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A block-structured mesh large-eddy simulation (LES)/probability density function
(PDF) simulator is developed within the OpenFOAM framework for computational
modelling of complex turbulent reacting flows. The LES/PDF solver is a hybrid
solution methodology consisting of (i) a finite-volume (FV) method for solving the
filtered mass and momentum equations (LES solver), and (ii) a Lagrangian particle-
based Monte Carlo algorithm (PDF solver) for solving the modelled transport equation
of the filtered joint PDF of compositions. Both the LES and the PDF methods are
developed and combined to form a hybrid LES/PDF simulator entirely within the
OpenFOAM framework. The in situ adaptive tabulation method [S.B. Pope, Com-
putationally efficient implementation of combustion chemistry using in situ adaptive
tabulation, Combust. Theory Model. 1 (1997), pp. 41–63; L. Lu, S.R. Lantz, Z. Ren,
and B.S. Pope, Computationally efficient implementation of combustion chemistry in
parallel PDF calculations, J. Comput. Phys. 228 (2009), pp. 5490–5525] is incorpo-
rated into the new LES/PDF solver for efficient computations of combustion chemistry
with detailed reaction kinetics. The method is designed to utilise a block-structured
mesh and can readily be extended to unstructured grids. The three-stage velocity inter-
polation method of Zhang and Haworth [A general mass consistency algorithm for
hybrid particle/finite-volume PDF methods, J. Comput. Phys. 194 (2004), pp. 156–
193] is adapted to interpolate the LES velocity field onto particle locations accurately
and to enforce the consistency between LES and PDF fields at the numerical solution
level. The hybrid algorithm is fully parallelised using the conventional domain decom-
position approach. A detailed examination of the effects of each stage and the overall
performance of the velocity interpolation algorithm is performed. Accurate coupling
of the LES and PDF solvers is demonstrated using the one-way coupling methodology.
Then the fully two-way coupled LES/PDF solver is successfully applied to simulate the
Sandia Flame-D, and a turbulent non-swirling premixed flame and a turbulent swirling
stratified flame from the Cambridge turbulent stratified flame series [M.S. Sweeney,
S. Hochgreb, M.J. Dunn, and R.S. Barlow, The structure of turbulent stratified and
premixed methane/air flames I: Non-swirling flows, Combust. Flame 159 (2012), pp.
2896–2911; M.S. Sweeney, S. Hochgreb, M.J. Dunn, and R.S. Barlow, The structure
of turbulent stratified and premixed methane/air flames II: Swirling flows, Combust.
Flame 159 (2012), pp. 2912–2929]. It is found that the LES/PDF method is very robust
and the results are in good agreement with the experimental data for both flames.
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1. Introduction

More than 85% of the total energy production in the world still comes from burning fos-
sil fuels, i.e. converting chemical energy stored in hydrocarbon fuels first into thermal
energy and then into mechanical energy in energy conversion devices, e.g. gas turbines and
reciprocating engines, and fossil-fuel power stations [1]. In nearly all practical energy con-
version devices combustion takes place in a turbulent environment mainly due to enhanced
mixing [2]. Therefore accurate prediction of the properties of the turbulent reacting flows
is crucial for increasing the efficiency of the combustion devices, and decreasing the dan-
gerous effects of combustion on the environment, e.g. formation of NOx, soot and unburnt
hydrocarbons (HC), in addition to CO2 that contributes to global warming.

The large-eddy simulation/probability density function (LES/PDF) method has been
found to be highly effective in the simulation of turbulent reacting flows [3–7]. The
main advantage of the PDF method for turbulent reacting flows is that arbitrarily com-
plex non-linear chemical reactions and other one-point processes such as radiative heat
transfer are treated exactly without any modelling assumption. Although LES has been
very successful in modelling non-reacting turbulent flows, it suffers from the same clo-
sure problem for the reacting flows as do the Reynolds averaged Navier-Stokes (RANS)
models since chemical reactions occur essentially at the smallest turbulent scales that need
to be modelled in LES as in RANS [8]. Thus the LES/PDF method attempts to com-
bine the best features of the LES and PDF methods and to avoid their deficiencies when
used alone [9]. In this approach, the modelled filtered mass and momentum equations
are solved together with the modelled transport equation for the joint-PDF of chemical
compositions.

Application of the LES/PDF method to complex reacting flows of practical interest
requires the development of an efficient and accurate numerical solution algorithm. The
main difficulty arises from the solution of the joint-PDF transport equation that evolves
in a high dimensional space and thus cannot be solved efficiently using the conventional
numerical methods such as finite-volume and finite-element techniques. Of the remaining
alternatives, the Monte Carlo method has proven to be suitable for solving high dimen-
sional problems. In particular, the Lagrangian particle-based Monte Carlo methods have
been demonstrated to be a viable tool for solving the joint-PDF transport equation [10].
Integration of the Lagrangian particle-based algorithms into existing Eulerian grid-based
solvers is not easy but highly desirable for applications of the PDF methods to complex
turbulent reacting flows in practical combustion devices. This has been one of the main
motivations for the development of the hybrid finite-volume/particle solvers [11–13]. The
hybrid methods were first developed for solving the RANS/PDF model equations [12,13]
but they have been more recently shown also to be suitable for solving the LES/PDF model
equations [14,15]. The hybrid method combines an Eulerian finite-volume (or difference)
method for the filtered mass and momentum equations (referred as the LES solver) with a
Lagrangian particle-based Monte Carlo algorithm (referred as the PDF solver). The hybrid
LES/PDF solver provides a complete numerical solution method for the LES/PDF model
equations of the turbulent reacting flows.

In the literature various hybrid LES/PDF solvers have been developed and successfully
used for simulations of turbulent reacting flows. However, they have been mostly applied
to laboratory scale turbulent flames with simple geometries [4,9,15–17]. The main reason is
that the existing LES/PDF algorithms are mostly designed to work only on structured Eule-
rian grids. To the best of our knowledge, the only exceptions are the unstructured hybrid
solvers developed by Ansari et al. [18] and Gupta [19]. Ansari et al. [18] constructed a
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hybrid solver within a commercial platform of ANSYS-FLUENT software, which hin-
ders its widespread use. Gupta [19] combined the LES solver in OpenFOAM [20] with
an existing PDF solver written in FORTRAN. Although it has been successfully used in
simulating various turbulent flames [19], the main drawback of this hybrid solver is the
different data structures used in OpenFOAM and the PDF solver, which adversely affects
computational efficiency. Therefore it is highly desirable to develop a hybrid method fully
within the OpenFOAM framework.

In the present study, a new LES/PDF solver is developed entirely within the Open-
FOAM framework. The open-source and free OpenFOAM framework [20] is preferred
since it uses a field operation approach and thus provides a highly convenient platform
for solving partial differential equations. OpenFOAM is widely used in both industry and
academia, and includes a wide range of physical submodels. The new OpenFOAM-based
hybrid LES/PDF solver uses block-structured grids and can readily be extended to unstruc-
tured grids, and thus allows LES/PDF simulations in complex geometries of practical
interest. The method is designed to employ the most advanced physical submodels and
numerical methods available in the literature. In particular, the in situ adaptive tabula-
tion (ISAT) method [21,22] is incorporated into the new hybrid solver to perform detailed
chemistry simulations efficiently. The PDF and LES solvers are both built within Open-
FOAM libraries, thus the same data structure can be used in both solvers, which make the
data transfer between them very efficient and flexible.

The hybrid LES/PDF method is fully consistent at the level of the model equations
solved by the LES and PDF algorithms. However, inconsistencies may arise due to the
accumulation of numerical errors. In the LES/PDF context, accurate interpolation of fil-
tered velocity field from the Eulerian grid onto Lagrangian particles is crucially important
to maintain consistency between the particle mass and LES density fields. It is a challeng-
ing problem to construct an interpolation scheme that satisfies the mass conservation at the
discrete level [11,13]. In the present OpenFOAM-based LES/PDF solver, the three-stage
velocity interpolation and correction algorithm of Zhang and Haworth [11] are adapted
to the block-structured grid and shown to perform well. The velocity interpolation and
correction algorithm was initially developed for unsteady and steady RANS/PDF simula-
tions, and then extended to the LES/PDF methods [23] but it has not been fully tested for
the LES/PDF simulations of complex turbulent flames. Celis and Silva [23] investigated
the performance of the three-stage velocity correction method in the LES/PDF context but
they considered only a simple mixing layer flow and performed simulations only on a sim-
ple structured uniform Cartesian grid. Thus, the present work is the first assessment of the
performance of the method within the LES/PDF context using a complex block-structured
grid for the realistic turbulent flames. The effects of each stage of the velocity interpo-
lation and correction method on mass consistency, accuracy and computational cost are
examined. It is shown that the method is very effective in enforcing the mass consistency
in the present LES/PDF solver.

In this paper, the main contributions can be summarised as follows:

(1) The development and validation of a new LES/PDF method entirely within the
OpenFOAM framework.

(2) The implementation and performance assessment of the three-stage velocity interpo-
lation and correction algorithm on block-structured grid.

(3) An examination of the consistency between the LES and PDF solvers using the one-
way coupling methodology.
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(4) An investigation of the predictive capability of the fully two-way coupled LES/PDF
solver with detailed chemistry representation for a piloted jet flame (Flame-D) and
bluff-body stabilised turbulent non-swirling premixed and swirling stratified flames
(Cambridge stratified flames).

The rest of the paper is organised as follows. In the next section, the governing equations
of the LES/PDF method and the hybrid solution methodology are presented. In Section 3,
the numerical methods used to solve the model equations of the LES/PDF method are
described. In Section 4.1, the hybrid LES/PDF solver is applied to a methane/air jet dif-
fusion flame and the performance of the new solver is demonstrated. In Section 5, the
method is applied to turbulent non-swirling premixed and swirling stratified flames from
the Cambridge stratified turbulent flame series [24]. The conclusions and future directions
are presented in Section 6.

2. LES/PDF method

2.1. Governing equations

In the LES method, the fields in a turbulent reacting flow are separated into large (filtered
or resolved) and small (unresolved) scales by applying a low-pass filtering operation. For
example, the filtered (resolved) density field ρ̄ is defined as

ρ̄ ≡
∫ ∞

−∞
ρ(y, t)G(y − x) dy, (1)

where ρ(x, t) is density field and G is the LES filter. Applying this filter to the instantaneous
mass and momentum conservation equations, one can obtain

∂ρ̄

∂t
+ ∂ρ̄ũi

∂xi
= 0, (2)

∂ρ̄ũi

∂t
+ ∂ρ̄ũiũj

∂xj
= − ∂ p̄

∂xi
+ ∂τij

∂xj
+ ∂Tij

∂xj
, (3)

where ũi and p̄ are the Favre-filtered velocity and the filtered pressure fields, respectively.
In Equation (3), the resolved viscous stress tensor is approximated as

τij = μ̃

(
∂ ũi

∂xj
+ ∂ ũj

∂xi
− 2

3

∂ ũk

∂xk
δij

)
, (4)

where μ̃ is resolved molecular viscosity. The last term on the right-hand side of
Equation (3) represents the unclosed subfilter stress tensor defined as Tij = ρ̄ũiũj − ρ̄ũiuj,
and it is modelled using the dynamic Smagorinsky model of Moin et al. [25] with the
Lagrangian averaging method developed by Meneveau et al. [26].

For a variable-density flow, the filtered mass density function (FMDF) [3,9] is
defined as

F(ψ ; x, t) ≡
∫ ∞

−∞
ρ(y, t)δ(ψ − φ(y, t))G(y − x) dy, (5)

where φ represents the N = Ns + 1 compositional scalars consisting of the mass fractions
of Ns species and sensible enthalpy, ψ is the sample space variable for the compositions
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and δ is the N-dimensional delta function. The Favre-filtered PDF f̃ is related to the FMDF
as f̃ = F/ρ̄. The Favre-filtered mean of any flow variable Q known in terms of φ can be
defined as

Q̃(x, t) = 1

ρ̄

∫
Q(ψ ; x, t)F(ψ ; x, t) dψ =

∫
Q(ψ ; x, t)f̃ (ψ ; x, t) dψ . (6)

In particular, the filtered density field can be recovered by integrating the FMDF over the
entire sample space, i.e.

ρ̄(x, t) =
∫

F(ψ ; x, t) dψ . (7)

The conservation equation for composition φα can be written as

∂ρφα

∂t
+ ∂ρuiφα

∂xi
= −∂Jαi

∂xi
+ Sα , (8)

where Sα represents the source term due to chemical reactions and Jαi is the molecular
diffusion term approximated as

Jαi = −ρD(α)

∂φα

∂xi
+ ρφαV c, (9)

where D(α) is the molecular diffusivity of species α computed using the CHEMKIN’s
TRANLIB subroutine. V c = ∑Ns

β=1 D(β)(∂φβ/∂xi) is a correction velocity where Ns is

number of species. The exact transport equation for the Favre-filtered PDF f̃ can be derived
from Equations (5) and (8), and is given by [3,9]

∂ρ̄ f̃

∂t
+ ∂ρ̄ũif̃

∂xi
+
∂ρ̄
(

ũ′′
i |ψ

)
f̃

∂xi

= ∂

∂ψα

[
f̃

(
∂

∂xi

[
ρD(α)

∂φα

∂xi
− ρφαV c

]∣∣∣∣ψ
)]

+ ∂

∂ψα

[
ρ̄ f̃ Sα(ψ)

]
. (10)

The last term in Equation (10) represents the change of f̃ in the compositions space due to
chemical reactions, and it appears in the closed form. The first two terms on the left-hand
side represent the rate of change following the filtered (resolved) flow. The last term on
the left-hand side represents the transport of f̃ in the physical space due to the small-scale

(unresolved) velocity field u′′ = u − ũ where ũ′′
i |ψ is the mean of unresolved velocity

conditional upon the event φ = ψ and is unclosed. This term is usually modelled by the
gradient diffusion assumption as

(
ũ′′

i

∣∣ψ) f̃ = −D̃T
∂ f̃

∂xi
. (11)

Here, D̃T is the turbulent diffusivity and it is obtained from the turbulent eddy viscosity
as ρ̄D̃T = μ̃T/ScT where ScT is the turbulent Schmidt number with the constant value of
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ScT = 0.4 [27]. The first term on the right-hand side of Equation (10) represents the change
of f̃ in the compositions space due to the molecular mixing and is modelled as [28]

1

ρ̄

∂

∂xi

(
ρD(α)

∂φα

∂xi

)∣∣∣∣ψ = −

(
ψα − φ̃α

)
+ 1

ρ̄

∂

∂xi

(
ρ̄D̃(α)

∂φ̃α

∂xi
− ρ̄φ̃αV c

)
, (12)

where the first term on the right-hand side represents the interaction by exchange with
the mean (IEM) mixing model [29] and the second term is the mean drift term [28]. In
Equation (12), 
 denotes the scalar mixing frequency and it can be modelled as


 = Cm
D̃ + D̃T

�2
, (13)

where Cm is a model constant determined by the sensitivity study on the statistics obtained
by the simulations, D̃ is the thermal diffusivity, and � is the LES filter size.

2.2. Solution methodology for the LES/PDF model equations

The filtered conservation of mass and momentum equations (Equations (2) and (3)) can
be solved numerically by conventional methods such as finite volume or finite difference
techniques. However, the conventional methods are not feasible for solving the filtered
joint-PDF transport equation due to its high dimensionality. Pope proposed [10] an alter-
native solution methodology for the joint-PDF transport equation based on the Monte Carlo
method in the Lagrangian frame. In this approach, the flow is represented by a large num-
ber of notional Lagrangian particles. Then a set of stochastic differential equations are
constructed to evolve particle properties such that the particles exhibit the same joint PDF
as the one obtained from the solution of the modelled joint-PDF transport equation. In this
approach, the particle position and compositions evolve by Pitsch and Steiner [28]

dX ∗
j =

[
ũj + 1

ρ̄

∂(ρ̄D̃T )

∂xj

]∗
dt + [

2D̃∗
T

]1/2
dW∗

j , (14)

dφ∗
α = −
∗(φ∗

α − φ̃∗
α) dt +

[
1

ρ̄

∂

∂xj

(
ρ̄D̃(α)

∂φ̃α

∂xj
− ρ̄φ̃αV c

)]∗
dt + Sα(φ

∗) dt, (15)

where dW ∗ denotes the Wiener increment. Equation (14) evolves the particle properties
in physical space while Equation (15) evolves the particle properties in the composition
space. The superscript ‘∗’ denotes the particle properties, or the LES fields evaluated at the
particle locations.

The resulting solution methodology is composed of two main components: (i) An Eule-
rian finite-volume method for solving the filtered conservation equations for the mass and
momentum (the LES solver). (ii) A Lagrangian Monte Carlo method for the transport
equation for the joint PDF of compositions (the PDF solver). The LES and PDF solvers
together form the hybrid LES/PDF solver to be used for simulating turbulent reacting
flows. In the hybrid LES/PDF method, the LES solver calculates the velocity, ũi, the tur-
bulent viscosity μ̃T and diffusivity D̃T as well as the mixing frequency 
. The PDF solver
evolves the particle properties in the physical and compositions spaces and calculates the
filtered density ρ̄, the Favre-filtered temperature T̃ and mass fractions Ỹα .
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In the LES solver, the filtered density, ρ̄, is required to solve Equations (2) and (3). On
the other hand, the PDF solver requires the fields of Favre-filtered velocity, ũi, the turbulent
diffusivity, D̃T , and the mixing frequency 
 in the particle equations, i.e. Equations (14)
and (15). Therefore, the LES supplies the Favre-filtered velocity, ũi, the turbulent diffusiv-
ity, D̃T and the mixing frequency, 
, fields to the PDF solver in each time step. In turn, the
LES solver receives the filtered density ρ̄ and the Favre-filtered temperature T̃ from the
PDF solver.

While the data transfer from the LES solver to the PDF solver is usually done by directly
interpolating the LES fields onto particle locations, the filtered density feedback from the
PDF solver to the LES solver is a challenging task due to the stochastic nature of the parti-
cle fields. The mean fields extracted from particles contain significant stochastic noise, thus
using the noisy particle density field directly in the LES solver is prone to cause a signifi-
cant numerical instability problem. We note that the numerical instability is mainly caused
by the term containing time derivative of the filtered density in the pressure equation.

To overcome this difficulty, we employ the transported specific volume (TSV) method
developed by Popov et al. [30]. In the TSV method, the change in the resolved specific
volume due to transport in the physical space (Equation (14)) is calculated by the LES
solver and the changes due to turbulent mixing, molecular diffusion and chemical reactions
(the terms on the right-hand side of Equation (15), respectively) are calculated by the PDF
solver. For this purpose, the evolution equation for the specific volume, υ̃, is derived from
the modelled FMDF equation and augmented by a relaxation term. The resulting equation
can be written as

∂ρ̄υ̃

∂t
+ ∂

(
ρ̄ũjυ̃

)
∂xj

= ∂

∂xj

(
ρ̄D̃T

∂υ̃

∂xj

)
+ Sυ + ω̇υ , (16)

where Sυ is the source term defined as

Sυ ≡
{∑

υ̇∗∑
υ∗

}
, (17)

where
∑
υ̇∗ is the mass weighted sum of the rate of change of particle specific volume

in a given cell due to mixing, molecular diffusion and chemical reaction, while
∑
υ∗ is

the mass weighted sum of particle specific volume in the same cell. The last term on the
right-hand side of Equation (16) is the relaxation term of the form

ω̇υ = ρ̄
υ̃PDF − υ̃

τυ
, (18)

where υ̃PDF is the specific volume obtained from the particles in the PDF method and τυ
is the relaxation time scale taken here as τυ = 4�t with �t being the time step. Once the
specific volume is computed from Equation (16), the filtered density field ρ̄ is obtained as

ρ̄ = 1

υ̃
. (19)

3. Numerical method

3.1. LES solver

The LES equations (Equations (2), (3) and (16)) are solved in OpenFOAM using a finite-
volume method on a block-structured mesh with a collocated arrangement. Second-order
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central differences are used to approximate all spatial derivatives except for the convective
terms in the scalar equation (Equation (16)), which is discretised using the SuperBee flux
limiter [31] to avoid unphysical excessive oscillations. Time integration is performed using
a second-order backward differentiation scheme for all the LES equations. The flow and
scalar equations are solved sequentially (i.e. segregated from each other). The iterations
within each time step are called outer iterations and are repeated until the error is reduced
below a prescribed error tolerance. In each outer iteration the pressure-velocity coupling
is achieved using the PISO [32] method in which the velocity is corrected by solving a
pressure Poisson equation iteratively. The iterations in solving the Poisson equation are
called the inner iterations. In this study, the variable-density low-Mach number LES solver
is developed by modifying the pimpleFoam solver originally designed to solve constant
density flows in OpenFOAM. To do that, the density and the time derivative of density
fields are added to the momentum and pressure solvers, respectively [33]. Within the outer
loop, first the transport equation for specific volume Equation (16) is solved and the den-
sity field is updated using Equation (19). Then the momentum and pressure equations are
solved, respectively. The flow chart of the LES solver is given in Figure 1.

3.2. PDF solver

The coupled particle equations, Equations (14) and (15), are solved using a fractional time
stepping method in which a fractional time step is taken for each physical process: transport
in physical space T; mixing and molecular diffusion M; and, reaction R. The three physical
processes of T, M and R are represented by following equations:

T : dX ∗
j =

[
ũj + 1

ρ̄

∂(ρ̄D̃T )

∂xj

]∗
dt + [

2D̃∗
T

]1/2
dW∗

j , (20)

M : dφ∗
α = −
∗(φ∗

α − φ̃∗
α) dt +

[
1

ρ̄

∂

∂xj

(
ρ̄D̃(α)

∂φ̃α

∂xj
− ρ̄φ̃αV c

)]∗
dt, (21)

R : dφ∗
α = Sα(φ

∗) dt. (22)

We use the first-order fractional time stepping scheme (TMR) to integrate the particle
equations in time. We describe the method in detail below where the superscripts (.)n and
(.)n+1 denote the properties at time tn and tn +�t, respectively.

(1) At the beginning of the particle time step, the particles are moved in the physical space
for a full time step �t according to Equation (20). The time integration is performed
using the first-order Euler scheme [34] as

X ∗,n+1
j = X ∗,n

j +
[

ũn
j + 1

ρ̄n

∂ρ̄nD̃n
T

∂xj

]∗
�t + (

2D̃n
T�t

)1/2
η∗

j , (23)

where η∗
j is a standardised Gaussian random vector. To control the numerical error

introduced by this simple first-order scheme, and maintain numerical stability, time
step for each particle is restricted by the particle Courant number is defined as
CFL∗ ≡ |u∗|�t∗/Le where |u∗| is the LES velocity at the particle location and Le

is a characteristic length of the eth computational cell. In this study, we set the particle
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Figure 1. The flow chart of the LES/PDF solver.

Courant number to a fixed value of CFL∗ = 0.1. This small value is used for the parti-
cle Courant number mainly to resolve the transient flow field accurately. The time step
size is split into substeps when �t∗ is less than �t.

(2) For the mixing and molecular transport steps, we follow the method developed by
McDermott and Pope [28]. At the new particle position X∗,n+1, the particle com-
position is updated due to the mixing and molecular diffusion. Time integration of
Equation (21) is achieved using a semi-analytical first-order scheme as

φ∗,k
α = φ∗,n

α + c∗,n
(
φ̃∗,n
α − φ∗,n

α

)
+�φ̃∗,n

α , (24)

where superscript (.)k denotes the intermediate step between the mixing and reaction,
and cn = 1 − exp(−
n�t) is the decay factor calculated at cell centres and then inter-
polated onto particle locations. The term φ̃∗,n

α is the mean composition that is first
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estimated from the particle properties using a mass/decay-factor weighting and then
interpolated on the particles. As shown by Jenny et al. [35] and McDermott and Pope
[28], φ̃∗,n

α must be evaluated using a mass/decay-factor weighting to satisfy the detailed
conservation. �φ̃α is the mean drift term calculated as

�φ̃n
α = �φ̃FV

α − 1

Ns

Ns∑
β=1

�φ̃FV
β , (25)

where Ns is number of species and �φ̃FV
α is calculated using the finite-volume

approach as

�φ̃FV
α =

[
1

ρ̄n

∂

∂xj

(
ρ̄nD̃n

(α)

∂φ̃n
α

∂xj

)
− 1

ρ̄n

∂

∂xj

(
ρ̄nφ̃n

αV n
c

)]
�t. (26)

The second term on the right-hand side of Equation (25) is used to satisfy the realizabil-
ity constraint which requires

∑Ns
α=1 φα = 1 [28]. The mean drift term�φ̃n

α is calculated
at the cell centres and then interpolated onto the cell vertices and finally onto the parti-
cle locations. The interpolation of LES fields onto particle locations will be described
in Section 3.2.3.The realizability constraint also demands the boundedness of species
mass fractions, which requires that mass fractions be positive at all times, i.e. φα ≥ 0.
The boundedness constraint requires that at the jth cell centre cn

j satisfies

cn
j � cmin

j ≡ max
k∈CN

([
�φ̃α,k

φn
α,min − φ̃n

α,k

]
,

[
�φ̃α,k

φn
α,max − φ̃n

α,k

])
, (27)

where CN is the set of cells sharing the vertices of the jth cell, φn
α,min and φn

α,max are
the minimum and maximum values of particles within the cells in CN , respectively.
Therefore, after calculating the mean drift term �φ̃n

α according to Equation (25), cn
j

values are updated as cn
j = cmin

j if cn
j is less than cmin

j , and then the mean composition

φ̃∗,n
α is calculated again using updated cn to be used in Equation (24).

(3) Using the particle composition φ∗,k
α as the initial condition, the reaction fractional step

(Equation (22)) is performed using the ISAT [21,22] package to obtain the composition
at the new time level φ∗,n+1

α .

The scheme described above is nominally first-order accurate in time. Although a
second-order time integration algorithm can be readily incorporated into the present hybrid
method, we use the first-order method since Wang and Pope [15] have reported that the
first-order methods can perform as well as the second-order accurate methods for the
turbulent jet diffusion flame.

3.2.1. Parallel particle tracking algorithm

The OpenFOAM’s particle tracking libraries are used to track the Lagrangian particles in
the PDF solver [36]. The algorithm is described here for a two-dimensional case for sim-
plicity and extension to three-dimensional case is straightforward. Assume that a particle
initially located at position A in a given cell (host cell) moves to a new position B as
sketched in Figure 2. If point B is within the same cell as point A, then B is assigned as
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Figure 2. The schematic representation of the OpenFOAM particle tracking algorithm on an
unstructured grid.

the new particle position at the new time step and this assignment completes the tracking
for the current time step. However, if the particle intersects a face of the cell at a point
P then it stops at P and changes its pointer for the neighbouring cell, and then continues
its motion within the neighbouring cell until reaching the final destination of point B. The
intersection point P can be computed as

P = A + λf (B − A) , (28)

where λf = |AP|/|AB| is the fraction of the line segment and is calculated as

λf =
(
Cf − A

) · Sf

(B − A) · Sf
, (29)

where Cf is the centre of the face and Sf is the face unit normal vector.
Particles are simply reflected from the physical boundaries back into the computational

domain but a special treatment is needed in the case that a particle crosses an internal
domain boundary. When a particle that is initially assigned to processor k moves and hits
an inter-processor-face shared by processors k and l, then the particle is transferred from
processor k–l using the MPI communication. The tracking algorithm can be summarised
as follows:

(1) Label initially all the particles as ‘active’ and set the time to be tracked as ttrack = �t.
(2) For a given particle, calculate λ values for all the faces of the host cell.
(3) Find the minimum value λmin in the interval 0 ≤ λ ≤ 1, among all the λf values. The

face associated with λmin is to be crossed by the particle.
(4) If λmin is equal to zero, the final destination is inside the host cell, so move the

particle directly to point B and complete the tracking.
(5) If λmin is greater than zero, first move the particle until the intersection point P and

reduce the particle’s tracking time tk
track as

tk+1
track = tk

track − λ�t, (30)

where tk
track denotes the remaining time for the particle to complete the time step.

(6) If the face crossed by the particle is an internal face (shared by two cells both in the
same subdomain), then change the cell pointer of the particle to the neighbouring
cell.

(7) If the face crossed by the particle is an inter-processor-face between the host pro-
cessor k and a neighbouring processor l, then add the particle index into a particle
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transfer list holding the indices of the particles to be transferred from the processor
k–l, and label the particle as ‘passive’.

(8) For all the ‘active’ particles, repeat the steps from (2) to (7) until tk
track of all ‘active’

particles become zero.
(9) Transfer all the particles in the particle transfer lists between processors via a MPI

communication.
(10) For all the particles having tk

track greater than zero, repeat the steps from (1) to (9)
until the particle transfer list becomes empty. This ensures that the tracking time for
all the particles is reduced to zero.

3.2.2. Estimation of particle mean fields

Estimation of mean quantities from stochastic particles is an important issue in the
LES/PDF method. The particle mean fields are needed to close the particle and LES equa-
tions, and also to represent the computational results. The cloud-in-cell (CIC) method of
Zhang and Haworth [11] is adapted here to estimate the mean fields from the noisy particle
properties. The method is closely related and essentially an extension of the CIC method
developed by Dreeben and Pope [37] to the non-Cartesian grids. In this approach, the mean
values are evaluated at the cell vertices. The mean at the jth vertex is obtained from the
particles within the cells that share the jth vertex (a set of cells, Cj). The mean at the jth
vertex is estimated as

φ̃(j) =
∑Np

k=1 ω
∗
kφ

∗
k bk,j∑Np

k=1 ω
∗
k bk,j

, (31)

where Np is total number of particles in Cj, ω∗
k is the weight of the individual particle (e.g.

its mass), and bk,j is the tri-linear basis function of the kth particle corresponding to the
jth vertex. Here the tri-linear basis function bk,j is based on the logical coordinates ζi of
the particles within the computational cell. The logical coordinate system ζi is formed by
transforming the physical coordinate system xi in each cell. We use the isoparametric trans-
formation of Zhang and Haworth [11] to define the local coordinates (also called the logical
coordinates). Within a computational cell, the physical coordinates xi are transformed into
the logical coordinates ζi as shown in Figure 3. As explained in [11], the logical coordi-
nates of any point in a computational cell can be approximated using the heights of the
point from the faces of the cell as

ζ1 = h1

h1 + h2
, ζ2 = h3

h3 + h4
, ζ3 = h5

h5 + h6
, (32)

where hi is the height of the point from the ith face of the cell as shown in Figure 3. Then
the tri-linear basis functions for each vertex of the host cell can be written as

b1 = (1 − ζ1) (1 − ζ2) (1 − ζ3) , b2 = ζ1 (1 − ζ2) (1 − ζ3) ,

b3 = ζ1ζ2 (1 − ζ3) , b4 = (1 − ζ1) ζ2 (1 − ζ3) ,

b5 = (1 − ζ1) (1 − ζ2) ζ3, b6 = ζ1 (1 − ζ2) ζ3,

b7 = ζ1ζ2ζ3, b8 = (1 − ζ1) ζ2ζ3.

(33)

We note that the basis functions are defined only for the vertices of the host cell, therefore
for the other vertices outside of the host cell of a given particle, the basis functions are
equal to zero.
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Figure 3. Isoparametric representation. The logical coordinates (ζ1, ζ2, ζ3) (left). The logical
coordinates (η1, η2) on a face of the cell (right).

3.2.3. Interpolation of mean quantities onto particles

The mean estimation method described in the previous section calculates the mean proper-
ties at the cell vertices. Some mean properties such as mean compositions are used in the
particle equations, thus they need to be evaluated at the particle locations. Also, some par-
ticle means, e.g. the mean specific volume and the mean temperature are needed in the LES
solver, thus they are required to be evaluated at the cell centres. Therefore, as needed, mean
properties at the cell vertices are interpolated onto the Lagrangian particle locations and
also onto the cell centres by using the tri-linear basis functions discussed in the previous
section. The mean properties at the ith particle location are calculated as

φ̃∗
i =

Nv∑
j=1

φ̃(j)bi,j, (34)

where Nv is the total number of vertices of the host cell, φ̃(j) is the mean field at the jth
vertex and bi,j is the basis function of ith particle corresponding to the jth vertex.

Several FV fields such as ũi, 
, ρ̄ and D̃T are also required at the Lagrangian particle
positions to close the particle equations. Since the FV fields are located at the cell centres,
they are first interpolated from the cell centres onto the cell vertices and then onto the
particle locations using the tri-linear interpolations in the same way as in Equation (34).

3.2.4. Three-stage velocity interpolation and correction method

Accurate interpolation of the LES velocity field onto particle positions is crucially impor-
tant to satisfy the consistency between the particle mass and LES density fields. The
consistency condition in the hybrid LES/PDF method requires that the mean particle mass
distribution in the PDF method should be consistent with the fluid mass distribution in the
LES solver, and this consistency should be satisfied throughout the simulation. Although
the hybrid method is fully consistent at the level of equations solved by the LES and
PDF solvers, deviations between the particle mass and LES density fields arise due to



14 H. Turkeri et al.

the accumulation of numerical errors. A correction algorithm is needed to control the spa-
tial distribution of particles and thus enforce the consistency between the LES and particle
fields. In this study, a three-stage velocity interpolation method developed by Zhang and
Haworth [11] is employed to interpolate the velocity field onto particles and to enforce the
consistency condition. The method is reviewed only briefly here since it has been described
in detail in [11].

The method consists of three stages:

• Stage 1: The cell centred LES velocity fields are first interpolated onto the cell vertices.
Then the velocities are interpolated from the cell vertices onto the particle locations
using the tri-linear interpolation in Equation (34).

• Stage 2: The first correction velocity field US2
c is calculated to make the mass fluxes

from the kth cell across the face f, Qk,f ,TL, implied by the tri-linear interpolation scheme
consistent with the mass flux in the finite volume (LES) solver Qk,f ,FV . This requires
determination of 24 correction velocity components (3 velocity components for each of
the 8 element vertices) subject to 24 constraints. For this purpose, a system of 24 linear
equations is solved to calculate the correction velocities for each cell.

• Stage 3: This stage aims to drive the deviation between the fluid mass in the LES solver
mFV and the particle mass in the PDF solver mp to zero in each cell. For this purpose,
the time-scaled deviation or the mass residual, Rk , is defined for the kth cell as

Rk ≡ mk,FV − mk,p

τS3
, (35)

where τS3 is a relaxation time scale defined as τS3 = α�t with α being a constant to
be specified. The main purpose of this stage is to calculate the element-face mass flow

rates, ˆ̂Qk,f , that satisfy

Rk = −
∑
f ∈k

ˆ̂Qk,f . (36)

Equation (36) is in the same form as the discretized pressure Poisson equation solved in
the PISO scheme [32], so it can be solved by the same linear equation solver. Once

the cell-face flow rates, ˆ̂Qk,f , are determined from Equation (36), a set of cell-level
correction velocities, US3

c , are constructed using the same procedure as in Stage 2.

The three-stage velocity interpolation algorithm can be summarised as:

(1) Interpolate the LES velocities from the cell centres onto the cell vertices, referred to
as US1

c .
(2) Calculate the Stage 2 correction velocity, US2

c , at the cell vertices.
(3) Using the combined velocity, US1

c + US2
c , move the particles in the physical space

according to Equation (23).
(4) Calculate the particle mass residual, Rk , for each cell.
(5) Then, solve the linear system of equations (Equation (36)) for the Stage 3 velocity,

US3
c .

(6) Interpolate US3
c onto particle locations and move the particles with US3∗

c to enforce
the mass consistency.

More details of the velocity correction method can be found in [11].
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3.2.5. Particle number density control

A nominal number of particles are initially distributed uniformly at random in each grid
cell such that the particle properties are consistent with the underlying finite-volume fields.
A cloning and combination procedure is applied at every time step to keep number of par-
ticles in each cell nearly uniform. Various particle number density control procedures have
been reviewed by Haworth [14] including the present method, so it is briefly described
here for completeness. The number of particles in each cell is checked at the end of each
global time step. Particle cloning or combination is carried out if the number of parti-
cles in a cell is less than a prescribed minimum or greater than a prescribed maximum,
respectively.

A simple cloning procedure is used in the present study. When the number of particles
in a cell becomes smaller than a prescribed threshold value, the particle having the high-
est mass is found and split into two daughter particles each having the same properties
but half of the mass of the parent particle. The new particles are initially located at the
same position but they drift away quickly due to the random walk term in Equation (14).
The cloning procedure is repeated until the number of particles in the cell exceeds the
threshold value. We note that the cloning does not change the local PDF of the particle
properties [14].

Particles are combined in cells having more particles than a prescribed threshold value.
When the number of particles in a cell becomes larger than the prescribed threshold value,
the particle having the lowest mass is first found, say particle A. Then the particle B
that is the closest to A in physical space is determined. The survivor particle is deter-
mined at random with a probability proportional to its mass. That is, particles A and B
have the probabilities mA/(mA + mB) and mB/(mA + mB), respectively, to be retained. If
A is selected to survive, we set mA = mA + mB and B is eliminated. The other proper-
ties of A are unchanged. We repeat this procedure until the number of particles in the
cell becomes smaller than the threshold value. This procedure is simple and maintains
the local distribution of particle properties. Its main disadvantage is that while the mass
is conserved, the other particle properties are not necessarily conserved at the discrete
level.

4. Results and discussion

Computational results for three different turbulent flames are presented in this section to
demonstrate the performance of the hybrid LES/PDF solver. The first test case, the piloted
methane/air jet diffusion flame (Sandia Flame-D) [38], is used to examine the consistency,
accuracy and efficiency of the hybrid algorithm. First, the LES and PDF algorithms are
one-way coupled to investigate the consistency between the two solvers and to examine the
performance of the velocity interpolation and correction algorithms in detail. Then the LES
and PDF solvers are fully two-way coupled and extensive simulations are performed using
a detailed chemical mechanism. In this case, the results are compared with the experimental
measurements as well as with the previous LES/PDF simulations. Finally, the performance
of the LES/PDF solver is discussed for the computational efficiency. The turbulent non-
swirling premixed and swirling stratified flames from the Cambridge turbulent stratified
flame series [24,39] are used to demonstrate the accuracy and robustness of the method.
The results are compared with the experimental data as well as the LES simulations of
Proch and Kempf [40] that are available only for the turbulent non-swirling cases.
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4.1. The piloted methane/air jet diffusion flame

The first test case deals with a piloted methane/air jet diffusion flame (Sandia Flame-D
[38]). In this flame, the burner consists of a central fuel jet surrounded by an annular
pilot. An air-coflow surrounds both the pilot and the fuel jets. The fuel jet is a mixture
of 25% methane and 75% air by volume. The pilot flame is a lean (the equivalence ratio,
ϕ = 0.77) mixture of C2H2, H2, air, CO2 and N2 with the same equilibrium composition
as methane/air at this equivalence ratio, and with a temperature of 1880 K. The fuel noz-
zle diameter is D =7.2 mm and is enclosed by a broad pilot nozzle with a diameter of
Dp = 2.62D and an air-coflow. The inner and outer diameters of the pilot annulus are 7.7
and 18.2 mm, respectively. The jet bulk velocity is Uj = 49.6 m/s corresponding to the
Reynolds number of Re = 22, 400, temperature is 294 K and pressure is 0.993 atm. The
pilot and coflow bulk velocities are 11.4 and 0.9 m/s, respectively. More details about this
flame are available in Barlow et al. [38].

The computational domain is selected to be [0, 60D] × [0, 20D] × [0, 2π ] in the axial
(x), radial (r) and azimuthal (θ ) directions, respectively. The domain is discretised using a
non-uniform 256 × 128 × 32 block-structured cylindrical grid as shown in Figure 4. The
grid is concentrated near the nozzle in the axial and radial directions.

The filtered inlet velocities of the fuel jet are obtained from a separate LES turbulent
pipe flow simulation. For this purpose, a LES simulation is performed for a turbulent pipe
flow with the same dimensions as the fuel jet inlet. In the pipe flow simulation, flow is
initialised to have the experimentally measured mean velocity profile at the fuel jet inlet
with small random perturbations. The periodic boundary conditions are applied at the inlet
and outlet, and no-slip boundary conditions are used at the wall of the pipe. The pipe flow
simulation is first performed until the turbulent flow reaches a statistically stationary state,
and then the flow velocities on a plane perpendicular to the pipe axial direction are stored
in a file as time series with a specified time step size. Then the velocities stored in the file
are retrieved and interpolated on the grid points in the fuel jet inlet during the LES/PDF
simulations. The interpolation is performed using cylindrical coordinates. Note that the

Figure 4. The block-structured grid used in the simulations.
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interpolated velocities at the fuel jet inlet may not have the same mean and rms profiles
as the experimental measurements at the fuel jet inlet. Therefore, instead of directly using
the interpolated velocities, we apply the turbulent inlet velocity at the fuel jet computed as
[41]

us
i (r, θ , t) = 〈ui(r)〉m + αi(r)

[
ul

i(r, θ , t)− 〈ul
i(r)〉

]
, (37)

where 〈ui(r)〉m and 〈ul
i(r)〉 are the mean values of the experimental and the interpo-

lated velocities, respectively, and ul
i(r, θ , t) is the interpolated instantaneous velocity while

us
i (r, θ , t) is the scaled instantaneous velocity to be used at the fuel jet inlet. The scal-

ing parameter αi(r) is used to match the interpolated fluctuating velocities with the
experimental fluctuating velocities, and it is computed as

αi(r) = 〈u′
i(r)〉l

〈u′
i(r)〉m

, (38)

where 〈u′
i(r)〉m is the experimental measurement of the rms velocity and 〈u′

i(r)〉l is the rms
of the interpolated velocity calculated as

〈u′
i(r)〉l =

√
〈ul

i(r, θ , t)2〉 − 〈ul
i(r)〉2, (39)

where the scaling factor αi varies between 0.94 ≤ αi ≤ 0.97.
At the pilot nozzle exit, we use the experimental mean velocity as the inlet boundary

conditions by neglecting the turbulent fluctuations. The inlet velocity of the air-coflow is
set to a constant value of 0.9 m/s. At the wall-lips between the fuel jet and pilot flame as
well as between the pilot and the coflow, the no-slip boundary conditions are applied. At
the outlet, the zero-gradient boundary conditions are used for all the fields. At the far fields,
the slip boundary conditions are applied. In the PDF solver, about 20 particles per grid cell
are used in all the results presented in this paper. The model constant used in Equation (13)
is selected as Cm = 4.

4.2. Consistency between LES and PDF solvers

The one-way coupling methodology of Wang and Pope [15] is used to examine the numer-
ical consistency between the LES and PDF solvers. In this methodology, as its name
implies, the data transfer occurs only in one direction, from the LES solver to the PDF
solver. The fields calculated by the PDF solver are used only for the output purpose, i.e.
there is no feedback from the PDF solver to the LES solver as schematically shown in
Figure 5. The main goal here is to isolate the numerical error caused by the data transfer
from the PDF solver to the LES solver.

Figure 5. Schematic representation of one-way coupled (left) and two-way coupled (right)
LES/PDF solver.
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In the PDF solver, all the thermochemical properties such as species mass fractions Y ,
temperature T, density ρ, etc. are obtained from the mixture fraction ξ using a simple
flamelet table, i.e. φ = f (ξ). With the fields ρ̄, D̃T , ũi being supplied by the LES solver,
the PDF method solves the following equations:

dX ∗
j =

[
ũj + 1

ρ̄

∂(ρ̄D̃T )

∂xj

]∗
dt + [

2D̃∗
T

]1/2
dW∗

j , (40)

dξ ∗ = −
∗(ξ ∗ − ξ̃ ∗) dt +
[

1

ρ̄

∂

∂xj

(
ρ̄D̃

∂ξ̃

∂xj

)]∗
dt. (41)

The implied transport equations for the filtered mixture fraction ξ̃ and the squared mixture
fraction ξ̃ 2 can be directly derived from Equations (40) and (41) to obtain

∂
(
ρ̄ξ̃
)

∂t
+
∂
(
ρ̄ũjξ̃

)
∂xj

= ∂

∂xj

(
ρ̄
(
D̃ + D̃T

) ∂ξ̃
∂xj

)
, (42)

∂
(
ρ̄ξ̃ 2

)
∂t

+
∂
(
ρ̄ũjξ̃ 2

)
∂xj

= ∂

∂xj

(
ρ̄D̃T

∂ξ̃ 2

∂xj

)
+ 2ξ̃

∂

∂xj

(
ρ̄D̃

∂ξ̃

∂xj

)

− 2ρ̄

(
ξ̃ 2 − ξ̃ 2

)
, (43)

which are solved by the LES solver. In the LES solver, it is assumed that the PDF of
ξ is a β-function determined by the filtered mixture fraction (ξ̃ ) and variance of mixture
fraction (ξ̃ ′′2 = ξ̃ 2 − ξ̃ 2). Then the filtered compositions φ̃ are obtained from a lookup table
based on ξ̃ and ξ̃ ′′2, i.e. φ̃ = G(ξ̃ , ξ̃ ′′2). We note that the equations for ξ̃ and ξ̃ 2 solved in
the LES solver and implied by the PDF solver are identical. Hence any differences in the
results are due entirely to numerical error. On the other hand, differences between the other
thermochemical properties such as T̃ , T ′′, Ỹ and Y ′′ obtained from the two solvers may be
due in part to the differences between the PDF of ξ calculated with the PDF solver and the
β-distribution assumed in the LES solver.

In the one-way coupled LES/PDF simulations, the fields of the resolved mixture fraction,
ξ̃ , square of mixture fraction, ξ̃ 2 and temperature, T̃ , are computed redundantly by the LES
and PDF solvers. The LES and PDF fields are time averaged after a statistically stationary
state is reached and the time-averaged quantities are denoted by 〈·〉.

We first present the radial profiles of the time-averaged resolved axial velocity 〈Ũ〉 and
rms fluctuating axial velocity 〈u′′〉 to show that the flow fields are well captured in the sim-
ulations and then the time-averaged LES and PDF results of the resolved mixture fraction,
〈ξ̃ 〉, the resolved temperature, 〈T̃〉, the rms of mixture fraction 〈ξ ′′〉 = (〈(ξ̃ )2〉 − 〈ξ̃〉2)1/2

and the rms of temperature, 〈T ′′〉 to demonstrate the numerical consistency. Figure 6 shows
the time-averaged profiles of the LES and PDF fields with the experimental measurements
at the axial locations x/D = 7.5, 15, 30 and 45. As can be seen in this figure, the mean
axial velocity and rms fluctuating axial velocity are in good agreement with the exper-
imental data, showing that the flow fields are well captured. The time-averaged resolved
mixture fraction 〈ξ̃ 〉 and the rms of mixture fraction 〈ξ ′′〉 from the LES and PDF solvers are
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Figure 6. The one-way coupling. The radial profiles of time-averaged resolved axial velocity, rms
fluctuating axial velocity, resolved mixture fraction, rms of mixture fraction, resolved temperature
and rms of temperature, from top to bottom at the axial locations x/D = 7.5, 15, 30 and 45 from left
to right. Symbols, the experimental data; solid line, the LES results; dashed line, the PDF results.
(Colour online.)

also compared to show the consistency. As seen, the LES and PDF results are in excellent
agreement, demonstrating that the LES and PDF solvers are consistent at the numerical
solution level. Note that this consistency also indicates the accuracy of the numerical algo-
rithms used in the PDF solver, i.e. the particle tracking, mean estimation and interpolation
methods. The time-averaged resolved temperature 〈T̃〉 from the LES and PDF solvers are
almost identical while very slight discrepancies occur in the rms of the temperature 〈T ′′〉
fields obtained by the two solvers, which demonstrates high level of consistency at the
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numerical-solution level. As mentioned above, the slight differences in 〈T̃〉 and 〈T ′′〉 may
be due in part to the different PDFs of ξ in the LES and PDF solvers. Although, a simple
flamelet model is used in the simulations, the agreement with the experimental data is also
very good.

4.3. Detailed chemistry calculations

The detailed chemistry simulations are performed using the augmented reduced mech-
anism (ARM1) that includes 16-species and 12-reactions [42]. Unity Lewis number
assumption is applied for all species, thus the differential diffusion is not taken into
account. Here the fully two-way coupled LES/PDF solver is used, hence removing the
assumption of a β-function PDF of mixture fraction. In the PDF solver, each particle carries
the mass fractions of chemical species and the enthalpy. Figure 7 shows the computational
modules used in the detailed chemistry calculations. The LES component solves the fil-
tered mass, the filtered momentum and the specific volume transport equations, and then
the PDF solver performs the steps 1 and 2 in the TMR fractional time stepping method
while the third step is performed by the ISAT module. The simulations are performed for
10 flow-through times based on jet bulk velocity to reach a statistically stationary state,
then an additional 10 flow-through times are performed to collect the statistics from the
instantaneous resolved fields. For instance, the instantaneous resolved temperature field is
shown in Figure 8.

Figure 9 presents the time-averaged radial profiles of the resolved temperature, 〈T̃〉,
and resolved species mass fractions, 〈Ỹ 〉, of CO2, CO, O2 and CH4 at the axial locations
x/D = 7.5, 15, 30 and 45. The numerical results are compared with the experimental data
as well as with the results from a previous LES/PDF simulation [43] at the locations where
they are available. It is emphasised here that the previous LES/PDF simulations were
performed on a non-uniform 192 × 192 × 96 cylindrical grid using a one-way coupled
LES/PDF solver [15] with the modified Curl mixing model [44] and the 38-species C1–C4

skeletal mechanism [45]. Thus the previous simulation results are used here only as a ref-
erence.As seen in Figure 9, the results are in very good agreement with the experimental
data at x/D = 7.5 and 15. At x/D = 30, the experimental data are reproduced with a slight
discrepancy close to the centre line. However, the trend in the results is consistent with the
trend observed in the previous LES/PDF simulations. At x/D = 45, although the trends
are similar in the present and the previous LES/PDF simulations, the discrepancy between
experimental data and the numerical results is visible.

Figure 10 shows the rms of temperature, 〈T ′′〉, and species mass fractions, 〈Y ′′〉, of CO2,
CO, O2 and CH4 together with the experimental data and the results from the previous
LES/PDF simulations.Similar observations can be made for the rms values. At the loca-
tions x/D = 7.5 and 15, the present LES/PDF results are in good agreement with the
experimental data and markedly better than the previous LES/PDF simulations of Hire-
math et al. [43]. At the locations x/D = 30, 45 the rms values of the present and previous

Figure 7. The computational modules used in the detailed chemistry calculations.
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Figure 8. 3D plot of Lagrangian particles in the Sandia Flame-D simulations that are coloured by
the instantaneous temperature at a time step after reaching a statistically stationary state. (Colour
online.)

LES/PDF simulations have very similar trends: They both slightly underpredict the rms
values compared to the experimental measurements. However, at the location x/D = 45,
close to the centreline, the rms profile of CH4 is significantly higher than both the exper-
imental data and the previous PDF simulation, which is partly attributed to the different
chemical mechanism used in the present simulations.

4.4. Performance of the velocity interpolation and correction method

In this section, we investigate the performance of the three-stage velocity interpolation
and correction algorithm in enforcing the consistency between the particle mass density,
ρk

P, defined as the total particle mass in the kth cell divided by the volume of the cell,
and the finite-volume density, ρk

FV , at the numerical solution level. It is emphasised here
that this is the first detailed investigation of the three-stage velocity interpolation and cor-
rection algorithm in the context of the LES/PDF method applied to complex reacting
flows of practical interest. Its performance is assessed through extensive simulations of
a turbulent piloted jet diffusion flame (Sandia Flame-D) using the fully two-way coupled
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Figure 9. Radial profiles of time-averaged resolved temperature T and resolved species mass frac-
tions of CO2, CO, O2 and CH4 from top to bottom, at axial locations x/D = 7.5, 15, 30 and 45, from
left to right. Symbols, the experimental data; solid line, the present LES/PDF simulation; dashed
line, the previous LES/PDF simulation. (Colour online.)

LES/PDF solver. First, the performance of each stage is examined separately and then the
performance of the three stages is demonstrated.

The consistency is quantified using the deviation between the particle mass density (i.e.
the total mass of particles in a cell divided by the cell volume) ρP, and the finite-volume
density, ρFV . For the kth cell, the deviation is defined as [11]

εk
ρ ≡ ρk

P − ρk
FV

ρk
FV

. (44)

The global consistency is then quantified by taking the rms of εk
ρ over the entire

computational domain as [11]

ερrms ≡
(∑NC

k=1

(
εk
ρ

)2
NC

)1/2

, (45)
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Figure 10. Radial profiles of time-averaged the rms of temperature and the rms of species mass
fractions of CO2, CO, O2 and CH4 from top to bottom, at axial locations x/D = 7.5, 15, 30 and
45, from left to right. Symbols, the experimental data; solid line, the present LES/PDF simulation;
dashed line, the previous LES/PDF simulation. (Colour online.)

where NC is the total number of grid cells used in the simulation. It should be appreciated
that the ‘optimal’ value of ερrms is not zero. With relatively few particles per cell (Npc ≈ 20),
significant statistical fluctuations are to be expected, e.g. of order N−1/2

pc , or about 20%.
First, the two-way coupled simulations are performed using the detailed chemistry

mechanism to demonstrate the performance of the velocity interpolation and correction
algorithm. Figure 11 shows a contour plot of the instantaneous deviation between particle
mass and FV densities on the plane passing through the fuel jet axis. The simulations
are repeated using no correction (Stage 1), the first-level correction (Stages 1 and 2),
and the second-level correction (Stage 1–3) with two different relaxation time parame-
ters of α = 25 and α = 100. In the simulations with no correction (Stage 1), the deviations
between the particle mass and FV densities are very large. The deviations are significantly
reduced when the first-level correction is used (Stage 1 and 2). The improvement in the
particle mass distribution with Stage 1 and 2 shows the importance of Stage 2 correction
step. Although the first-level correction (Stages 1–2) greatly reduces the deviations, there
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still remains some deviations between the particle mass and FV densities. The second-level
correction (Stages 1–3) virtually eliminates the deviations when an optimal or a nearly opti-
mal value of α is used, and this results in very good consistency between the two density
fields.

The relaxation parameter is expected to be critically important in maintaining numeri-
cal stability and accuracy of the LES/PDF simulations. To determine its influence on the
numerical stability and the satisfaction of the consistency conditions, simulations are per-
formed using α = 1, 10, 25 and 100. It is found that a numerical instability arises for the
cases of α = 1 and α = 10 due to excessive correction velocities that become as large as
the jet velocity at the inlet. Therefore the simulations are completed only for the values of
α = 25 and 100 without any instability problem. As can be seen in Figure 11, the devi-
ations in the density fields computed with α = 25 are smaller than those computed with
α = 100. As expected, using a smaller relaxation time scale results in a better consistency
between the particle mass and FV density fields. On the other hand, a too small relaxation
time scale tends to result in a numerical instability due to the excessive corrections. In
addition, although not shown here, excessive corrections lead to significant inaccuracies in
other quantities, e.g. particularly in the filtered mean and the rms of the fluctuating veloc-
ity profiles. There is a trade off between the accuracy, consistency and numerical stability,
and thus the relaxation time scale should be selected carefully such that the consistency
condition is effectively enforced while the numerical stability, accuracy and robustness are
maintained even in severe cases.

Figure 12 shows the time evolution of the rms of the deviation between particle mass
and FV densities in the simulations with (i) no correction (Stage 1), (ii) the first-level cor-
rection (Stage 1 and 2), (iii) the second-level correction (Stages 1–3) with time relaxation
parameter of α = 25 and (iv) the second-level correction (Stages 1–3) with time relaxation
parameter of α = 100. The simulation with no correction results in the highest deviation
with about ερrms = 0.4. Moreover, ερrms continues to increase slightly as the simulation pro-
ceeds even after a statistically stationary state is reached. The first-level correction (Stages

Figure 11. The deviation εk
ρ between particle mass density and FV density fields computed using

(from left to right) no correction (Stage 1), the first-level correction (Stages 1 and 2), and the sec-
ond-level correction (Stages 1–3) with time relaxation parameter of α = 100, and the second-level
correction (Stages 1–3) with time relaxation parameter of α = 25. (Colour online.)
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Figure 12. The time evolution of the rms of deviation between particle mass and FV densities ερrms.
Dashed line, no correction (Stage 1); dotted line, the first-level correction (Stage 1 and 2); dash-dot
line, the second-level correction (Stages 1–3) with α = 100; solid line, the second-level correction
(Stages 1–3) with α =25. (Colour online.)

1 and 2) reduces the value of ερrms by 25% compared to the case of no correction applied.
Additionally, ερrms does not seem to increase during the simulation in this case. When the
second-level correction (Stages 1–3) is turned on, ερrms is reduced below 0.2 for both α = 25
and α = 100 cases. It can be also seen that the second-level correction with α =25 results
in a smaller ερrms than that with α =100. Moreover, ερrms does not increase after an initial
period, i.e. after about 10,000 time step, in both cases of α = 25 and α = 100.

Then the one-way coupled simulations are also carried out to better show the perfor-
mance of the three-stage correction algorithm in fulfilling its main duty of consistently
interpolating the LES velocity field onto particles. For this purpose, the three-stage veloc-
ity correction method is incorporated into the one-way coupled LES/PDF solver and
simulations are performed for the Sandia Flame-D case using various stages of the three-
stage velocity correction algorithm. In particular, one-way coupled simulations are carried
out using (i) no correction (Stage 1), (ii) the first-level correction (Stage 1 and 2), (iii)
the second-level correction (Stages 1–3) with time relaxation parameter α = 25 and (iv) the
second-level correction (Stages 1–3) with time relaxation parameter α = 100 and the
results are compared for the consistency between the LES and particle fields.

The time-averaged resolved mixture fraction is compared first along the centreline, and
then at the axial locations of x/D = 30 and 45. Figure 13 shows the time-averaged resolved
mixture fraction computed by the LES and PDF solvers along the centreline. As may be
seen, the results obtained by the PDF solver with no correction (Stage 1) deviate signifi-
cantly from the LES results. The first-level correction (Stages 1 and 2) greatly improves the
consistency between the LES and PDF results, but very slight discrepancies appear espe-
cially between x/D = 15 and 30. These discrepancies are completely removed when the
second-level correction (Stages 1–3) with α = 25 is applied, yielding excellent agreement
between the LES and PDF fields.

To show the effects of the relaxation time, simulations are also performed for α = 25 and
α = 100, and the results are compared in Figure 14. This figure shows that the second-level
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Figure 13. The LES and PDF results of the time-averaged resolved mixture fraction along the
centreline for the Sandia Flame-D. Solid line, LES; dashed line, PDF with no correction (Stage
1), dotted line, PDF with the first-level correction (Stages 1 and 2), dash-dot line, PDF with the
second-level correction (Stages 1–3) with α = 25. (Colour online.)

Figure 14. The LES and PDF results of the time-averaged resolved mixture fraction along the
centreline for the Sandia Flame-D. Solid line, LES; dashed line: PDF with the second-level correction
(Stage 1–3) with α = 100; dash-dot line, PDF with the second-level correction (Stages 1–3) with
α = 25. (Colour online.)

correction yields overall good consistency even for α = 100. However the discrepancy
slightly decreases for α = 25.

The radial profiles of the time-averaged resolved mixture fraction 〈ξ̃ 〉 from the LES
solver and the PDF solver using different levels of correction are plotted in Figure 15. As
seen, the results from the PDF solver using only the first-level correction (Stages 1 and 2)
are in very good agreement with the LES results. At x/D = 30, the PDF results are slightly
smaller than the LES results close to the centreline. In the case of no correction (Stage 1),
there is significant discrepancy between the LES and the PDF results.

In summary, the first-level (Stage 1 and 2) and the second-level (Stage 1–3) corrections
significantly improve the consistency between the LES and PDF solvers. For the Sandia
Flame-D case, the second-level correction results in about 50% less error compared to
the first-level correction in terms of the rms of deviations between the particle and FV
density fields. The one-way coupled LES/PDF simulations of the Sandia Flame-D with the
first-level and the second-level corrections indicate that both levels yield good consistency
between the LES and PDF fields. However, the simulation with the second-level correction
results in a slightly better consistency. As discussed before, the time relaxation parameter
α used in the second-level correction algorithm must be selected carefully for the best
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Figure 15. The LES and PDF results of the radial profiles of the time-averaged resolved mixture
fraction at x/D = 30 (left) and at x/D = 45 (right) for the Sandia Flame-D. The solid lines, LES; the
dashed lines, PDF with no correction (Stage 1); the dotted lines, PDF with the first-level correction
(Stage 1 and 2); the dash-dot lines, PDF with the first and second-level corrections (Stage 1–3) with
α = 25. (Colour online.)

performance. We recommend to use α = 100 as a default value if it is to be used by a non-
expert. For this value, the second-level correction is found to perform well independent of
grid size for the test cases considered in the present study.

4.5. Computational cost

The computational cost is examined in this section. For this purpose, the fully two-way
coupled LES/PDF simulations with the ARM1 reduced mechanism are performed using
a 256 × 128 × 32 cylindrical block-structured grid as shown in Figure 4 with about 20
particles per cell. The computational domain is decomposed into 96 subdomains and the
simulations are carried out for 10 flow-through times based on the fuel jet bulk velocity
to reach a statistically stationary state, and then an additional 10 flow-through times were
performed to collect the statistics. In total, about 100,000 time steps are marched in each
simulation. The simulations with detailed chemistry representation using ISAT are com-
pleted in 7 days wall-clock time using 96 cores. The total computational wall-clock time
is approximately 37μs/particle/timestep.

The relative computational cost of each component of the LES/PDF simulations is pre-
sented in Figure 16. As can be seen in this figure, about 85% of the total computational
time is consumed by the PDF solver. Thus the cost of the LES/PDF calculations is less
than 7 times the cost of the LES alone. This is quite reasonable considering that the joint
PDF of 16 reactive species is being calculated, compared to 3 velocity components in the
LES solver. Additionally, 85% of the computational time of the PDF solver is consumed
by the three main processes of transport T, mixing M and reaction R. The reaction module
of the PDF solver consumes about 30% of the total computational time whereas the mix-
ing and transport processes consume about 20% and 22% of the total computational time,
respectively. The remaining 15% of the computational time of the PDF solver is mainly
required for the calculation of statistical moments from the particles. The computational
time required by the new LES/PDF solver is of the same order of those reported in the
previous LES/PDF simulations [6,7,15].

We also examine the computational cost of the three-stage velocity interpolation and
correction method. The computational cost required by each stage in the method is inves-
tigated separately. Here, we first define the computational cost of using each stage of the
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Figure 16. The percentage of the computational cost of LES and PDF solver as well as the transport
T, mixing M and reaction R calculations in PDF solver. TMR represents the total percentage of
elapsed time of transport, mixing and reaction in PDF solver. (Colour online.)

Figure 17. The elapsed time by the particle transport module in the PDF solver per particle per
time step. (Colour online.)

velocity correction method, and then give the relative cost of each stage. The cost for Stage
1 consists of the cost of interpolation of the LES velocities first from the cell centres to the
cell vertices and then from cell vertices onto the particle locations, and the cost of tracking
particles in the computational domain. The cost of the Stage 2 correction mainly occurs
due to solution of a linear system of equations for each cell. The Stage 3 requires solution
of a large linear system of equations similar to the discrete pressure Poisson equation to
obtain the Stage 3 velocity corrections at the cell centres, and then moving the particles
with this correction velocity using the Stage 1 and 2. In Figure 17, the time consumed by
each stage is presented. As seen, the Stage 1 requires a considerable amount of time since
it performs the tracking of the particles in the computational domain. The additional cost
for using the Stage 2 correction is about 8% of the cost of the Stage 1. However, using the
Stage 3 correction requires more than the total cost of Stage 1 and 2.

5. The Cambridge stratified methane/air flames

The fully two-way coupled hybrid LES/PDF solver is finally applied to turbulent non-
swirling premixed and swirling stratified methane/air flames from the Cambridge stratified
swirl flames series to demonstrate the predictive capability and robustness of the numerical
method for these challenging test cases. The Cambridge/Sandia swirl burner was designed
to investigate the effect of the stratification in the non-swirling and swirling operating
conditions. Here, we consider two different flames: the non-swirling premixed flame
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Table 1. The equivalence ratios and swirl numbers in the annular jets.

Case ϕinner ϕouter ϕinner/ϕouter S = Utg/Uz

SwB1 0.75 0.75 1 0 (no-swirl)
SwB6 1 0.5 2 0.45

Figure 18. A schematic of the stratified bluff-body burner [24].

labelled as SwB1, and the moderately stratified and moderately swirling flame labelled
as SwB6. The operating conditions for both flames are summarised in Table 1 where the
swirl number, S, is defined as the ratio of measured mean tangential velocity to axial veloc-
ity, S = Utg/Uz, above the centre of the outer fuel jet [39]. The schematic of the burner is
shown in Figure 18. The burner consists of a central bluff body surrounded by two annular
fuel jets, i.e. the inner and the outer jets. In the outermost annulus, air-coflow is supplied
to prevent entrainment of the ambient air. The bluff-body diameter is Db = 12.7 mm, the
inner jet annulus diameter is 23.6 mm with the wall thickness of 0.9 mm, and the outer jet
annulus diameter is 34.8 mm with the wall thickness of 0.9 mm. In the inner and outer jets,
the inlet bulk velocities are 8.31 and 18.7 m/s corresponding to the Reynolds numbers of
5960 and 11,500, respectively, and the air-coflow has a laminar inlet velocity of 0.4 m/s.

The flames are stabilised by a recirculation created behind the bluff body. The velocity
measurements are provided by Zhou et al. [46], and the temperature and mass fraction
measurements by Sweeney et al. [24,39].

The cylindrical computational domain spans 200 mm in the axial x-direction and
200 mm in the radial r-direction. The domain is discretised using a non-uniform 192 ×
128 × 96 block-structured cylindrical grid. The grid is concentrated near the nozzle in the
axial direction and in the shear layer between the fuel jets in the radial direction.

In the fuel jets, the instantaneous inlet velocities are obtained from two separate turbu-
lent annular pipe flow simulations. We use the same method as explained in the previous
section for interpolation of the inlet velocities from the turbulent pipe flow simulations, and
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the scaling factor αi varies between 0.96 ≤ αi ≤ 0.98. The inlet velocity of the air-coflow
is set to the uniform velocity profile of 0.4 m/s. At the bluff body and wall-lips, no-slip
boundary conditions are applied. The zero-gradient boundary conditions are imposed for
all the fields at the outlet and at the far field, i.e. on the lateral surface. About 20 parti-
cles per cell are used in the PDF solver. The methane/air combustion is represented by the
augmented reduced mechanism (ARM1) [42]. Unity Lewis number assumption is applied
for all the species. ISAT is employed to accelerate the chemical kinetic calculations. The
mixing model constant is selected as Cm = 20 and 45 for SwB1 and SwB6, respectively,
based on the numerical experimentation. Only the first-level velocity correction method

Figure 19. Time-averaged streamlines computed by the present hybrid LES/PDF solver for the
SwB1 case superimposed on the magnitude of the time-averaged resolved axial velocity. (Colour
online.)

Figure 20. SwB1: The radial profiles of time-averaged resolved axial velocity (top) and rms fluc-
tuating axial velocity (bottom) at axial locations x = 10, 30, 50 and 70 mm. The symbols: The
experimental data; solid line: LES/PDF results; dashed line: results by Proch and Kempf [40].
(Colour online.)
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is employed in the simulations. The simulations are parallelised by domain decomposi-
tion technique using 192 cores. A constant time step of �t = 2 × 10−6 s is used in the
simulation corresponding to the Courant number of about 0.15.

5.1. The non-swirling premixed flame, SwB1

The numerical results from the simulations of the non-swirling premixed case (SwB1) are
presented in this section. Figure 19 shows the time-averaged streamlines to demonstrate
the general flow pattern and the recirculation zone behind the bluff body. The length of
the recirculation zone is found to be about 22 mm which is very consistent with the experi-
mental value of about 24 mm. Figure 20 shows the time-averaged radial profiles of resolved
axial mean velocity 〈Ũ〉 and the rms fluctuating axial velocity 〈u′′〉 at the axial locations

Figure 21. SwB1: The radial profiles of the time-averaged resolved temperature and the resolved
mass fractions of CH4, CO2, O2 and CO at the axial locations of x = 10,20,30,50 and 70 mm. The
symbols: the experimental data; the solid line: the LES/PDF results; the dashed line: the results by
Proch and Kempf [40]. (Colour online.)
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x =10, 30, 50 and 70 mm. As seen, the mean axial velocity profiles are in good agreement
with the experimental measurements as well as with the previous LES simulation by Proch
and Kempf [40] at all the locations.

Figure 21 shows the time-averaged radial profiles of the resolved temperature 〈T̃〉 and
mass fractions of CH4, CO2, O2 and CO at the axial locations x = 10, 30, 50 and 70 mm.
The temperature profiles are in very good agreement with the experimental data and the
previous LES results [40] at all the axial locations. Overall the mass fraction profiles are
well predicted at all locations and the present results are in good agreement with the LES
simulations of Proch and Kempf [40].

Finally, the radial profiles of the rms fluctuating temperature and the rms fluctuating
mass fractions of CH4, CO2, O2 and CO are shown in Figure 22. As seen, the rms profiles

Figure 22. SwB1: The radial profiles of the time-averaged rms fluctuating temperature and the rms
fluctuating mass fractions of CH4, CO2, O2 and CO at the axial locations of x = 10, 20, 30, 50 and
70 mm. The symbols: the experimental data; the solid line: the LES/PDF results; the dashed line: the
results by Proch and Kempf [40]. (Colour online.)
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Figure 23. Time-averaged streamlines computed by the present hybrid LES/PDF solver for the
SwB6 case superimposed on the magnitude of the time-averaged resolved axial velocity. (Colour
online.)

Figure 24. SwB6: The radial profiles of time-averaged resolved axial, radial and tangential veloc-
ities from top to bottom at axial locations x = 10, 30 and 50 mm. The symbols are the experimental
data and the solid lines are the LES/PDF results.
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are in very good conformity with both the experimental measurements and the previous
LES simulations [40].

5.2. The swirling stratified flame, SwB6

In this section, the method is applied to simulate the moderately swirling and moderately
stratified flame, SwB6, and the results are compared with the experimental data [39,46].
First, the time-averaged streamlines are plotted in Figure 23 to show the overall flow pat-
tern for this flame. The flow pattern is qualitatively similar to the experimental flow field
but the length of the recirculation zone is predicted around 10 mm that is shorter than the
experimental value of 16 mm. This discrepancy is mainly attributed to the extreme sensi-
tivity of the recirculation length to the model parameters. In particular, the length of the

Figure 25. SwB6: The radial profiles of the time-averaged rms fluctuating axial, radial and tan-
gential velocities from top to bottom at axial locations x = 10, 30 and 50 mm. The symbols are the
experimental data and the solid lines are the LES/PDF results.
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recirculation zone is found to be very sensitive to the mixing model constant, Cm, which
is examined and reported in a companion paper [47]. We next compare the computational
results with the experimental data quantitatively. Figure 24 shows the time-averaged radial
profiles of the resolved axial 〈Ũ〉, radial 〈Ṽ 〉 and tangential 〈W̃〉 velocities at the axial
locations x =10, 30 and 50 mm. As seen, the time-averaged velocities are overall in good
agreement with the measurements except for the axial velocity at the edge of the recircu-
lation zone, i.e. x =10 mm where the axial velocity is significantly overpredicted. This is
consistent with the flow pattern shown in Figure 23 and the results from the underprediction
of the recirculation length. Additionally, the axial velocity is slightly underpredicted near
the centreline at axial location x =50 mm, which may be attributed to the vortex break-
down occurring in the stratified swirling case, SwB6. We note that the vortex breakdown
mechanism is very complicated and difficult to resolve computationally due to its sensi-
tivity to the volume expansion rate, and thus to the mixing model constant Cm. A detailed
sensitivity analysis of the vortex breakdown is under investigation and will be reported in

Figure 26. SwB6: The radial profiles of the time-averaged resolved temperature and the resolved
mass fractions of CH4, CO2, O2 and CO at the axial locations of x = 10, 20, 30, 50 and 70 mm. The
symbols are the experimental data and the solid lines are the LES/PDF results.
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the companion paper [47]. The time-averaged radial profiles of the rms fluctuating axial
〈u′′〉, radial 〈v′′〉 and tangential 〈w′′〉 velocities are shown in Figure 25 at the axial loca-
tions x =10, 30 and 50 mm. This figure shows that the rms velocities are consistently
underpredicted near the centreline at all axial locations. However, considering the extreme
sensitivity and difficulty of resolving the recirculation zone and vortex breakdown, the rms
velocities are overall in reasonably good agreement with the experimental results.

The time-averaged radial profiles of the resolved temperature 〈T̃〉, the equivalence ratio
〈ϕ̃〉 and the mass fractions of CH4, CO2, O2 and CO at the axial locations x = 10, 30, 50
and 60 mm are plotted in Figure 26 together with the experimental data. The temperature
and the equivalence ratio profiles are overall in good agreement with the experimental data
at all the axial locations. However, the temperature profiles are slightly over estimated,
while the equivalence ratio profiles are slightly underestimated close to the centreline.
Overall the mass fraction profiles are well predicted at all the locations except for that
CO is generally underpredicted especially near the centreline. Although this is consistent
with the flow field predictions, it may also indicate deficiency of the chemistry model. The

Figure 27. SwB6: The radial profiles of the time-averaged rms fluctuating temperature and the rms
fluctuating mass fractions of CH4, CO2, O2 and CO at the axial locations of x = 10, 20, 30, 50 and
70 mm. The symbols are the experimental data and the solid lines are the LES/PDF results.
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Figure 28. SwB6: The scatter plot of mass fractions of CH4, CO2, O2 and CO versus equivalence
ratio coded by temperature at the axial locations of x = 30 mm. (Colour online.)

time-averaged profiles of the rms fluctuating temperature 〈T ′′〉, the equivalence ratio 〈ϕ′′〉,
and the mass fractions of CH4, CO2, O2 and CO at the axial locations x = 10, 30, 50 and
60 mm are shown in Figure 27. Similar to the mean quantities, the rms profiles exhibit
a good consistency with the experimental data at all the axial locations except for 〈Y ′′

CO〉
which is underpredicted especially near the centreline. In addition, all the rms quantities are
underpredicted in the downstream locations especially at x = 50 mm and x = 70 mm, which
is mainly attributed to the deterioration of the flow field predictions at these locations.

Finally, the scatter plots of the mass fraction of CH4, CO2, O2 and CO are compared with
the experimental data in Figure 28 at axial location x = 30 mm. The scatter plots obtained
from the LES/PDF simulations are in good agreement with those obtained from the exper-
imental measurements. Furthermore, the mean of the species mass fractions conditional on
the equivalence ratio are also in good with the experimental data.

6. Conclusions

An OpenFOAM-based block-structured mesh LES/PDF method is developed for the simu-
lations of turbulent reacting flows in complex geometries. The LES/PDF solver consists of
two components: (i) a finite-volume method based LES solver and (ii) a Lagrangian Monte
Carlo method based PDF solver. Both components of the hybrid LES/PDF solver are devel-
oped entirely within the OpenFOAM framework. The ISAT method developed by Pope
[21,22] is incorporated to accelerate the detailed chemical kinetics calculations. The three-
stage velocity correction method [11] is also incorporated into the LES/PDF solver for
the block-structured grids. The method is fully parallelised using a domain decomposition
method.

The accuracy and the numerical consistency of the LES and PDF solvers are examined
through the one-way coupling method [15]. For this purpose, simulation of a turbulent
piloted methane/air jet diffusion flame (Sandia Flame-D) is performed using a simple
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flamelet chemistry model. The fields of the resolved mixture fraction and temperature
calculated by the LES and PDF solvers are compared. The results from both solvers are
found to be in very good agreement demonstrating consistent coupling of the LES and PDF
solvers.

The performance of the three-stage velocity correction method is examined to show the
effects of each stage on the numerical accuracy and the consistency of the two solvers.
The first-level correction is found to be very efficient in reducing the numerical error and
enforcing the consistency between the LES and PDF solvers. Furthermore, the second-
level correction is found to be very effective in further eliminating any deviation between
the LES and PDF density fields. Additionally, the computational cost required by each
stage is also investigated. It is found that the first-level correction increases the com-
putational time consumed by the particle tracking algorithm by only 8%. However, the
second-level correction increases the computational cost of the particle tracking by twofold
mainly due to the need to solve a linear system of equations that are in the same form as the
discrete pressure equation, and use of the Stages 1 and 2 once again to move the particles
with the second-level correction velocities.

The Sandia Flame-D simulations are performed using the fully two-way coupled
LES/PDF solver with the detailed chemistry representation. The ISAT method is employed
in the detailed chemical kinetics calculations. The methane/air combustion is described
with an augmented reduced mechanism (ARM1) consisting of 12 steps and 16 species
[42]. It is found that the numerical results are in very good agreement with the experimen-
tal measurements. The statistical moments of the key chemical species are also predicted
quite accurately. The results from the new LES/PDF solver match with the experimen-
tal measurements better than those from the previous LES/PDF simulations [43]. The
improvement in the numerical results can be attributed to the performance of the particle
tracking and the velocity correction methods used in the present PDF solver.

The computational cost of the new LES/PDF solver on block-structured grid is also
examined. The PDF component of the LES/PDF solver consumes 85% of the total com-
putational time consumed by the LES/PDF solver. The ratio of the computational cost of
the PDF component to the cost of the LES/PDF solver is in the same order of the ratio of
the previous PDF solver [7]. This indicates that the new PDF solver on a block-structured
grid, and employing the three-stage velocity correction can be computationally as efficient
as the PDF solver of Wang and Pope [15] that can accept only a simple structured grid and
does not include any velocity correction algorithm.

Finally, the new LES/PDF solver with the detailed chemistry representation is applied
to study a turbulent non-swirling premixed flame and a turbulent swirling stratified flame
taken from the Cambridge turbulent stratified flame series [24]. The methane/air combus-
tion is described using the ARM1 chemical mechanism. The results are found to be in good
agreement with the experimental data. The recirculation zone, and the temperature profiles
are predicted accurately at all locations. The present results are also compared with the
previous LES simulations that are available only for the non-swirling cases and found to
be very consistent.

The present LES/PDF solver has been also used to investigate the effects of the differ-
ential diffusion as well as the sensitivity of the results to the mixing model constant Cm

for a wider range of the Cambridge turbulent stratified flame series, and the results will be
reported in a companion paper [47]. The future work also includes LES/PDF simulations
of a dual-swirl gas turbine model combustor (GTMC) studied experimentally by Weigand
et al. [48] and Meier et al. [49].
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