Math-204 Differential Equations

Final Exam

Spring, 2019

NAME: Q ¢ )Lo)ﬁO\S

SECTION (check one box) : Section 1 (Inci 13:00)
Section 2 (Kocyigit 13:00)

Section 3 (Kocyigit 14:30)

Instructions:

1. Wait for signal to begin.

2. Write your name in the space provided, and check one box to indicate which section of the course you

belong to.
3. Please turn off cell phones or other electronic devices which may be disruptive.

4. Unless otherwise stated, you must justify your solutions to receive full credit. Work that is illegible may
not be graded. Work that is scratched out will not be graded.

5. Tt is fine to leave your answer in a form such as In(.02) or +/239 or (385)(13%). However, if an expression can
be easily simplified (such as e(:%?) or cos(r) or (3 — 2)), you should simplify it.

6. This exam is closed book. You may not use notes, or other external resource.
It is a violation of the honor code to give or receive help on this exam.

7. In True/False questions circle true, false or if you think the given information is not sufficient for a conclusion
then write N/A and explain. Unless the question states “No explanation needed” you should explain your

answer in order to get credit.

8. If you use a theorem you should check (and write clearly) whether the conditions of the theorem hold.
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1. Given the system for unknown functions u(t), v(#)
W—-2u+3 = 0
v+20 = 0

(a) Write the above systems of equations in matrix form.

Answer: "u}l -9 =3 (q
\v) TLo 2 v)

(b) Solve for u(t) and v(t)
Answer: | O & eﬂ'(l ) @ -24 ( ’5) ( ("i e”+ Zfl_éu)
][1& sli)= € lodt = Lk o+ b e

(2N D A=Z M=2

(1

C e eqn =
s 3200 > koo > vzl
Ay =4l (‘i'g)(a)za e l[a—S'b:O B VL:(;{)

(c) Write the general solution of
x = Az,

in terms of real-valued functions where Ais 3 x 3 matrix with the following eigenvalue - eigenvector pairs:

i —1 1
)\1:147:, v — 01> )\zi1+1, Vy = 0 )\3—2 V3 = 1
1 1 0

From /\3:2 % A D e » |
({-'f (;) i ‘f(‘éd){*—'is;;d) ej{ Sni D+ NN
i ¥ = o = '
Fiam >";i-‘ )= € 1/ - E oyt -isw] Cok — 150
= €& o 1€ 0_
Loyt —sinf
i
qun ere #7 "
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2. Suppose P(t) is a 222 matrix valued continuous function on t € R and g is a non-zero constant vector. Given
the equations

' = P(t)x (1)
x' = P@)x+xo (2)
the following are known
1 1 1 0
o u(t) and v(t) are solutions to (1) with u(0) = , u(2)= , v(0)= and v(2) =
1 1 0 2
5 3
w(t) and z(t) are solutions to (2) with w(0) = and w(2) =
3 2

(a) ‘/No Is there a constant ¢ such that cw — 2 is a solution to (1). If so then find ¢ otherwise explain.

ookl [cw-2) o Plawe) & elw-Puw)=(E z'-f2)

< (@ P S r_c:lj Sinee X% 0O

(b) ‘No] Is there a constant d such that dw — z is a solution to (2). If so then ﬁnd d otherwise

ekﬁpj_azmﬁ&»k. (Aw--ﬂ —Pdw-2)rx. & A(w-— Pw = (‘a‘/Pz)-fx,

P dy, = &.+% & ez

5
(c) @No] Let (1) be a solution to (1) with 2(0) = . Is it possible to calculate x(2) from the given

4

information? If so find z(2), otherwise explain.

u end v e ]i"éo‘(z) lWPM&/ﬁ. TL@@JW §€f\ . éé\rﬁ E ).

= & )+ & v(t)
X (4) e oT

y ) ( [ r
el ot £ ¥0=(f] = (,)(J = & =

> xW= L ub~ v

P
L

v(2)= Lulr)«vid)= (Z
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3. Write the general solution of

in terms of real-valued functions.

e X(%B’/ ¢ euy(t‘?) &

G "}L(

o 230 (/\—’l)l =0

gon- et (00 L)@)

\1

(

l

b

) D b=t >
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4. Find the eigenvalues and eigenfunctions of the given BVP

Y 4y =0,  y(0)=0, ¥ (=0

Answer:

)nz(L~)L Gold=Se[ DE) sl 3G,

7

l:_Q‘L )‘>C\ l A= /"\/\ \fl‘+/ML\'{ =

yf\ 30('\ \{[x} = 5 (/u\x\ x C, S({\(/\AX)

6L Z(O= €, 1+ 0 o (=2
0O =M ("5G“*3)'* (zfA “”{/"‘X) D p 62 Qmﬂ);.’/‘
> m:=4 " e = 5 -
5 | o —
A{\'-:(%\ \/ﬂ(x): )m(!\-ﬁ) r\ri,35, gt

.[wosﬁ, Aa’?, \"( - = ‘~/L)C): ax<b
A % ozb e
D=

( 2 =
[eox 342 Szept D
g2 s ~1()c)'= C oo)Nm) & é’lc,‘:,\[\(f,;x)

O:C\‘\’O > =2
8¢

=

no_cignealer

0 = i gl PG o) S G=o N i
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5. Given
f(r) = 2r. -l<r<ly f(r+2)=f(z),
Calculate the Founer Series of f(x).
[0 bk L
Answer: g el S‘,(nnx) P Z 5;(”((;1}
(\/ e nz ntr
~ - N
L=A { 5 odd = 6,=0 8,z-o0 A
( ,
b.- & S 2 4 (ana)dx = “L"‘c"?«{,’”_‘,x), +j é“”(""vjc(
Rt Nt aa
]

"

o) | dntens ||

nit (/1}7 )1 s
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6. Solve the following heat conduction problem.

Ury = Uy, 0<z<l1,t>0
u(0,t) = 0, t>0
u(l,t) = 0, t>0
u(z,0) = 2 O<zr<l

Answer:

]

)’“' <A f1s ¢

w
: = L(-! 5o
(X/H: .;/’:_‘ __‘_/F_ 8_ < [/lﬂ)(J
Gosakle  ulx®) = XOT® 5 xiT= XT
ﬂ: T - -x o Xteax=2
o T AT =2

XTH =
= X(e)=o

L=A soln o€ ®
A= a2 X,',(X')-—— 5;a.(nrrx) T,,H):
: 1 o o fn"rr"‘-é
algt) = 2Gelem) e el
" % +l(-1)
v o P el
f'(ms\'n(/\’n)&) = u(ylo):lx N= Al
=
nil
L=
= G~ =ge=
N <) ,l)lﬂ”
2 W gy €
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7. Solve for y(t) using Laplace transform

¥' =10y +9y =5,  y(0)=-1,4'(0) =2

nswer: 7 q{_ & ;
! u(t) = 9“3_ﬂg+ﬂ4%4
A 9
- &
[ 2452 05y 0«7 = %,

YUy = S*;iﬂ NI ?Q;;m%

= L&U(s’a)

/_\_/\ ) E{C”
el |
#29% pa*
e, ) N
+ £l =
T % P g
1) = _1)(5-2
& () j (-G P 3 B=Ng
Aqs 2 e -EY:‘()
~A-ab = 1_: 6 =
N R L A AR
o 3 5""% s‘l - T E’ /-CLI
) = & b il eud: e |+ 5 5 ,
7 0('&___' ,Ee A‘C - ‘:—; >4 @ o
B S ! e A
d‘”._i:e{: e .= K 4
flos = € {-TA/ T
2
4 ¢ st 5?:*%*%‘
& il+eq,*eﬂ-€j = g8 ¥
ow- ZLFaTE T
e - <5 \
W= b P =
9 /11
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8. Let p(1).q(t). f(t) be all continuous functions on ¢t € R

Lyl =y" +pv +qy

Consider the differential equations for y(t)

Liyj=0 (1)

o

Lyl=4) ()

m F ] If u;,us, u3 are solutions to (2) on R then Wronskian W (w1 — ug, up — u3) (t) is either 0 or never
achieves 0 for all { € R.

explain or give counter example: |
u|‘u3 Q“é b‘L‘Ll} one lﬂ)\u"l 59“%) Oé ({) ' AQ—
Thus W s edde © o0 Neve O on v €
by Anels Heoen

[T /@] If vy, 15 are solutions to (1) such that v1(0) = v2(0) then Wronskian W (v1,v2) (t) is 0 for all

t € R.
explain or give counter example: H» s Wﬂl‘dem& (\DC}\&GJL’- W af
e p-?w‘\' r
ou) vlle) = V[V~ V']
Wi (V. ‘/Z [O) l\l._(aj Vz(o)
th*r or gk rob e £y -

@ F ] If u1, us are solutions to (2) on R then Wronskian W (uy,u2) (t) can achieve both 0 and non-zero

values.
ode 1 5
explain or give counter exariple‘fl‘){l} MN—M A&% ro& Qfﬂ{zz— 40 en W‘GJ-‘;]

. Thwm 323 _
C'a.;(\k’ e{;ﬁfi\’— )

Al

y'=2 -

3 & % = -2¢
u‘:{Z w:/ZA' Z: Z
UL-:'(:lT(
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Table 1: Laplace Transform Table.

f(@) L{f ()}
1 %., s>0
et L. s>a
tn 3,’,'!1 ,8>0
sin at T4z, 8> 0
cos at ;g#;, s>0
sinh at 7, 8> |a|
cosh at a2z, 8> g
e sin bt ﬁr_ﬁg,s>a
et cos bt ot s> a
thest (3_2’)!,. r,s>a
uc(t) %, s>0
u(2)f(t—¢) e~ F(s)
(f*x9)(t) = [o f(t—T)g(r)dr | F(s)G(s)
o(t —c) e”°
f'@) sF(s) — f(0)
Trigonometric identities:
sin (@ = b) = sinacosb + cosasinb cos (a £ b) = cosacosb Fsinasinb
cos? z = (1 + cos 2z) sinz = (1 — cos 2z)

11 /11
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