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write your name and Student ID number in the space provided below and sign.

Name, Last Name:
ID Number:

Signature:

You har.c 2.5 hours.

You rnust show the details of all your work. Illegible and ambiguous explanatioris and calculations
rvi]l lead to decluctions from your grade.

You may use the option of grading your own work. If your estimated grade differs from your actual
grade by Less than 10 points. you will be given the higher of the two.

Estimated Grade:
Actual Grade:

Adjusted Grade:

Problem 1 Let ,t7 and P,, h" respectively the standard position ancl momenturn operators
acting in thc Hilbert space tr'(R'), and T : tr2(iRN) -+ 12(R^') ber the time-reversal opcrator
defined Ay [t!)(t) :',1,(i). Show that the following relations hold.
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problem 2 Let i, -- r,u1a, at) + e(dt2 +0,2) u.here d .: ,/Ex + ffiP' and e ' u' a.'d nt

are positive real parameters of the climension of energy, f."q.,.n.y, uttd -utt, respectiveiv'

2.a (10 points) F'incl all values of e s,ch that A describes a simple 5armonir' oscillator'
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2.b (5 points) Find the ground state

problern.
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Problem 3 Let H : fu't{a,At} be the Hamiltonian for simple harmonic oscil-
lator of mass rn and angular frequency u,,, and lrlr) : ittol I eioll)), where a
is a rc:rl nurnber belonging to thc interval l0,Ar). and l0) and l1) are thc state
vectors for the ground state and first excited state of the oscillator. Calculate
the following quantities.

S.a (S points) The urrcertainty in the position of this oscillator when it is in
thc state clescribed t y ly';)
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3.b (5 points) The uncertainty in the momentum of this oscillator when it is
in the state described bV lrbl.
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3.c (5 points) Find the values of a for which the product of the uncertainties
you compute in parts a and b of this problem is largest. What is the largest
value of the product of these uncertainties?
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Problem 4 (15 points) Consider a clelta function potential of the form u(r) :
-.\ d(r) in one diniension for some 

^ 
> 0. The quantum system ciefined by

tlre Harniltonian opcrator H : fi + u6) has a single bolnd state with a
rregative energy. Find the energy of this state ancl a corresponding positiol
\\-a'e fLrnction. You do not need to noruialize this wave f*.ction.
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Problem 5 Consider a quantum system with Hilbert space ,'(R) and a stan-
dard Hamittonian A : )(P]+Pr'z)+r1*,i), *h.r. u(r,y) - -) 6(r)+jmrrar,
and m, w, X are positive real parameters.

5.a (10 points) Find the ground state energy of the system.
Hint: You may use your response to Problem 4.
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5.b (10 points) Show that this system has finitely many bound states and
determine their number.
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Problem 6 Let o and l/, be a positive real nurnbers and r; : r2(R) -+ r'z(re)
be rlefinedby (U,Q)(r) :: Il"{lar), where * and P be the standarcl positiorr
and mornentum operator acting in f2(R.).

6.a (5 points) Find AL so that U, is a unitar.y operator.
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6.c (5 points) Calculate 0,*C;'for /t', you find in part a of this problem, i.e.,
express fl"*O;, in terms of X and P.
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6.d (5 points) Calculate tl,,PC;'for ,n/, you find in part a of this problem, i.e.,
express C,PC;t in terms of * and P. 
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