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Math 45Ol55Oz Midterm Exam L
Spring 2015
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Problem I Consider :r, classical particle moving on the roal line so that its ph:rse spact:

9:{(lr,q) lp,qe R}:1R2. Let Q.Pec*(t?) bether:bservnblesdefinecll':ntQfu.p)::q
and P(q, p) ': 1t. Le1,.,1 and c,;2 be pure slates of this svst;ern rvhich ale respectively grr.en

b"r' (qt,pr) :: (1,1) aru1 (q2.p2):: (1. -i), and i,, :: (2at +3a)15.

1.a (10 pc.rirrts) Find the expecta,tion ra,lue of Q tlncl P il the ritate r,J.
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l.b (10 poilts) Find the rariance (standalcl deviation) of Q ancl P in the state ar.
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Problem 2 Let. n be a positive, integer, (Vi. (', .)1) tr.nd (%, (., .)r) be n-ciimensional cr-rm-

plex inner-procluct spaces, $ 2: {e1.e2,.., ,().} be an orthonorrnal. basis of V- I ::
{h,h,... ,.t,} b" art orthonotlnal ba^sis of V2. arxl U :V -+W be a linear operator w}rose

dourir,irr fi)ntains d1 nnd for all j € {1, 2. . .. .n}, Ue5 : ft.

2.a (2 poirrts) Show that the donrain of {/ is %. r\
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2.b (1.8 poirts) Shor,v that L/ is a unitalv operator.
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Problem 3 Let (L/. (.,')) b"'a finite-rlinensi.onal comple-t

L. J : V *+ I,/ be linear operators t'ith clornain V.

3.a (10 point.s) Show that (LJ). - J- L-.
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4.b ($'points) Give the sta,telnenl; of the spectrai theorem {'or nr:rmal operators acting in
finite-tlirnensiona,l inner-product spaces. 6iw- or rv rrn "-!- 6pq1'ft-y tV|V4V
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Problem 4 Let (V, (., .)) b" a c..omple-x irurer-product space ancl P : V -+ l, is a. projection
.operator (that is not necessaril-v olthogonal.)

4.a (fpoint,s) Give the definitir:n r:f a normal operator N : Ir -+ V lvith dourain v.

h/ /r twr(a<)- 4 Ltt, Nx J =o..

4.c (10 pcrints) Shoq'if P is a norural operator. therr it is Herrnitiarr.
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Problem 5 Consider a quantum. system whose state voctors belong to n finitedirnr:nsional
inner-product space (./{', (.,.)). A state of this systern is a linetrr operator a :\ -+ lR which
rnaps the algebra of obsenables 2l to lR tr,nd strtis{ies ".,(I) 

: 1 and o(,,{2) ) 0, lr.here 1is
1;he identitv operator acl;ing in ff ancl .l is an trrbitla.ry observable.
Note: F acltleer-\'akoborvskii uses the rrotation < .4lr > for *(A).

5.a (15 point;s) Show thtrt for any state c,.l. there is a unique positirc operat,or,1.l lvit;h ulit
tra,ce such that cu(zl) : I,r(A.I A).
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5.f (15 points) Let, A[1,:1.12 be the positive unit-trace operators cor-responding to a pair of
-pure states such that A(A\A.12): 0, a' be a coryex cornbination of these states, i.e.. it is
given lry the linear ope'ator n./ :: (.1. - a)A\ + tt A,I2 for sr:me a € [0, 1], and A: X,It - )1.12.

Firrd the expectation ralrte ald tlte variance (standarcl deviation or rurcertaintSr) of ,4 i1 the
stir,te ,,,'.
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