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Definition 0.1 (Inner Product). An inner product on a real (complex) vec-
tor space is a function 〈·, ·〉 : V × V → R ( 〈·, ·〉 : V × V → C) satisfying
the following properties:

(i) 〈v, v〉 is real and positive ∀v ∈ V, v 6= 0.

(ii) 〈v, w〉 = 〈w, v〉 (〈v, w〉 = 〈w, v〉) ∀v, w ∈ V .

(iii) 〈v, αw〉 = |α|〈v, w〉 ∀v, w ∈ V , ∀α ∈ R ( ∀v, w ∈ V , ∀α ∈ C).

(iv) 〈v, u+ w〉 = 〈v, u〉+ 〈v, w〉 ∀v, u, w ∈ V .

Standard Inner Products.

Rn - 〈x, y〉 = x1y1 + . . . , xnyn = xTy

Cn - 〈x, y〉 = x1y1 + . . . , xnyn = x∗y

Rm×n - 〈A,B〉 = Trace(ATB) =
∑m

j=1

∑n
k=1 ajkbjk
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Euclidean Norms

V a vector space with an inner product 〈·, ·〉

‖v‖ :=
√
〈v, v〉 ∀v ∈ V

Standard Euclidean Norms.

Rn - ‖x‖ =
√
xTx =

√
x21 + · · ·+ x2n

Cn - ‖x‖ =
√
x∗x =

√
|x1|2 + · · ·+ |xn|2

Rm×n - ‖A‖ =
√
Trace(ATA) =

√∑m
j=1

∑n
k=1 a

2
jk
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Definition 0.2 (Norm). A norm on a vector space V is a function ‖·‖ : V →
R satisfying

(i) ‖v‖ > 0 ∀v ∈ V, v 6= 0,

(ii) ‖αv‖ = |α|‖v‖ ∀v ∈ V , ∀α ∈ R ( ∀v ∈ V , ∀α ∈ C),

(iii) ‖v + w‖ ≤ ‖v‖+ ‖w‖.

Common Norms in Rn or Cn

1-norm ‖x‖1 := |x1|+ · · ·+ |xn|

∞-norm ‖x‖∞ := maxj=1,...,n |xj|

p-norm ‖x‖p := p
√
|x1|p + · · ·+ |xn|p

Equivalence of Norms.
∃C1, C2 s.t C1‖v‖B ≤ ‖v‖A ≤ C2‖v‖B ∀v ∈ V
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