MATH 320 - LINEAR ALGEBRA
Instructor: Ali Mostafazadeh
SPRING 2005, Quiz #2-Solutions by Turker Ozsari
You may not get credit unless you show all your work and write neatly!
You have 30 minutes.

(1) Prove that/ is infinite dimensional if and only if there is a sequengevs, ... of
vectors inV such that(vy, ..., v,,) is linearly independent for every positive integer
(12.5 Points)

Proof. (<) Suppose there is a sequengeuvs, ... of vectors inV such tha{vy, ..., vy,)

is linearly independent for every positive integer Assume thal/ is finite dimen-
sional, so there is a basis Bf, (u1, ..., u,,) such that spa, ..., u,,) = V. However,

in a finite dimensional space the length of every linearly independent list of vectors
in V is less than or equal to the length of every spanning list of vectors. Then we
must have lengthvy, ..., Uy, Um+1) = m+1 <lengthug, ..., u,, ) = m, contradiction.
Hence,V is infinite dimensional.

(=) Supposé/ is infinite dimensional, i.e., there is not a spanning lis¥/in Then,

V # {0}. Letwv; # 0 be a vector inV. Since,B, :=sparfv1) # V, thereis a
vy € V — By such thafvy, v9) is linearly independent. NowB, :=sparfuvy, va) # V,
there is avs € V — By such that(vq, v, v3) is linearly independent, otherwise there
area;, such thati; vy + asvs + agvs = 0 and somey; # 0. If, ag # 0, thenvs € Bs,
contradiction and ifi5 = 0, (v1,v2) linearly dependent, contradiction. Going in this
fashion, forn > 4, B,,_; =spaf{vy, ...,v,—1) # V, so there is,, € V — B,,_; such
that(vy, ..., v, ) is linearly independent, otherwise there ayesuch thatZ?=1 a;v; =

0 and somes; # 0. If, a,, # 0, thenv,, € B,_;, contradiction and ifa,, =
(v1,...,vn—1) linearly dependent, contradiction. Hence, there is a sequanes, ...

of vectors inV" such that(vy, ..., v,,) is linearly independent for every positive integer
n.

(2) Which of the following are linear transformations on the real s (7.5 Points)

(a)T(iL’l,ZL'Q) (]. +.’Ll,$2)
(b) T'(z1,22) = (z2,21)
(C)T x17.'L‘2) ( 17$2)

(d) T(z1,22) = (sinxy, x2)
(8)T'(w1,72) = (21 — 2,0)
Solution.

(a) Not a linear transformation, sin@8x; + x3, z2 + x4) = (1+x1 + 23,20+ 24) #
T(xl, 372) + T($3,$4) = (1 + .1‘17372) + (1 + 3, 3?4) = (2 +x1 + 23,22 + 1‘4).

(b) Linear transformation. Sinc&(axy +bxs, axs+bxs) = (axe+bry, axy +bxs) =
a(xa, 1) + b(xy, v3) = aT(x1,12) + T (T3, 74)-

(c) Not a linear transformation, sin@&1 + 1,0+ 0) = (4,0) # T'(1,0) + T'(1,0) =
(1,0) + (1,0) = (2,0).

(d) Not a linear transformation, sin&(% + 7,0 + 0) = 7'(w,0) = (sin7,0) =
(0,0) #T(5,0) +T(5,0) = (1,0) + (1,0) = (2,0).

(e) Linear transformation, sincB(ax1,axs) = (axy — axe,0) = a(xy — 22,0)
aT (xq1,z9) andT (z1 +x3, 22 +x4) = (T2 + x4 — 21 — 23,0) = (22 —21,0) + (24 —
z3,0) = T(x1,22) + T(x3,24).



