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A new robust hybrid finite-volume (FV)/particle method is developed for solving joint probability density
function (JPDF) model equations of statistically stationary turbulent reacting flows. The method is
designed to remedy the deficiencies of the hybrid algorithm developed by Muradoglu et al. (1999,
2001). The density-based FV solver in the original hybrid algorithm has been found to be excessively
dissipative and yet not very robust. To remedy these deficiencies, a pressure-based PISO algorithm in
the open source FV package, OpenFOAM, is used to solve the Favre-averaged mean mass and momentum
equations while a particle-based Monte Carlo algorithm is employed to solve the fluctuating velocity-tur-
bulence frequency-compositions JPDF transport equation. The mean density is computed as a particle
field and passed to the FV method. Thus the redundancy of the density fields in the original hybrid
method is removed making the new hybrid algorithm more consistent at the numerical solution level.
The new hybrid algorithm is first applied to simulate non-swirling cold and reacting bluff-body flows.
The convergence of the method is demonstrated. In contrast with the original hybrid method, the new
hybrid algorithm is very robust with respect to grid refinement and achieves grid convergence without
any unphysical vortex shedding in the cold bluff-body flow case. In addition, the results are found to
be in good agreement with the earlier PDF calculations and also with the available experimental data.
Finally the new hybrid algorithm is successfully applied to simulate the more complicated Sydney swirl-
ing bluff-body flame ‘SM1’. The method is also very robust for this difficult test case and the results are in
good agreement with the available experimental data. In all the cases, the PISO-FV solver is found to be
highly resilient to the noise in the mean density field extracted from the particles.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Turbulent combustion continues to be a key technology in
energy conversion systems that convert chemical energy stored
in fossil fuels first into usable thermal energy and subsequently
into mechanical work. Many important global issues such as
energy management, climate change and pollution are directly
related to the conversion of chemical energy into thermal energy
via combustion that usually takes place in turbulent environment
mainly due to the enhanced mixing. Accurate prediction of turbu-
lent reacting flows is thus of fundamental importance for designing
more efficient energy conversion systems and reducing the impact
on the environment.

Although the Navier–Stokes equations are known to be the cor-
rect mathematical model for turbulent flows, the direct numerical
simulation (DNS) is still limited to simple flows with low or
moderate Reynolds numbers due to rapidly increasing computa-
tional cost with Reynolds number. In probability density function
(PDF) methods, turbulent flows are modeled by a one-point, one-
time joint PDF of selected flow properties. The PDF method takes full
account of the stochastic nature of turbulent flows and offers the dis-
tinct advantages of being able to treat the important processes of
convection and non-linear chemical reactions without any assump-
tions or approximations – a capability not possible by any other
approaches. In particular, the exact treatment of non-linear chemi-
cal reactions makes the PDF approach highly attractive for turbulent
reacting flows. Owing to these unique features, the joint PDF method
coupled with a detailed chemistry model can correctly model the
challenging processes of local extinction and re-ignition, i.e., the
key processes that critically influence the stability of turbulent
flames, quality of combustion and air pollution, as demonstrated
by Xu and Pope [39] and Tang et al. [35].

As for any turbulence model, an efficient numerical solution
algorithm is of crucial importance in the PDF methods. A signifi-
cant progress has been made in this direction by the development
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of the consistent hybrid finite-volume (FV)/particle-based Monte
Carlo method [23,22,11]. It has been shown that the consistent
hybrid method is up to 100 times more efficient than the best
available alternative solution algorithm, i.e., the self-contained
particle-mesh method implemented in pdf2dv code [27]. The major
advantage of the hybrid method comes from the fact that it com-
bines the best features of the FV and particle methods and avoids
their respective deficiencies when used alone. It has been shown
that it virtually eliminates the bias error and significantly reduces
the statistical noise in mean fields [23,11]. In addition, the hybrid
method can be easily coupled with existing flow solvers including
the commercial CFD packages. In the original hybrid method
[23,22], a density-based finite-volume solver is used to solve the
mean mass, momentum and energy conservation equations while
a particle-based Monte-Carlo algorithm is employed to solve the
transport equation of the joint PDF for the fluctuating velocity, tur-
bulent frequency and compositions. The method is fully consistent
at the level of the governing equations since they are directly
derived from the modeled joint PDF transport equation. In addi-
tion, a full consistency at the numerical level is achieved by the
correction algorithms developed by Muradoglu et al. [22]. Note
that the original hybrid method was implemented in loosely-cou-
pled [23,22] and tightly-coupled [11] fashion using different finite-
volume flow solvers. Here the focus is on the loosely-coupled ver-
sion of the hybrid method referred as old hybrid algorithm from
now on. Although the old hybrid method coupled with the correc-
tion algorithms has been successfully applied to various turbulent
flames [3,12,14,20], it has been found to be excessively diffusive
and yet not very robust mainly due to stiffness of the compressible
flow equations in the incompressible or nearly incompressible
limit, i.e., when Mach number Ma� 1 [12]. Preconditioning meth-
ods are commonly used to remove the stiffness of the compressible
flow equations at low Mach numbers [36,37]. The major drawback
of the preconditioning method is the lack of robustness especially
near the stagnation points where the preconditioning matrix
becomes nearly singular [7]. The preconditioning method devel-
oped by Muradoglu and Caughey [19] was incorporated into the
FV solver used in the old hybrid method. In addition to the well
known lack of robustness in the vicinity of stagnation points, it
has been found that the preconditioning parameters are very sen-
sitive to flow conditions and must be adjusted carefully for each
flow to avoid excessive numerical dissipation while maintaining
numerical stability [12]. In particular, the old hybrid algorithm
failed to achieve a grid convergence for the non-reacting bluff-
body flow [12]. When the grid is refined more than a threshold,
the loosely-coupled hybrid solver resulted in a vortex shedding
that has not been observed experimentally [5]. It was not clear
whether this unphysical behavior was due to the models used or
due to the excessive numerical dissipation in the density-based
FV solver. The primary purpose of the present study is to remedy
these deficiencies by replacing the density-based FV solver with
a pressure-based FV algorithm and thus create a robust PDF solu-
tion algorithm for low Mach number flows. Here ‘‘robustness’’
refers to the ability of the method to maintain the stability with
respect to grid refinement for a wide range of flow conditions with-
out excessive numerical dissipation.

For this purpose, the particle based Monte Carlo algorithm is
combined with the open source FV package, OpenFOAM [43], that
is freely available from the Internet. The OpenFOAM package con-
tains several pressure-based flow solvers and various turbulence
models including a variety of Reynolds averaged Navier–Stokes
(RANS) and large eddy simulation (LES) models. In the present
study, the constant-density FV solver utilizing the PISO algorithm
[10] is first modified for variable density flows and then coupled
with the particle algorithm as follows: The mean velocity and
mean pressure fields are supplied to the particle code by the FV
solver which in turn gets all the Reynolds stresses and mean den-
sity fields from the particle code. It is emphasized here that the
present hybrid algorithm is completely consistent at the level of
governing equations solved by the particle and FV algorithms as
in the old hybrid approach. In addition, the velocity and position
correction algorithms developed by Muradoglu et al. [22] are used
to enforce full consistency at the numerical solution level. The
energy correction algorithm is not needed in the present hybrid
method since the mean density field is obtained from the particles
as a particle field and passed to the FV method. Note that the pres-
ent study is the first step and paves the way for development of a
general purpose RANS/PDF and LES/PDF solution algorithm for
reacting turbulent flow simulations within the OpenFOAM frame-
work. The development of LES/PDF method is underway and will
be reported separately.

The new hybrid algorithm is first applied to simulate non-swirl-
ing cold and reacting bluff-body flows studied experimental by
Masri et al. [16] and Dally et al. [4,5]. It is found that the new
hybrid algorithm is very robust against the grid refinement dem-
onstrating that the unphysical vortex shedding observed by Jenny
et al. [12] was primarily due to excessive numerical dissipation in
the density-based FV solver used in the old loosely-coupled hybrid
method. The results are found to be in good agreement with the
experimental data both for the non-reacting and reacting cases.
It is also found that the new hybrid method predicts the flow field
better than the old hybrid algorithm especially in the recirculation
region. This is mainly attributed to the reduced numerical dissipa-
tion in the present FV solver and full grid convergence achieved in
the present simulations. Finally the method is applied to simulate
more complicated and challenging test case of the Sydney swirling
bluff-body flame ‘SM1’. The new hybrid algorithm is also found to
be very robust for this difficult test case and the results are in good
agreement with the available experimental data.

The paper is organized as follows: In Section 2, the joint veloc-
ity-turbulence frequency-compositions joint PDF model employed
here are briefly reviewed. The new hybrid method and solution
algorithm are described in Section 3. The results are presented
and discussed in Section 4 for the cold and reacting bluff-body
flows, and also for the Sydney swirling bluff-body flame. Finally
conclusions are drawn in Section 5.

2. JPDF modeling

The one-point, one-time, mass-weighted JPDF of velocity U and
compositions U;~f 0, is defined as the probability density function of
the simultaneous event Uðx; tÞ ¼ V and Uðx; tÞ ¼ W where V and W
are the sample space variables for U and U, respectively. The trans-
port equation for ~f 0 is given by [29]
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where h�j�i stands for conditional expectation, Sa is the source term
for species a due to chemical reactions, sij is the viscous stress ten-
sor, p0 is the fluctuating component of pressure and Ja is the diffu-
sive fluxes. The left-hand side of the Eq. (1) is in closed form
representing the evolution in time, the convection in the physical
space, the transport in velocity space due to mean pressure gradient
and the transport in composition space due to the chemical reac-
tions, respectively. But the terms on the right-hand side of Eq. (1)
are unclosed representing the transport in velocity space due to vis-
cous stresses and fluctuating pressure gradient, and the transport in
composition space by diffusive fluxes. The unclosed terms are mod-
eled through construction of stochastic differential equations [29].



Table 1
Standard model constants.⁄

C0 Cx1 Cx2 C3 C4 CX C/

2.1 0.5625 0.9 1.0 0.25 0.6893 2.0

⁄ In the simulations the standard values [38] for model constants are used except
for Cx1 which is taken as Cx1 ¼ 0:65 following Muradoglu et al. [20].
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The joint velocity-turbulent frequency-compositions PDF model
offers a complete closure for turbulent reacting flows [26]. The
Lagrangian framework is usually preferred and the flow is repre-
sented by a large set of notional particles whose properties evolve
by a set of stochastic differential equations in such a way that the
particles exhibit the same JPDF as the one obtained from the solu-
tion of the modeled JPDF transport equation. The models for parti-
cle velocity, turbulent frequency, scalar mixing and reaction are
discussed in this section.

Various Langevin models have been developed for the evolution
of the particle velocity to account for the acceleration due to mean
pressure gradient and to provide a closure for the effects of viscous
dissipation and fluctuating pressure gradient [8,28]. In this study,
the emphasis is placed on numerical algorithm so we employ the
simplest velocity model, namely the simplified Langevin model
(SLM), given by

dU�i ðtÞ ¼ �
1
hqi

@hpi
@xi

dt� 1
2
þ 3

4
C0

� �
X U�i ðtÞ � eUi

� �
dtþ C0

~kX
� �1=2

dWi;

ð2Þ

where ~k is the Favre mean turbulent kinetic energy and
X � CX

hq�x�jx�P ~xi
hqi is the conditional mean turbulent frequency with

x� being the turbulent frequency. WðtÞ represents an isotropic vec-
tor-valued Wiener process. The standard model constants C0 and CX

are introduced in [28,38], respectively, and also specified in Table 1.
Fig. 1. Flow chart of the pr
Turbulent frequency x� is a particle property that provides the
time scale needed to close the velocity and mixing models, and
evolves by its own model stochastic differential equation. Here
we use the modified Jayesh–Pope model [38] given by
dx�ðtÞ¼�C3 x� � ~x�ð ÞXdt�SxXx�ðtÞdtþ 2C3C4 ~xXx�ðtÞð Þ1=2dW;

ð3Þ
where the source term Sx is defined as Sx ¼ Cx2 � Cx1P=ð~kXÞ. Here

P ¼ �guiuj
@eUi
@xj

is the turbulence production and W is an independent

Wiener process. The standard model constants are introduced in
[38] and also given in Table 1.

To reduce computational cost and facilitate extensive simula-
tions but without loss of generality, a simple flamelet model is
used here for the treatment of chemical reactions. In this approach,
the thermochemical state is solely determined by a single variable,
the mixture fraction n. The flamelet library is formed based on the
laminar flame calculations at a moderate stretch rate (namely
a ¼ 100 1/s) using the GRI 2.1 detailed chemistry model [41]. The
mixing fraction, n, is defined following Bilger et al. [2].

Mixing models are needed to close the molecular diffusion
term, i.e., the last term in Eq. (1). There are various mixing models
employed in the PDF methods [17,33]. Most scalar mixing models
assume that the molecular mixing is independent of velocity, i.e.,
@Jai
@xi
jV;W

D E
~f 0 ¼ @Jai

@xi
jW

D E
~f 0. Although some recent works [18,31,32]

indicate that this simplification can give rise to significant error,
the simple interaction by exchange with the mean (IEM) mixing
model is used here since the main purpose of the present study
is to evaluate the performance of the new hybrid solution algo-
rithm. Note that a more consistent mixing model has been recently
proposed by Pope [24] but its performance has yet to be tested. In
the IEM model [6], particle composition relaxes toward the local
esent hybrid method.



Fig. 2. The cold bluff-body flow. The mean streamlines in the vicinity of the
recirculation zone computed using a 256� 256 grid.

Table 2
Flow parameters for the non-swirling bluff-body flame ‘HM1E’.

Case Fuel (volume ratio) Uc (m/s) Uj (m/s) Tin (K) nst

‘HM1E’ CH4:H2(1:1) 35 108 298 0.05
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mean composition at the rate 1=2C/X and it simplifies for the flam-
elet model as

dn�

dt
¼ �1

2
C/Xðn� � ~n�Þ; ð4Þ

where the velocity-to-scalar timescale ratio, C/, is the standard
model constant specified in Table 1.
3. The new hybrid algorithm

The consistent hybrid finite-volume/particle method is the
favorable solution algorithm for JPDF model equations of turbulent
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Fig. 3. The cold bluff-body flow. Radial profiles of the mean and rms axial and r
64� 64;128� 128 and 256� 256 grids are compared with the experimental measurem
reactive flows. In this approach, the mean velocity and pressure are
computed by the finite volume method and supplied to the particle
algorithm which in turn solves the model equations for the fluctu-
ating velocity, turbulent frequency and compositions, and provides
the mean density and Reynolds stresses to the FV code. This cou-
pling substantially reduces the noise in the mean fields used in
the particle equations and thus virtually eliminates the bias error
[23]. In the original consistent hybrid method proposed by Mura-
doglu et al. [23,22], a density-based finite-volume solver is used
to solve the mean mass, momentum and energy conservation
equations while a particle-based Monte-Carlo algorithm is
employed to solve the stochastic equations for the fluctuating
velocity, turbulent frequency and compositions. Full consistency
of the method was enforced by the correction algorithms [22].
The old hybrid algorithm has been found to be excessively dissipa-
tive and yet not to be very robust mainly due to the density-based
FV solvers employed to solve the mean flow equations [12]. It is
well known that the compressible flow equations become stiff in
the low Mach number limit and thus the density based solvers suf-
fer from excessive numerical dissipation, lack of convergence and
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Fig. 4. Computational domain with boundary conditions for the non-swirling bluff-body flame. Locations of monitor points are shown with respect to the bluff-body base.
See also Table 3.

Table 3
The coordinates of probe points used to monitor statistical stationarity.

Points 1 2 3 4 5 6

x Db=2 Db=2 Db=2 Db Db Db

r Rj Db=4 Db=2 Rj Db=4 Db=2

Fig. 6. The non-swirling bluff-body HM1E flame. The mean streamlines in the
recirculation zone computed using the new algorithm (top plot) and the old hybrid
algorithm (bottom plot).
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robustness [36]. Various preconditioning methods have been
developed to remove the stiffness of the compressible flow equa-
tions at low Mach numbers [36,37]. The major disadvantage of
the preconditioning methods is the lack of robustness especially
near the stagnation points where the eigenvectors of the dissipa-
tion matrix become nearly parallel [7]. The preconditioning
method developed by Muradoglu and Caughey [19] was employed
in the FV solver used in the old hybrid method. In addition to the
well known lack of robustness in the vicinity of stagnation points,
it has been found that the solution is highly sensitive to the pre-
conditioning parameters and may be contaminated by the exces-
sive numerical dissipation unless the preconditioning parameters
are carefully tuned for each flow [12]. In particular, the old hybrid
algorithm failed to achieve a grid convergence for the non-reacting
bluff-body flow [12]. When the grid is refined beyond a threshold,
the loosely-coupled hybrid solver [22] resulted in a vortex shed-
ding that has not been observed experimentally [5].

The present hybrid method is designed to remedy the deficien-
cies of the old hybrid algorithm and thus create a robust PDF solu-
tion algorithm for a wide range of flow conditions without any
adjustable free parameter. In this approach, a pressure-based FV
solver is employed to solve the Favre-averaged variable density
0 5000 10000 15000
−40

−20

0

20

40

60

80

100

120

Number of particle iteration

ax
ia

l m
ea

n 
ve

lo
ci

ty
 [m

/s
]
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OpenFOAM package [43] has been first modified for a variable den-
sity flow and then combined with the particle code. The mean den-
sity field is obtained from the particles as a particle field and
passed to the FV solver. Note that this is in contrast with the old
hybrid method in which the mean energy equation is solved by
the FV solver and the mean density is subsequently obtained from
the mean equation of state. As a result, the redundant FV density
field and associated energy correction used in the old hybrid
method are eliminated in the present approach. In the next sec-
tions the equations solved by the FV and particle algorithms are
first described and then the coupling is discussed.

3.1. FV system

The open source FV package OpenFOAM is employed to solve
the mean mass and momentum equations using a pressure based
PISO algorithm. The conservation equations are directly derived
from the modeled JPDF evolution equation and can be written as
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Ũ [

r/
R

b

−50 0 50 100 150
0

0.5

1

1.5

Ũ [m/s]

r/
R

b

x/Db = 0.8

−50 0
0

0.5

1

1.5
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Fig. 7. The non-swirling bluff-body HM1E flame. Radial profiles of mean axial velocity
Muradoglu et al. [20] (red dashed lines). (For interpretation of the references to colour
Assuming that the flow is statistically stationary, the time deriva-
tive in the mass conservation equation can be neglected and the
continuity equation becomes

@

@xi
ð qh ieUiÞ ¼ 0: ð7Þ

The mean mass and momentum equations are closed since the
mean density qh i and the Reynolds stresses hqiguiuj are evaluated
as particle mean fields and passed to the FV code in each outer iter-
ation. These particle quantities are time-averaged using the same
procedure as Muradoglu et al. [22] to reduce the statistical error.
Note that the FV solver is found to be very robust even if the mean
density and Reynolds stresses are not time-averaged and contain
significant statistical fluctuations. This is of crucial importance
especially for unsteady RANS/PDF or LES/PDF simulations.

3.2. Particle system

In the context of the hybrid method, the particle algorithm is
used to solve the evolution equations for the fluctuating velocity,
turbulence frequency and compositions. The mean velocity field
is taken from the FV solver. Therefore, the mean velocity evolution
equation is subtracted from the velocity model to obtain the
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evolution equation for the fluctuating part. The SLM model for the
fluctuating part of the velocity is then given by

du�i ¼
1
hqi
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dt � 1
2
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4
C0

� �
Xu�i ðtÞdt

þ C0
~kX

� �1=2
dW i: ð8Þ

The particles move with the local flow velocity according to

dX� ¼ ~U� þ u�
� �

dt; ð9Þ

where ~U� is the Favre-averaged mean velocity interpolated from the
FV field on the particle locations while u� is obtained from solution
of Eq. (8). Note that the interpolation scheme developed by Jenny
et al. [11] is used to evaluate ~U� in Eq. (9). The particle algorithm
also solves the evolution equations for the turbulent frequency
(Eq. (3)) and compositions (Eq. (4)).

3.3. Coupling

The FV and particle methods are periodically used in the hybrid
algorithm to solve their respective equations as shown in Fig. 1.
Following Muradoglu et al. [23,22], each period is called an outer
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iteration which consists of FV and particle inner iterations. The
mean density and Reynolds stresses are obtained from the particle
code and kept the same during each FV inner iteration. Then mean
velocity and pressure are passed to the particle code that is run for
a few (typically 3) time steps in each particle inner iteration.

The particle fields needed to close the equations solved by the
FV and particle algorithms are computed using the cloud-in-cell
(CIC) method [9] and subsequently time-averaged to reduce the
statistical error. Following Muradoglu et al. [22], a particle mean
field Q is time-averaged as

Qk
TA ¼ 1� 1
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where Qk
TA and Qk are the time-averaged and instantaneous values

evaluated at kth particle time step. The parameter NTA is a time-
averaging factor that is selected relatively small in the initial stage
of simulation and gradually increased to its final value when a sta-
tistically stationary solution is reached. The FV fields are not time-
averaged.

Although the present hybrid method is fully consistent at the
level of governing equations, inconsistencies may occur due to
accumulation of numerical error. Velocity and position correction
algorithms developed by Muradoglu et al. [22] are employed to
m/s] Ṽ [m/s]

m/s] Ṽ [m/s]
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achieve a full consistency at the numerical solution level. Local
time stepping is an effective way of accelerating convergence to
a statistically stationary state when a highly stretched non-uni-
form grid is used. In the present study, the local time stepping
method developed by Muradoglu and Pope [21] is also employed
to accelerate the convergence rate significantly.

Although the chemistry model employed in this study is rela-
tively simple and requires only interpolation of the thermochemi-
cal quantities from the flamelet table as a function of mixture
fraction, ISAT [25] algorithm is incorporated into the hybrid
method to allow simulations with detailed chemistry. Note that
application of the new hybrid method to premixed stratified
flames [34] with a detailed chemistry model is underway and will
be reported separately.
4. Results and discussions

The new hybrid algorithm is first applied to non-swirling cold
and reacting bluff-body flows studied experimentally by Masri
et al. [16] and Dally et al. [4,5]. Computations are first performed
for the cold bluff-body flow to demonstrate the robustness of the
present hybrid method with respect to grid convergence and
resolve the uncertainty about the unphysical vortex shedding
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Fig. 9. The non-swirling bluff-body HM1E flame. Radial profiles of rms axial velocity c
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observed in the previous PDF simulations using the old hybrid
method [12]. Extensive simulations are then performed for the
reacting bluff-body flame ‘HM1E’ to assess the numerical proper-
ties and performance of the present hybrid approach. Subsequently
the method is applied to more challenging case of swirling bluff-
body stabilized turbulent flame studied experimentally by the Syn-
dey group [1,13,15]. The main purpose of the swirling flame test
case is to demonstrate the robustness of the present hybrid
method for this challenging flow. Thus only a few representative
results are included in the present paper. A full description of the
PDF simulations of the swirling bluff-body flames using both a sim-
ple flamelet and a detailed chemistry (e.g., ARM2) models will be
reported separately.
4.1. Sydney bluff-body burner

The bluff-body flames have been selected among the target
flames in the turbulent non-premixed flames (TNF) workshops
[42] due to their relevance to numerous engineering applications
such as bluff-body stabilized combustors widely used in industrial
applications because of their enhanced mixing characteristics,
improved flame stability and ease of combustion control [4,5].
Besides their practical significance, the bluff-body flows provide
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an excellent but challenging test case for the numerical solution
algorithms as well as the chemistry and turbulence models due
to their simple and well defined initial and boundary conditions,
and their ability to maintain the flame stabilization for a wide
range of inlet flow conditions with a complex recirculation zone
[4,16]. For the bluff body flame, extensive measurements of tem-
perature, compositions, and emission of pollutants have been
made for a range of flame conditions with various fuel mixtures.
The data are collected at different axial and radial locations along
the full length of the most flames and are presented in the form
of ensemble means, root-mean-square (rms) fluctuations, proba-
bility density functions (PDF) and scatter plots. All the experimen-
tal data are available from the Internet [42,44].

A full description of the Sydney bluff-body burner and the mea-
surement locations can be found in [4,16,44]. In this burner a fuel
jet is surrounded by a bluff body and a co-flowing air stream. The
burner is placed in a wind tunnel that has an exit cross section of
230� 230 mm2. The diameter of the bluff body is Db ¼ 50 mm,
and that of the jet is Dj ¼ 2Rj ¼ 3:6 mm. There is a recirculation zone
immediately after the bluff-body surface which stabilizes the flame.
Downstream of the recirculation zone is called the neck zone where
strong turbulence–chemistry interactions take place. Thus a simple
flamelet model is expected to be less accurate in this region. Exper-
iments were performed for various fuels and flow conditions. In the
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Fig. 10. The non-swirling bluff-body HM1E flame. Radial profiles of rms radial velocity
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next sections we will present some simulation results of the cold
bluff-body flow and then numerical properties and performance of
our new algorithm are demonstrated for the bluff-body stabilised
‘HM1E’ flame.

4.2. Cold bluff-body flow

The cold bluff-body flow has been studied experimentally by
Dally et al. [5]. The experimental data are available from the Inter-
net [44]. There are three sets of data for this flow. The first data set
(set1) was taken in 1995 while the other sets (set2 and set3) were
measured in 1998 by the same group using more advanced exper-
imental techniques. Thus the set2 and set3 are expected to be more
accurate. Both the jet and co-flow consist of constant density air
with mean velocities of 61 m/s and 20 m/s, respectively. PDF simu-
lations of this flow were carried out using the old hybrid algorithm
by Jenny et al. [12]. They found that the old loosely-coupled hybrid
algorithm resulted in unphysical vortex shedding when the grid
was refined beyond a threshold, i.e., the grid containing 64� 64
cells. It was not clear whether this unphysical behavior was due
to the deficiency of models used or due to excessive numerical dis-
sipation in the numerical solutions. Therefore the new hybrid
method is used to simulate this flow using the same sub-models,
initial and boundary conditions as in Jenny et al. [12].
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Computations are performed using 64� 64;128� 128 and
256� 256 grids. Fig. 2 shows the mean streamlines in the vicinity
of the recirculation zone (RZ) computed using the 256� 256 grid.
Although not shown here due to space consideration, the present
hybrid algorithm reaches a statistically stationary solution
successfully after about 10000 time steps without any sign of vor-
tex shedding even for the 256� 256 grid. This demonstrates that
the unphysical vortex shedding observed by [12] was mainly
caused by the excessive numerical dissipation in the density-based
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FV solver used in the old hybrid method. The flow field depicted in
Fig. 2 is qualitatively in good agreement with the experimental
observations [5]: There are two vortices, i.e., an outer vortex
located close to the co-flowing air with the center at about
ðx=Db; r=RbÞ � ð0:7;0:25Þ and an inner vortex located between the
outer vortex and the central jet with the center at
ðx=Db; r=RbÞ � ð0:6;0:75Þ. The length of the recirculation region is
predicted as ‘r=Db � 1:1 which compares reasonably well with
the experimental value of ‘r=Db � 1 [5]. The radial profiles of the
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mean and rms velocities in the axial and radial directions computed
using three different grids are plotted in Fig. 3 at axial location
x=Db ¼ 1:0 and compared with the experimental data as well as
with the PDF simulations performed using the old loosely coupled
hybrid method [12]. As seen in this figure, the grid convergence is
achieved for the 128� 128 grid. In addition, the present results
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are in better agreement with the experimental data than the results
of Jenny et al. [12]. The profiles at other axial locations are not
shown here due to space consideration but we state that the pres-
ent results are overall in better agreement with the experimental
data than the results obtained using the old hybrid solution
algorithm.
4.3. Non-swirling bluff-body stabilized flame ‘HM1E’

The numerical properties and performance of the present
hybrid method are examined using the bluff-body stabilized flame
studied experimentally by Dally et al. [4,5] and computationally
using the old consistent hybrid algorithm by Muradoglu et al.



Table 4
The non-swirling bluff-body HM1E flame. Percentage spatial discretization error for
mean and fluctuating quantities obtained with various grid resolutions.

Quantities eU eV URMS VRMS X ~n nRMS

64� 64 16.5 21.2 23.2 31.0 15.5 12.2 21.1
96� 96 12.8 16.3 15.0 20.2 10.5 8.5 14.0
144� 144 7.8 9.1 4.7 8.5 6.6 4.0 6.4
216� 216 4.7 4.9 2.6 2.9 2.0 2.8 3.1
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[20] and Liu et al. [14]. Here we consider the ‘HM1E’ flame whose
details are specified in Table 2. In this table, Uc is the velocity of co-
flowing air, Uj is the velocity of fuel jet and Tin is the temperature of
fuel at jet exit plane and nst is the stoichiometric mixture fraction.
For the numerical simulations, the flame is assumed to be axisym-
metric so a cylindrical coordinate system is adopted with x repre-
senting the axial direction aligned with the jet axis and r the radial
direction as sketched in Fig. 4. The origin of the coordinate system
is placed at the center of the fuel jet in the exit plane. The compu-
tational domain is 10Db long in the axial direction and extends to
4Db in the radial direction. A tensor product, orthogonal Cartesian
grid is used with total of M2 ¼ Nx � Nr non-uniform cells. The grid
is stretched both in the axial and radial directions.

The initial and boundary conditions are specified in the same
way as in Muradoglu et al. [20] for all the quantities. The axial
mean velocity is specified based on the assumption of a fully devel-
oped turbulent pipe flow in the jet region while it is interpolated
from the experimental data in the co-flow region. The axial and
radial rms fluctuating velocities (URMS and VRMS) are also interpo-
lated from the experimental data both in the jet and co-flow
regions, and the mean turbulent shear stress is then calculated as

fuv ¼ q12

ffiffiffiffiffiffiffiffiffiffiffi
u2v2
p

; ð11Þ

where q12 ¼ �0:4 and q12 ¼ 0:5ðr=RjÞ in the co-flow and jet regions,
respectively. Velocity components are specified at the inlet such
that the fluctuating velocity PDF is joint normal with zero means.
Based on the assumption of equilibrium between the production
and dissipation, the mean turbulent frequency is calculated as

~x ¼ �
fuv
~k

@ eU
@r

: ð12Þ

Since the flow is dominated by the large recirculation zones and
hence there is no need to resolve the boundary layer, perfect slip
and no penetration boundary conditions are applied on the buff-
body surface. The symmetry and far field boundary conditions are
applied at the centerline and the outer boundaries, respectively.
Pressure is fixed at the atmospheric pressure while the velocity is
extrapolated at the exit plane.

4.3.1. Statistical stationary solution
The present hybrid method is designed to simulate statistically

stationary flows. To show the statistical stationarity of the numer-
ical solutions, time series of Favre-averaged mean axial velocity
and turbulent kinetic energy are monitored at six probe locations
as specified in Table 3. Fig. 5 depicts the time histories of mean
axial velocity and turbulent kinetic energy at these probe points.
The results are obtained using a 114� 114 grid and the number
of particles per cell Npc ¼ 50. It can be seen that a statistical sta-
tionary solution is obtained after about 8000 particle time steps,
which is comparable with the old hybrid algorithm.

4.3.2. Comparison with the earlier PDF simulations and the
experimental data

The results are now compared with the earlier PDF simulations
performed using the old hybrid algorithm [20] and also with the
experimental data [44]. Note that two sets of experimental data
have been reported for the ‘HM1E’ flame by the same group [44].
The new data set was measured using a new experimental facility
in the University of Sydney and thus expected to be more accurate.
However the mixture fraction measurements were not included in
the new data set. Therefore, the flow field quantities are compared
with the latest experimental data while the mean and rms mixture
fraction are compared with the old experimental data in which the
jet and co-flow bulk velocities are set to 118 m/s and 40 m/s,
respectively. An extensive study of numerical accuracy of the
hybrid algorithm with respect to the grid convergence and bias
error has been performed. It is found that all the results presented
here are numerically accurate within 5% error tolerance as will be
discussed in Sections 4.3.3 and 4.3.4.

First the mean streamlines are computed using both the old and
new hybrid algorithm and plotted in the vicinity of the recircula-
tion zone (RZ) in Fig. 6. Since the streamlines were not reported
by Muradoglu et al. [20], the computations are repeated using
the old loosely coupled hybrid code HYB2D [22]. In spite of quali-
tative similarity of streamline patterns in Fig. 6, the length of the
recirculation zone is predicted as ‘r=Db � 1:65 and ‘r=Db � 1:4 by
the present and old hybrid algorithms, respectively. Note that the
present result is in better agreement with the experimental value
of ‘r=Db � 1:6 [5]. In addition, the shape and length of RZ obtained
by the new algorithm are consistent with the LES results reported
by Raman and Pitsch [30] who give the length of the recirculation
region as ‘r=Db � 1:65. For a better quantitative comparison, the
radial profiles of mean axial velocity (eU), mean radial velocity
(eV ), the rms axial fluctuating velocity (URMS) and the rms radial
fluctuating velocity (VRMS) are plotted in Figs. 7–10, respectively,
at the axial locations of x=Db ¼ 0:06;0:2;0:4;0:8;1:0;1:4;1:8;2:4
and 3.4. These figures show that there is overall good agreement
between the present results and the results obtained by the old
hybrid algorithm demonstrating the accuracy of the present hybrid
method. Only exception is the axial location of x=Db ¼ 1:4 where
the edge of RZ is located and thus the axial velocity is significantly
under predicted near the centerline by the old hybrid algorithm. In
addiction, there is good agreement between the present calcula-
tions and the experimental data at the axial locations up to the
end of RZ. Starting from the axial location x=Db ¼ 1:8, the results
deteriorate especially near the axis of symmetry for the mean axial
velocity. The rms velocities are predicted very well at most of axial
locations especially before x=Db ¼ 2:4 as can bee seen in Figs. 9 and
10. Finally, the radial profiles of the mean and rms of mixture frac-
tion are plotted in Figs. 11 and 12 at six axial locations together
with the experimental data and with the earlier PDF simulations.
As can be seen in these figures, the present results are overall in
good agreement with the earlier PDF simulations. Compared to
the experimental data, both quantities are reasonably well pre-
dicted in most of the axial locations except for the very down-
stream location of x=Db ¼ 2:4 where the mean mixture fraction is
under predicted and between x=Db ¼ 0:9 and x=Db ¼ 1:8 where
the rms mixture fraction is over predicted near the centerline.

In the summary, the present results are found to be in good
agreement with the earlier PDF simulations performed using the
old hybrid solution algorithm demonstrating the accuracy of the
new hybrid method. Thus the differences between computational
and experimental results are mainly attributed to the deficiency
of the sub-models. However, considering the fact that the simplest
sub-models are used in the present calculations, the performance
of the PDF model is remarkable and is expected to improve signif-
icantly when more advanced models are employed.

4.3.3. Spatial error
Extensive simulations are performed to demonstrate grid con-

vergence of the present hybrid method by successively refining
the computational grid from 64� 64 up to 216� 216. The spatial
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error results from the spatial discretization in the finite-volume
method and also from the kernel estimation and interpolation
schemes used in the particle algorithm. All the simulations are
performed with the number of particles per cell Npc ¼ 50 and the
time-averaging factor NTA ¼ 500. The time-averaged profiles of
mean axial and radial velocity, rms axial and radial velocities,
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Fig. 16. Bias error for the non-swirling bluff-body HM1E flame: mean and fluctuating quantities against 1=Npc at selected points. Circles indicate the location at
ðx=Db ¼ 1:0; r=Rj ¼ 1Þ, triangles at ðx=Db ¼ 1:0; r=Rb ¼ 0:5Þ, squares at ðx=Db ¼ 1:0; r=Rb ¼ 1:0Þ, and solid lines show the linear least squares fits to the computational results.
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and mean and rms mixture fraction are plotted in Fig. 13 at the
axial location x=Db ¼ 0:4 to show overall dependence of the calcu-
lated results on the grid refinement. As can be seen in these figures,
the difference among the profiles is decreasing with grid refine-
ment, indicating that grid convergence is achieved. To verify the
second-order spatial accuracy of the method, the mean quantities,eU ;X;URMS;VRMS; ~n and nRMS are also plotted against the inverse of
total number of grid cells M�2 at the locations
ðx=Db; r=RjÞ ¼ ð1;1Þ; ðx=Db; r=RbÞ ¼ ð1;0:5Þ and ðx=Db; r=RbÞ ¼ ð1;1Þ
in Fig. 14 where the symbols represent the numerical data and
the solid lines are the linear least-squares fits to the data. As can
be seen in this figure, the approximate linear relationship between
the mean quantities and M�2 confirms the expected second-order
spatial accuracy of the method. Assuming a second order accuracy



Table 5
The non-swirling bluff-body HM1E flame. Percentage bias error for mean and fluctuating quantities obtained using various number of particles per cell.

Quantities eU eV URMS VRMS X ~n nRMS

Npc ¼ 30 8.7 9.2 6.0 5.4 7.5 2.7 7.3
Npc ¼ 60 2.5 3.3 2.9 1.3 3.9 1.8 3.4
Npc ¼ 120 2.4 2.7 1.9 1.1 3.3 0.6 2.9
Npc ¼ 240 1.2 1.5 1.6 1.0 1.0 0.4 0.6

Fig. 17. A schematic drawing of the Sydney swirling bluff-body burner (adopted from Al-Abdeli and Masri [1]).

Table 6
Flow parameters for the swirling bluff-body flame ‘SM1’.

Case Fuel Uc (m/s) Uj (m/s) Us (m/s) Ws (m/s) Sg

SM1 CH4 20 32.7 38.2 19.1 0.5

Fig. 19. The swirling bluff-body flame ‘SM1’. The streamlines of the mean velocity
computed for the swirling bluff-body flame in the vicinity of the recirculation
zones.
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and using the Richardson extrapolation, the spatial error free val-
ues are obtained from Fig. 14 as M !1 and then the relative error
is computed as

� ¼ jQ M � Q1j
jQ1j

; ð13Þ

where QM is the numerical result obtained using a grid with M2 grid
cells and Q1 is predicted using Richardson extrapolation as M !1.
Table 4 summarizes the average percentage spatial error at the six
probe points. As can be seen in this table, a grid containing
216� 216 cells is sufficient for the spatial error to be less than 5%
in all the mean quantities at these locations.
4.3.4. Bias error
Bias error is a deterministic numerical error caused by the fluctu-

ations in the particle mean fields used in the equations solved by the
particle method. The bias error is expected to scale as N�1

pc where Npc

is the number of particles per cell [40]. Although the bias error was a
Fig. 18. Computational domain for the
major problem in the stand alone particle method [40], it has been
shown that it is virtually eliminated in the consistent hybrid
approach [23,12,22]. Extensive simulations are performed here to
quantify the bias error in the present hybrid method using a
216� 216 grid. The time-averaged profiles of the mean axial and
radial velocities, the rms fluctuating axial and radial velocities, and
the mean and rms mixture fraction at the axial location x=Db ¼ 0:8
are plotted in Fig. 15 for Npc ¼ 30;60;120 and 240. Time averaging
parameter is set to NTA ¼ 500 to reduce the statistical fluctuations.
As can be seen in this figure, the profiles are close to each other indi-
cating that the bias error is small. Fig. 16 shows the time-averaged
and normalized mean and fluctuating values of flow quantities
against N�1

pc at the locations ðx=Db; r=RjÞ ¼ ð1;1Þ; ðx=Db; r=RbÞ
¼ ð1;0:5Þ and ðx=Db; r=RbÞ ¼ ð1;1Þ. The approximate linear relation-
ship between the mean quantities and N�1

pc confirms the expected
swirling bluff-body flame ‘SM1’.
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scaling of the bias error. The slopes of the lines indicate the sensitiv-
ity of the solutions to the bias error. The average bias error at the six
probe points are summarized in Table 5. The relative bias error is cal-
culated as

� ¼
jQ Npc � Q Npc!1j
jQ Npc!1j

; ð14Þ
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Ũ(m/s)

r/
R

b

x/Db = 0.4

Exp. Data
present

−20 0 20 40 60 80
0

0.5

1

1.5
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Fig. 20. The swirling bluff-body flame ‘SM1’. The profiles of mean axial and tangential
fraction at the axial locations of x=Db ¼ 0:4;0:8;1:1 and 1.5. The solid lines indicate the
where QNpc is the numerical result obtained using Npc particles per
cell and QNpc!1 is predicted using the Richardson extrapolation as
Npc !1. It can be seen that the bias error for a given value of Npc

in the present hybrid method is much smaller than the stand-alone
particle/mesh method [40], and comparable to the bias error in the
old hybrid algorithm. It is also seen in these figures that Npc ¼ 50 is
sufficient to virtually eliminate the bias error compared to the spa-
tial error on a typical grid used.
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velocities at the axial locations of x=Db ¼ 0:4;0:8;1:4 and 2, and the mean mixture
computational results and the symbols are the experimental data [44].
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4.4. Swirling bluff-body flame ‘SM1’

The hybrid method is finally applied to simulate the more diffi-
cult test case of swirling bluff-body flame studied experimentally
by the University of Sydney group [1,13,15]. It is known that the
swirling bluff-body flame exhibit significant unsteadiness due to
precessing of the recirculation zone in axial direction [1,13,15].
As mentioned before, the present hybrid method is designed to
simulate only statistically stationary flows, so the case labeled as
‘SM1’ is chosen as a test case here since it exhibits the least preces-
sion. A schematic configuration of Sydney swirl burner is shown in
Fig. 17. It has a 50 mm diameter bluff-body (Db ¼ 50 mm) with a
3.6 mm diameter central fuel jet. Swirling air is provided through
a 60 mm diameter annulus surrounding the bluff-body. The burner
is placed inside a wind tunnel with a square cross section. An
extensive experimental study has been performed for this flame
[1,13,15] and the experimental data are freely available from the
Internet [44,42]. Different swirling bluff-body flames are distin-
guished by five independent parameters: The bulk axial velocity
of the central jet (Uj), the bulk axial and tangential velocities of
the swirling air annulus (Us and Ws), the bulk axial velocity of
the co-flow of the wind tunnel (Uc) and also with the type of fuel.
Here we consider the case ‘SM1’ for which the flow parameters are
summarized in Table 6. Here Sg is geometric swirl number defined
as Sg ¼Ws=Us.

As for the non-swirling case, the flow is assumed to be statisti-
cally axisymmetric so a cylindrical coordinate system is adopted.
The origin of the coordinate system is located on the centerline
of the jet exit plane ðx ¼ 0; r ¼ 0Þ. The computational domain is
rectangular that extends 0.5 m (10Db) in the axial direction down-
stream of bluff-body and 0.2 m (4Db) in the radial direction as
sketched in Fig. 18. The boundary conditions are specified as fol-
lows: The mean axial velocity is specified assuming a fully-devel-
oped turbulent pipe flow and the experimental data are used in
the primary swirling air stream for axial and tangential velocities
as well as for the axial velocity in the co-flow region. Full slip
boundary conditions are applied on the surface of the bluff-body
wall.

The new hybrid algorithm is applied to simulate the flame
‘SM1’. The main purpose here is to demonstrate the robustness
of the present hybrid method for this challenging test case. There-
fore a few results are presented here and the complete description
of the results with a flamelet and a detailed chemistry models will
be reported separately. The same models for fluctuating velocity,
turbulent frequency, chemistry and mixing are employed for this
flame as used for the non-swirling case. Although not shown here
due to space consideration, the solution reaches a statistical sta-
tionary state after about 7000 particle time steps. Fig. 19 depicts
the computed mean streamlines in the recirculation region behind
the bluff-body. As can be seen in this figure, two recirculation
regions are well captured by the present calculations. The first
recirculation zone (RZ) is created by the circular bluff body imme-
diately behind the bluff-body base similar to the non-swirling case.
The second recirculation is induced by the swirl around the center-
line and is called a vortex breakdown bubble (VBB). The overall
flow structure is in good agreement with the experimental obser-
vation [1]. The upstream RZ has two vortices similar to the non-
swirling case. The center of the first vortex is located at
x=Db � 0:25 while the second one is located at x=Db � 0:5 and
extends up to x=Db � 1:0. The VBB is located between x=Db � 1:4
and x=Db � 2:4. Experimental results indicate that the the first RZ
extends up to x=Db � 1:0 while the second RZ starts at about
x=Db � 1:3 and extends up to about x=Db � 2:2 [13], showing that
the present results are in good agreement with the experimental
observations. Fig. 20 shows the computed and experimental radial
profiles of mean axial and tangential velocities as well as the mean
mixture fraction. Considering the fact that the simplest velocity,
chemistry and mixing models are employed here, the computa-
tional results are remarkably in good agreement with the
experimental data. It is also emphasized here that the hybrid algo-
rithm is found to be very robust for this test case against grid
refinement.
5. Conclusions

A new robust consistent hybrid FV/particle method has been
developed for solving PDF model equations of turbulent reacting
flows as a first step toward developing a general purpose RANS/
PDF and LES/PDF solver within the framework of the open source
software package, OpenFOAM. The new hybrid method is designed
to eliminate the deficiencies of the original hybrid algorithm such
as excessive numerical dissipation and lack of robustness with
respect to grid refinement while retaining all the advantages of
the consistent hybrid approach.

In the new hybrid method, a pressure-based PISO-FV solver is
combined with the particle-based Monte Carlo algorithm. The
mean density field is extracted from the particles and passed to
the FV solver. This is in contrast with the old hybrid approach in
which the mean energy conservation equation is solved by the
FV method and mean density field is subsequently computed from
the mean equation of state. Thus the redundant FV density field is
removed in the present approach. This is of significance since it
makes the new hybrid algorithm more consistent at the numerical
solution level and eliminates the need for the energy correction
algorithm. In spite of noisy mean density field, the FV algorithm
is found to be very robust. The velocity and position correction
algorithms developed by Muradoglu et al. [22] are adopted to
make the new hybrid method fully consistent at the numerical
solution level. The local time stepping method developed by Mura-
doglu and Pope [21] has been also incorporated into the present
hybrid algorithm and found to accelerate convergence to a statisti-
cally stationary solution significantly especially when a highly
stretched grid is used.

The new hybrid algorithm is first applied to simulate the non-
swirling cold bluff-body flow. In contrast with the original hybrid
method, the new hybrid method is found to be very robust with
respect to grid refinement, i.e., it does not result in any unphysical
vortex shedding even when a highly fine grid is used. It is thus con-
cluded that the unphysical vortex shedding observed by Jenny
et al. [12] was not due to the deficiency of the models employed
but rather due to the excessive numerical dissipation in the den-
sity-based FV solver used in the old loosely-coupled hybrid
method. The method is then applied to simulate the non-swirling
reacting bluff-body flame ‘HM1E’. It is found that the new hybrid
method predicts the flow field in the recirculation region better
than the old hybrid algorithm. Extensive simulations are then per-
formed for this flame to assess the numerical properties of the
present hybrid algorithm. It is demonstrated that the method is
convergent in terms of reaching a statistically stationary state
and also in terms of grid refinement and number of particles per
cell. It is found that both the bias and spatial errors converge at
expected rates and the bias error is much smaller than the spatial
error on a typical grid employed in PDF simulations, i.e., the bias
error is virtually eliminated. Finally the robustness of the new
algorithm is demonstrated by simulating more complicated flow
of the Sydney swirling bluff-body flame ‘SM1’. The new algorithm
is found to be very robust for this difficult test case and the results
are in good agreement with the available experimental data.

The future work includes the application of the present hybrid
method to simulate the non-swirling and swirling bluff-body
flames using a detailed chemistry model and development of a
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LES/PDF method within the OpenFOAM framework as laid out in
the present study.
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