1 l —3mina
a > —=: =
4 (o + 1)2



—kznfa(a:) z € [0, Ly]
U@jn(ﬂ?) =
8ria(3 — 2e2iko)
edikox + a(l _ eQikoa’})Q

fa(z) = Ly = mn/kg

For given R = pe'¥ € C, choose a € [0,1), n € ZT,
meZ & dy € R, such that
8Tnao _ (Am —-1)m —2¢

= d
(a+1)2 " m 4o

Let vih(x) = van(r + dm) & Uj}?(a‘) = v pe(x)*.




—kznfa(a:) z € [0, Ly]
U@jn(ﬂ?) =
8ria(3 — 2e2iko)
edikox + a(l _ eQikoa’})Q

falx) 1=

For given R = pe'¥ € C, choose a € [0,1), n € ZT,
meZ & dy € R, such that
8Tnao _ (Am —-1)m —2¢

= d
(a+1)2 " m 4o

Let UTR(.CI?) = van(z + dn) & Uj}?(a‘) = U’T_R*(m)*. Then,
o vh(x) is right-invisible with R/ = R.

o vh(z) is left-invisible with R" = R.

e Both vanish outside [—dm, Ly — dm].

= a model for general unidirectional invisibility.



Perturbative Expansion for M

(1) = w(r) [ - el% ejfr = b w(r) = 2(}LQ)
M = %(4oo,—oc0) =T '] 47O
- / dr 7 (71) — / dr2 / dr A (72) (1) + -
=: 1+ZMG’>

=1




Perturbative Expansion for M

1 6—2-@‘.1' ( )
%(7) — .{L-’(T) [ _ez.ﬁ. 1 T = kil?,, w (T) — 512
M = %(4oo,—oc) = e I HO
— / d’?—l%(’i’l) —/ dTQ/ d?‘l%(’?‘g)%(q-l) —|—
=: 1+ ZM@
=1
MO — — 7(0) 0(2k)
2k | —5(—2k) —o(0) |’
M@ — 1 0(0,0) — o(—2k,2k)  ©(2k,0) —©(0, 2k)
4k2 | H(—2k,0) —©(0,—2k) ©(0,0) — T(2k, —2k)

f(,zfl:... ;kfg) ;:/ d$1---/ dx, e—i(k1$1+...+ks$f)f($1?_.. ,,xg)

v(x1,x2) i= v(x2)0(x2 — 2x1)v(21)




Perturbative Unidirectional Invisibility

o(z) = { ;3 f(x) for =z €0, L],
0 for x ¢ [0, L].

R = 0(;%), R = 0(3), T =1+ 0@2).



Perturbative Unidirectional Invisibility

o(z) = { 5 f(x) for x € [0, L],
0 for x ¢ [0, L].

R'= O(;7), R" = O(3), T =1+ 03G).

- K 2
Example: f(x) = e'h*, k= 5 = me & m e LT,



Perturbative Unidirectional Invisibility

o(z) = { 5 f(x) for x € [0, L],
0 for x ¢ [0, L].

= 0(°), R = 0O(3), =1+ 0@°).
- K 2
Example: f(CC) — 6?'}&33, k = 5 — zm & m € Z+
5(—2k)
Rl — v ( L O(:2
2ik — 5(0) (%),
| 5(2k) ;
R? — |
2k —50) 26
ik
= - O3%).
2k — o0y T OGY

= Complete characterization of pert. unidir. invisibility



= Multimode Perturbative Unidirectional Invisibility

o(z) = { 5 f(x) for xze€]0,L],
0 for « & [0, L].

| B aeQ'éK:z: | b e—iKiI?
Example: f(CC) — 1 _ qe2iKz ' 1 — pe2iKz
2T
a<1, <1, K=2T

Perturbatively invisible from left: k=nK, n=1,2,3, -

1
Perturbatively invisible from right: k£ = (n —+ 5) K.



Perturbative Inverse Scattering:

@ 5(0)  #(2k)
2k | —5(=2k) —5(0)



Perturbative Inverse Scattering:

g 5(0)  (2k)
2k | —5(—=2k) —v(0)

d d
v(a) =2~ ML (22) =2 P (—22)

F2) 1= — / ke ()
2T | _



Perturbative Inverse Scattering:

g 5(0)  (2k)
2k | —9(—=2k) —wv(0)

d d
v(a) =2~ ML (22) =2 MY (—22)

o) = f ke (k)
2T | _

Theorem: It is the first Born Approximation of the scattering
data that determines the form of the potential.

A. M. PRA. 89, 012709 (2014)



Adiabatic & WKB Approximations
Use adiabatic approx. to solve iW(7) = H(7)W(¢t):

T = km N e ’LU(’T) — 1 ﬁh‘_.?(’T)
w(T) (= v(7/k) H(r) = —w(r) —w(r)+1
2k2




Adiabatic & WKB Approximations
Use adiabatic approx. to solve iW(7) = H(7)W(¢t):
T .= kx H(r) = [ w(T) —1 w(T) ]

__v(7/k) —w(r) —w(r)+1
w(r) = =53
H(r)WVi(r) = Ex(7)V=(7)
Ei(7T) ;= ®£n(7) Wi(7) = % [ 1i2g§ }

n(r) 1= \/1 — U(;ék)



Adiabatic & WKB Approximations
Use adiabatic approx. to solve iW(7) = H(7)W(¢t):
T .= kx H(r) := [ w(T)—1 w(T) ]

w(r) = 2R —w(r)  —w(r)+1
2k?
H(r)Vi(7) = E+(7)WV+(7)
E.i(1) := +n(7) Wo(r) = % [ 1i28 ]
n(r) = \/1 — U(;f)
Biorthonormal dual of Wo(7): ®4(7) 1= 2:1(11-)* [ :E:;: ii ]
(Di(T)|W;(7)) = i, D W) i(r)| =1

j=%



H(m)WVi(r) = Ex(T)Wi(7)

Adiabatic approximation:

W (7o) — W(7) = MMy, (1)



H(m)WVi(r) = Ex(T)Wi(7)

Adiabatic approximation:

W (7o) — W(7) = MMy, (1)

0+(T)

— Eﬂ:(T’)dT"::F/. n(7")dr’
T L ! ! n(7)
() = i f (DL V())dr = i f (DLW )
To “(Tﬂ)
Adiabaticity Condition:

<¢'ﬂ:(7')|11’$(7')>
E+(1) — E_(1)

Garrison & Wright, PLA 128, 177 (1988)

<1




Adiabaticity Condition:

(P+(7)[Wx(7))
Ey(r) —E_(7)

V(1) ~ Eiﬁi(ﬂgﬁi(r}ﬂli(r)

n(7)
4n(T1)2

o)
1 & 1
< 81k2 — w(z)P2

<1 &




Adiabaticity Condition:

(P+(7)[Wx(7))
Ey(r) —E_(7)

V(1) ~ Eiﬁi(ﬂeﬁ*(’r}ﬂli(r)

n(7)
4n(7)2

v ()]
1 & 1

<1 &

5.(r) = T f " n(r)dr! = fI I VK2 = v(a')da’

]

i (r n(7o) _ 1 liFn(T)]
e (1) = n(:) \U:l:( ) 2[ 1:':11(’?')



Adiabaticity Condition:

(P+(7)[Wx(7))
Ey(r) —E_(7)

V(1) ~ Eiﬁi(ﬂeﬁ*(’r}ﬂli(r)

n(7)
4n(7)2

ol
L1l & V()] <1

<1l & I
8|k2 — v(x)[3/2

Si.(m) == f: n(r)dr' = ;f: \/k? — v(z")dx'

]

i (r n(7o) _ 1 liFn(T)]
e (1) — n(:) \U:l:( ) 2[ 1:':11(’?')

Recall: W(r):=1 [ j((g —_kﬁ((:)) ] & ¢(1) = v(7/k)



Adiabaticity Condition:

(P+(7)[Wx(7))
Ey(r) —E_(7)

V(1) ~ Eiﬁi(ﬂeﬁ*(’r}ﬂli(r)

5.(r) = T f a(r)dr! = T fI I VK2 = v(a')da’

i (r n(7o) _ 1 liFn(T)]
e (1) = n(:) \U:l:( ) 2[ 1:':11(’?')

n(7)
4n(7)2

v ()]
1 & 1

<1 &

Recall: W(r):=1 [ i‘((g —_kﬁ((:)) ] & ¢(1) = v(7/k)

i +(7")dT’ N 1 ‘—v(z’)dx'
b(x) A~ n(7o) F LDE( dr' 0 — ¢f (27)dz
n(r) [k2 — v(x)]




= WKB Approximation = Adiabatic Approximation

e Semiclassical expression for transfer matrix

e Higher-order semiclassical scattering

A. M. JPA 47, 125301 (2014) & 345302 (2014)



Local Inverse Scattering

Problem: Given a positive real number kg and complex num-

bers Rg/T and Tp (#£ 0), find a scattering potential v(x) whose
reflection and transmission amplitudes at k£ = ko are given by

R'/" = RJ/" and T = Tp.



Local Inverse Scattering

Problem: Given a positive real number kg and complex num-

bers Ré/T and Tp (#£ 0), find a scattering potential v(x) whose
reflection and transmission amplitudes at k£ = ko are given by

R'/" = RJ/" and T = Tp.

Solution/Theorem: wv(x) can be written as the sum of at
most four unidirectionally invisible finite-range poten-
tials,

v(z) = vi(x) + valx) + va(x) + va(x).
e v;(x) have mutually disjoint supports.

e v;(x) can be selected from the class {v),(x), v (x)}.

[A.M., PRA 90, 023833 (2014)]



Application: Design of bidirectionally reflectionless phase-
shifting amplifier

Example: Choose Ty = +/2i. Then vo(z) doubles the intensity

(|TH|? = 2) and produces a w/2 phase shift in the transmitted
wave.



Application: Design of bidirectionally reflectionless phase-
shifting amplifier

Example: Choose Ty = +/2i. Then vo(z) doubles the intensity
(|76 = 2) and produces a 7/2 phase shift in the transmitted
wave.

Explicit model: vo(xz) = vi(2) + va(x) + v3(x) + va(x) with

'(f ) .= Uaj:n(aj _I_ d]) for j — 1337
Vi) = Vo, n(x 4+ d;)* for j=24,

ko = 27 /um, n = 300, so that L, = 150 um, and

a1 = 1.57798 x 1074 d1 = 300.625 um,
ar = 1.93283 x 1074, do = 150.299 pm,
az = 1.11565 x 1074, d3 = 0.00000 pm,

s = 2.73409 x 1074, ds = —150.326 pm.






Summary:

e Pseudo-Hermitian QM: Spectral singularities appear as
singularities of the metric operator for complex scattering
potentials.

e Physically spectral singularities correspond to the scattering
states with real and positive energy that behave exactly like
a zero-width resonance. In optics they appear as lasing at
threshold gain. Their time-reversal gives rise to anti-lasing.

e M = S-matrix for a two-level non-Hermitian Hamiltonian
which is pseudo-Hermitian for a real potential.

e M = Asymptotic value of the evolution operator for a two-
level pseudo-normal Hamiltonian.

e Dynamical equations for M = optical potential design
e Perturbative Unidirectional Invisibility & inverse scattering
e Adiabatic approximation & WKB approximation

e Pre-exponential part of the WKB wave functions is actually
a complex geometric phase



e EXxplicit model for unidirectional invisibility

e Unidirectionally invisible potentials are local building blocks
of all scattering potentials

e Applications: Design of reflectionless amplifiers, absorbers,
phase-shifters, threshold lasers & anti-lasers.
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Thank you for your attention.



