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1.a (5 points) Explain the difference between a sequerce of numbers and a series of numbers

and give Ihe dc6nil ion of a convergent serieo.
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1.b (5 points) Give the definition of the harmonic series, and use the integral test to deter-
mine if it converges or not.
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2.a (5 points) Obtaio the Maclawin series for f.
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2,b (5 points) Give a,n estimate for the value of /(1) that difiers from the exact value by
less than 0.01.
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Problem 3 Let y be a complex rrctor space, A and B be two nonempty subsets of V, and

d be a subset of V whose elements are of the form a * b lor some a € ,4 and D € B, i.e.,

(':- {a I b lae A. bc B }.

3.a (5 points) Show that C is a subset of the span of A U B, i.e., C ! (,4 U B).
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3,b (5 points) Show that if A and B are subspaces of l/, then C is a,lso a subspace of y.
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Problem 4 Let 9Jl(2, 2;R) be the vector space of 2 x 2 real matdces and I : 9Jt(2, 2;R) -+

9ll(2, 2;lR) be the tunction defined on fi(2, 2; R) according to: VM e 9n(2, 2;lR), I(M) :

M', wborc M? st ondr for f he transposc of M. i.p.. il M - l' i l, rhen L(M) - l1 : I
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4.a (5 points) Show that L i6 a lineax operator. '
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4,b (5 points) Determine the null space of ,.
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4.d (5 points) Let B:: {E(1), E(2), E(3), E(4)} be the standard basis of 9Jl(2,2;R), i.e.,
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Problem 5 (10 prjints) Use the method of Gaussian elimination to determine the value(s) of
a lbr which the following system of equations has one or more solutions and find the qeneral

form of its solution for this value(s) of o.
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Problem6LetMbeannxnmatdx, I bethen,xn identity matrix, andl be a complex

ntrmber.

6.a (5 points) Show that if I is an eigenvalue of M, then det(M , ,U) : 0.
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6,b (5 points) Show that if det(M - )I) :0, then ) is an eige*alue of M.
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6.c (5 points) Show that every eigenalue of M is a.Jso an eigenvalue of tbe transpose of M.
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Problem 7 (10 points) Let L:V + V be a linear operator acting in y and having three

distinct eigenvalues )1, ,\2, and 13- Suppose Lhat ur,D2, and u3 are eigenvectors of ,with
eigenvalues -lr, ,\2, and ,\3, respectively. Prove that {t4,u2,a3} is a linea,rlv-independent

subset of Y.
,\/\lv,. \,v., Lv1= Atv12 Lv]: Jtv!

L) d,,alyr43 € lF ,er^-t/1 +Lr+

4,V1 I dzvz

ApeL" L- ), a

(t-q,r)oltvt +

Mt (L - A, alv,

I,v, -).v, =o

I {tv. +"(3v9) : O

L-A t2) otrvS = o

43 <-L- A,a.) v3 = c

+ {tr, =o Lr/

g) (L-t,r) (d,',

(L-A,a)altvz+ (

-+ olL (L- e,a1vL+

=.O

).V

,)v

A,)

Ig ve -
rl

(r=-r
Cr-)

"(3 
( A9-

-A.z)

Yrt

) rt-

\ z v" -\, v t
It

'6 )"- \,)v.

d.3(^t- A') v. :

(L - I "r ) l*..er-a,y

.a) v.-p d3 cA.- ),

+

)

_) oy'.<Ar- A,)vi_

AWL" L- \.t -L

, lz< A.-A,\ (L-A

.---.x-

v3

o

QICA tJ 1) v2 *o
(Az-A,l /o, v2z/'

:) dt vt eo pt

\3vu- \.vt

():* \ tlvS

--) *sCAt-1,)fts-\.) t" -- o,

velot Ar-A,/ ot \7-At{' z) d3 =o (a)

+ )z&

7&

5-

zI '-")

m* -E
v, lo

)n,,u., ueJ r'J -P"hL*A - ^i"f a^e^.t

r)



Problem 8 L"t M,: I I -" I where a is a real paramertir.
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8.a (10 points) Solve the eigenr.alue problem for M, i.e., find its eigenvalues

form of [he corresponding eigcnve. lors.

and the general

rr.4.-l rolll l=\ t*JLe,\ Lo.l
Qt*

n f- t-A -'( -l "^/,+r'-L'.- z*n_r I d+ 
^'t^.=o

(t-a) (z+a-al :" -' I l--)*n

C.r

7-e(p,=-o(r*<)f,:o
rl I
LoJ

, ooat

fA-

1'-

[*.-l = -,Lol

1" = 2+"/ " :" llil-f:l.=0
l--r-

=)lLo
:) -(\-t()d",-{Qr=o 

."il,

-zt 4p.=- (t1 <)(7 
ar-= I I

2{, t4. e, F.= -(t+*)(\ =) -'z- L-c'*!)a..I
r- f ''l

4 a=o !) o/.,:o =v o,,. f,"o / = *- ;"i'J -r,.;,1I l-.r \ -I rJ
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