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MPECs in Hybrid Systems Optimization

Goal: Incorporate discrete decisions within optimization problems

Generalized Disjunctive Programming & Mixed Integer Programming

• Most general method to handle logical disjunctions
• Computational expense may be high for large systems with many discrete 

decisions, such as dynamic systems with switches at any point in time

MPEC - Alternative for a limited class of disjunctive problems 

+  can be used to model many common phenomena, including disappearance of 
phases, flow reversal, and hybrid dynamics

+  Can be embedded within a standard Non-Linear Programming solver and 
obtain fast local solutions

+  Computational cost scales polynomially with problem size
- Introduces an inherent non-convexity and constraint dependency 
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What is an MPEC?
Mathematical Program with Equilibrium Constraints

)x(Cv)x(Cy

)y,x(F)yv(
Z)y,x(.t.s

)y,x(fmin

T

∈∀∈
≥−

∈
0 )}(ˆ:)ˆ,({minarg

),(..

),(min

ˆ
xCyyxy

Zyxts

yxf

y

x

∈=
∈

θ

))y,x()y,x(F( yθ∇=

00

0,,

0,,..

),,(min

≥⊥≤
≥
=

yx

z)yg(x

z)yh(xts

zyxf





≥≥
=∨=

0,0

0      0

yx

yx ii





≥≥
≤

0,0

0

yx

yxT





≥≥
≤

0,0

0

yx

yx ii





≥≥
=

00

0

y,x

yx ii

Substitute KKT conditions for inner problem with complementarities 
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Why are MPECs hard?

0

0

=−∇−
−∇−∇−∇−∇

=∇+∇+
∇−∇−∇−∇−∇

]*)x(G*)[x(H

]*)x(H*)[x(G*)x(h*)x(g*)x(f

*)]x(H*)x(G*)x(G*)x(H[

*)x(H*)x(G*)x(h*)x(g*)x(f

δν
δτµλ

δ
ντµλ

00

0

0

≥⊥≤
≥
=

)x(H)x(G

g(x)

h(x).t.s

)x(fmin

• Violates constraint qualifications (i.e. LICQ, MFCQ)

• Constraint multipliers will be non-unique and unbounded

• Existence of multipliers not guaranteed

Specialized solvers must be used or problem must be 
modified to use standard NLP solvers

 LICQ violatesdependent,linearly 

 
0

01
   with0 :solutionat  0= Assume

0

0

0
           

00

⇒








=∇=






=

≤
≥
≥

⇒
≥⊥≤

y
c

xy

x
 c(x,y) x

xy

y

x.t.s

)y,x(fmin

yx.t.s

)y,x(fmin

6

B-Stationarity

A point is B-Stationary if it is feasible to the MPCC and 
d=0 solves the following LPEC (Linear Program with 
Equilibrium Constraints):

Requires solution of 2m linear programs, where m is the 
dimension of the biactive set, IX
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Strong Stationarity

A point is strongly stationary if it is feasible to the MPCC and d=0 
solves the following relaxed LP problem:
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•MPEC-LICQ for MPCC  ≡ LICQ of relaxed LP
•If MPEC-LICQ holds, B-stationary point equivalent to Strong Stationary

(Anitescu, Tseng, Wright, 2007)
•Single set of NLP multipliers exists for MPCC solution
� MPCC can be solved through an NLP reformulation 
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Complementarity Reformulations

Reg(�):
RegComp(�):
RegEq(�):
PF(�):

Note: Reg(�), RegComp(�), and RegEq(�) require the solution of a 
series of problems. PF(�) can be used by any general NLP solver 
for fixed � sufficiently large.
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MPECLib Results
92 Test Problems from academia and industry including 
both small and large problems

Library available in GAMS format – maintained by 
MPEC World part of GAMS World

Compare performance of different solvers with different 
MPEC reformulations

• Solvers including: CONOPT, IPOPT, IPOPT-C

• Reformulations including: Penalty, Mult, Reg

22 of 92 problems only one solution was found by all 
methods that converged

Results in Dolan-Morè Plot

10

92 Problem Test Set
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A Bad Formulation – EXOR Model

Suppose we want (x,y) to take the value (0,1) or (1,0)

• Consider the formulation:

• The feasible region graphically:

Disjoint Feasible Region!
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MPCC Formulation Guidelines

Convex inner minimization problem leading to complementarity.

Outer constraints should preserve connected feasible region for 
inner problem
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MPCC Formulation Guidelines

• Define inner minimization problem
• Verify that outer problem constraints lead to connected feasible

regions for inner problem variables
• Convert MPEC to MPCC by writing out optimality conditions
• Simplify resulting expression
• Solve MPCC using NLP reformulation

Example: y= |f(x)|
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Generalized Complementarity Formulations

Abs(*)

Min(*,*) & Max(*,*) (includes Pos(*), Neg(*))

Signum(*)

If * Then * Else * (includes Piecewise Functions but not EXOR)
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Optimal Design for Distillation 

Building on Previous Work

• Complementarity relaxation of equilibrium derived from minimization of 
Gibbs free energy (Gopal, B., 1999)

– Applied to flash problems
– Solved via smoothing methods with CONOPT

• Complementarity relaxation applied to trayed distillation (Raghunathan, B., 
2005)

– Steady state and dynamic columns operation optimized
– Solved via Reg(t) and interior point method IPOPT-C

• Complementarity relaxation used in conjunction with Distributed 
Stream Method

– Optimal design and operation of tray columns (Lang, B., 2004)
– Solved via smoothing methods with CONOPT
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MPEC Formulation for Distillation Optimization 
(Baumrucker Renfro, B., 2008)

CONiyVDVyxrdDLL jiiijiji ∈=+++ −− ,11)(

COLixrdgxfFdfyVxLyVxL iji
k

djkikjiijiiijiiji ∈⋅⋅+++=+ ∑−−++ ,11,11

REBixfFdfxLyVBx
k

djkikjiijiij ∈+=+ ∑+1

00

00

1

≥⊥≤

≥⊥≤

+−=

=

v
ii

l
ii

v
i

l
ii

ijijiij

sV

sL

ss

xKy

β

β

CONiQhvVhvDVhlrdDLL ciiiii ∈+=⋅+++ −− 11)(

COLihlrdgshfFdfhvVhlLhvVhlL ii
k

djkikiiiiiiii ∈⋅⋅+++=+ ∑−−++ 1111

REBiQshfFdfhlLhvVhlB H
k

djkikiiiii ∈++=+⋅ ∑++ 11

1=−∑∑
J

ij
J

ij yx

KkREBCOLi
Nfj

Nfi

f

j k

k

k

k

ik ∈∪∈






















 −
−






















 −
−

=

∑

,

exp

exp

2

2

σ

σ
COLi

Ntj

Nti

g

j r

r

ik ∈






















 −−






















 −−

=

∑
2

2

exp

exp

σ

σ

total

totalN

total

Rrdfrd

RrdfL

DRR

⋅=

−=
⋅=

)1(
max



9

17

Distillation Results

Solver determines optimal feed tray location and operating conditions

Objective functions (min):

Nt - rdfr + wn')+ wr','Toluenex('DLwtobj ⋅⋅⋅⋅= 25

Nt r + wn wrobj ⋅⋅=

11361260304352Equations

12691267361359Variables

79.252788.23803.26433.2643
Objective 
Function 
Value

161038925CPU 
seconds

11715958287639Iterations

Penalty

(ρ=1000)

SmoothingPenalty

(ρ=1000)

Smoothing

Air SeparationBenzene-Toluene
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MPECs for Hybrid Dynamics

•Switching functions determine transition to different state models  
•Transitions embedded within DAEs, differential states remain continuous
•Non-vanishing epochs of variable time, with (index 1) DAE models
•Transitions at epoch boundaries only
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MPECs for Hybrid Systems
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•Switching functions determine transition to different state models  
•Transitions embedded within DAEs, differential states remain continuous
•Non-vanishing epochs of variable time, with (index 1) DAE models
•Transitions at epoch boundaries only
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Dynamic Optimization Approaches

DAE Optimization Problem

Multiple Shooting     

Embeds DAE Solvers/SensitivityHandles instabilities

Single Shooting

Sullivan (1977)

Difficulty with instabilities
Small NLP

Discretize 
controls

Collocation

Large/Sparse NLP

Apply a NLP solver

Efficient for constrained problems

Simultaneous Approach

Larger NLP

Discretize state, control variables

Indirect/Variational

Pontryagin(1962)

Inefficient for constrained 
problems
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Comparison of Computational Complexity
(α ∈ [2, 3], β ∈ [1, 2], nw, nu - assume Nm = O(N))

((nu + nw)N)------Backsolve

((nu + nw)N)β(nu N)α(nu N)αStep Determination

---nw
3 N---NLP Decomposition

N (nu + nw)(nw N) (nu + nw)2(nw N) (nu N)2Exact Hessian

N (nu + nw)(nw N) (nu + nw)(nw N) (nu N)Sensitivity

---nw
β Nnw

β NDAE Integration

Simultaneous 
Collocation

(Barrier/IPOPT)

Multiple 
Shooting 

(rSQP/SNOPT)

Single 
Shooting

(SQP/NPSOL)

O((nuN)α + N2nwnu

+ N3nwnu
2)

O((nuN)α + N nw
3

+ N nw (nw +nu)2)

O((nu + nw)N)β
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Hybrid Optimization Problem
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Solution Strategy for Hybrid Problems
•Replace DAEs by algebraic approximations
•Represent disjunctions as complementarities at ti
•Reformulate as MPEC and solve with NLP formulation
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Converting Problem class to MPEC
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Example 1: Optimal control problem
adapted from Stewart, Anitescu (2005)

•Discretized with implicit Euler and solved with varying number of integration 
steps

•Apply moving finite elements with both Euler and Radau collocation

•Solved as both MPEC and MINLP
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Objective Function vs. Initial Condition

Implicit Euler Method & 3-pt Collocation
100 finite elements

Moving vs. fixed finite elements

Objective as Function of x0

1.50

1.70

1.90

2.10

2.30

2.50

2.70

2.90

-2.00 -1.80 -1.60 -1.40 -1.20 -1.00 -0.80 -0.60 -0.40 -0.20 0.00

x0

O
bj

 V
al

ue

Analytic Solution

Euler Fixed

Euler Moving

3pt-Coll Fixed

3pt-Coll Moving
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Comparison of MINLP & MPEC Formulations 
(Implicit Euler)

911.27385621.7893---------4000

475.75362531.7891---------3000

240.43245581.7882--->10000---2000

47.96723651.7870>100005555.0581.78691000

0.6252351.7578274.25769.1251.7581100

0.047341.63291.8410.2661.536410

CPU secIterationsCPU secCPU secNFE

CONOPTObjective

Function

DICOPTSBBObjective

Function

MPEC FormulationMINLP Formulation
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Example 2: Michael Schumacher Problem

Optimal control problem adapted from Stewart & Anitescu
(2005)

• Problem initialized by solving with Euler’s Method

• Final solution discretized with 3 point Radau collocation, 100 finite 
elements
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Schumacher Results 1

Original author’s solution

• T=5.541

• Obtained using Implicit Euler, 1000 fixed elements

Our solution:

• T=4.773

• Error in final position
(simulation of controls a,s,u):

– ||xerror||2=2.25 x 10-4

• Error in final position
(simulation of controls a & s):

– ||xerror||2=0.0555

[ ]1 1  0 ,u)sgn( −∈⇒

0  0 =⇒ u)sgn(

30

Schumacher Results 2

Modified Problem:

Solution:

• T=4.041

• Error(a,s,u):
– ||xerror||2=2.49 x 10-6

• Error(a,s):
– ||xerror||2=0.0115

4)0( πθ =
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Industrial Gas Pipeline

Gas Network with multiple 
suppliers and customers

Challenges

• PDE constrained optimization

• Friction factor calculation

• Flow reversals

P0

P1

q0 q1

P0

P1q0 q1

P0 P1q0 q1

P0 P1

q0 q1
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Pipe Segment Model
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Pipeline Packing Problem

N4 N5

N6 N7 N8

N1 N2 N3

S1 S2

D1 D2 D3

Model Attributes: 2609 Variables, 616 Complementarities
Solved with CONOPT: 3.645 CPU s, 145 Iterations

Determine compressor work settings 
over 11 hour horizon using 1 hour 
periods

Minimize compressor work
Subject to:

•Customer pressure 
requirements
•Customer flow rate 
requirements
•Pipeline physics
•Scheduled compressor outage 
(node 4, period 7)
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Minimum Recovery Time

What if Compressor Work is bounded [3.0,4.4]?
• Might not be feasible to serve all customers as desired

• Minimize number of time periods where customers are unserved

P F

Customer/DemandNetwork

On/Off

Pipeline Network Control System Customer Control System

( ) 010

00

models pipeline  s.t.
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Large Scale Example

Network from (G-Y. Zhu, M. Henson, L. Megan, 2001)

• 29 Arcs

• 30 Nodes

• 15 Customers

• 3 Suppliers

2917 580033,22733,7303471.14024

440825,25325,6421633.766229518

301617,27917,554460.35998712

255214,62114,858397.953109210

MPEC 
ConstraintsEquationsVariablesTime (s)Iterations

Time 
Periods

N1 N2

N4

N3

N6

N5

N9

N7 N8

N10

N11

N12

N13

N14

N17

N16

N8

N19

N20

N21

N22
N23

N24

N25

N28

N30

N26

N27

N29

N15
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Parameter Estimation for Fermentation Processes
(Raghunathan, Perez, B., 2006; Kaplan, Turkay, Karasozen, B., 2008)

?

  Glucose

Glucose−6−P Carbohydrates PPP Biomass

CO_2

Fructose−6−P

Dihydroxyacetone−P Glyceraldehyde−3−P

Glycerol−3−P

Glycerol

3−P−Glycerate Serine Biomass

Phosphoenolpyruvate

  Pyruvate      Oxaloacetate

Aspartate

Biomass

Oxaloacetate

Malate

Succinate

Isocitrate

2−Oxoglutarate

CO_2

CO_2

CO_2

Cytosol

NADHNADH

Acetaldehyde

     Ethanol

CO_2

Acetate

Acetyl−CoA

   Biomass

Glutamate Glutamine

     Mitochondria

vd min T
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Parameter Estimation for Fermentation Processes
(Raghunathan et al., 2006; Kaplan et al., 2008)

?

ODE

LP

•LP model for metabolic cellular 
network
•Dynamics for evolution of 
fermentation products
•NLP formulation for parameter 
estimation

•Discretize DAE model in time
• Substitute inner LP model by 
optimality and complementarity
conditions
•Solve as large single-level NLP

vd min T

38

From Simulation to Optimization
ODE

LP

complementarities

constraints
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Parameter Estimation Results

large-scale parameter
estimation problem

3.5CPU-MINUTES

25,400CONSTRAINTS

32,800VARIABLES

mol i/gBioCompound i

1.83E-2Protein

1.46E-3Lipids

1.65E-3RNA

1.61E-4DNA

1.54E-2Carbohydrate
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Summary

Problems MPCCs can solve:
• Those involving inclusive disjunctions 

– (inclusive) OR constraints 

• Those with piecewise functions 
– Abs(*), Min(*,*), Max(*,*), Signum(*), If * Then * Else *

• Hybrid Dynamic Systems

• Bilevel optimization problems

Other methods can solve these problems as well, but:
• MPCCs can be reformulated and solved with standard NLP 

solvers, with local solutions determined

• MPCCs can be solved quickly (polynomial time expected)


