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Phys 4O2: Midterm Exam 1
March 15, 2019

o \\'rite vour name and Student ID nuniber in the sparce provided belou, anrl sigrr.

Name, Last Name:
ID Nurrrber:

Signature:

You have 2.5 irorus.

You must show the details of all your rvork. Illegible and ambiguous explanations anrl calculatioris
will lead to cledrrctions from yorrr gracle.

You tnay use the option of gradirig your o\\rn work. If your estirnatecl grade difl'ers fi'orrr voru' irr:ttral

grade by iess than 10 points, vou rnill be given the higher of the two.

Estimated Grade:
Actual Grade:

Adjusted Grade:

Problem 1 Let ,A/ be a positive integer, ancl for each T € {1,2,,., ,N}, X, trrrrl P; lro Le-

spectively the standard position and monrenturn operators acting in the Hilbert spacc I'(R"),
ie., (X;,/')(f) : r'iql,(z-) ancl (P;i)(t) : -iftfir":(i), rvhere nttitj2t',.,!!A.are the C:rrtcsian
coordinates of :r-.

l.a (5 points) Show that P, is a svmrnetric operator, i.e., if r,L'ancl Cr belong to the clonraiu of
Pr, *" have (c..11P,d) : (Prolqr)
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l.b (5 points) Let / , *'.* IR. be a differentiable function, and i ,: (*r, yz^.. 
, *r). Derive

an expression for lPi, t6\ involving a partial derivative of / evaluated at ?. . 
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1.c (5 points) Let g:R^'-+ lR be a riiffcrentiable functiori.:urcl ?,- (Pr,P\ ,Pr) Derir.e

arl explession ibr txj,/(P)] irrvolving a partial clerivatir.e of g elaluated at P.
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1.d (5 points) Let d,€ lRN. Derive an expression for 
"ia?/ni," 'aF1r' 11ro1 docs not lrnc,lvt F -\

or its cornponents. . ... i - "-' ':" :- - ,";i--.;.ft\ t ''a'P/t '/ Jcr-?/t-''T:-
'a'i,ll -' .'. 
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1.e (10 points) Let u(t) :: eidtt\i/t' represent a tirne-clepenclent transl:rtion in 12(IR.N). u,herri:

I € IR and d : IR. -+ iRN be a continuous function. Consicler the quantuni systern clcscliberi

by the Hilbert space ,'(R') atrd a standard Hamiltoniarr, H : tl,F + V (,t), u,here nr, is a

positive real paranreter and V : IR.N -+ IR. is a smooth function. Find arr explicit expressiorr fcir
the translated Hamiltonian corresponding to the translation u,(l) -+ il(t)ir,(l). 'fo gct prroper
credit, you must simplifi,'the expression for the trarrslated Harniltorriun as mnc'h as possiirle.

/\ .'\(.5r)+ X,

q.: i\)

A.

t ct) r = (dc*r ^tc4-) a1 ,t *-{ ch = fi.+r &.+r

-:)

*l

^ -[uH u"

rdt$oil.r * t i,t,tAtt = frtt^tt *t'
9.t.-

H4,

r: = 0.. H l.- r -r d $.,.c.1 
t'.-'

/\

it ( l &'. E
t.

o
A-1 -

H. t,\ d'

)(^

+A
3 *r A\ -'"? d
X oT ") 

a1c*t' ?

=t,t

=U

H-l

,,\

-Z= -g-
'tlv./\

-*t ?

4uZ-
D-L- +
"a\ft\

r -?- + V(ir ?ryr.r

aln
_'.."!

+ YC >< t

-tr

)\

a

-l
t^

r.)

fi=-t V(



Problem 2 Consider a quantum system corresponding to a particle of mass m that is described
by the Hilbert space ,'(R) and the Hamiltonian lio :: fi + |*rz*2 + a*, where * and P
are standard position and momentum operators acting in tr2(lR), c,,, and a are real numbers,
and cr,, > 0.

2.a (5 points) Find a time-independent translation that maps H. to the simpie harmonic
oscillator Hamiltonian Ho.
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2.b (5 points) Determine the energy spectrum of H*.
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2.c (5 points) Find values of o such that the ground state energy of the system having lf. u.
its Hamiltonian is zero.
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Problem 3 Consider a quantunr system corresponding to a particle of rnass nt that is clersr:r'ibecl

by the Hilbert space I'(R') and the Hamiltonian iI ,- Ht* Hz, rvhere lbr each J € {1.2}.

fri,: lhr,{a,,at}, oi,: ,lYx1 + -}:P,, and 0rr are positive leal paranretels.' V 2h t 
r/zhmt, 

r

3.a (10 points) Determine the grotrncl state energy of the system. .lustify' 1,oul re!,il)orrse.
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3.b (10 points) For tire case that "u2:3",'tl1. Find the clegcnerate energlr eigenvillues of A
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Problem 4 corrsider a qriantum system with Hilbert space rr(Rr). Let i, pr,L, a,,d,T
respectively denote the standard position, nromentum, angular nronrentunl, and time-reversal
olrcrators, i"., & and { a"re as clefined in problen, t,J ,: *rP, - *rpr, uri to, 

".u.r,'{,e r2(R2),(T,tt)(:i) ::C(,i)-. :) <lr il r+; : {xr.1ro
t ., 4.a (5 points) Shor,v that [i ,T -6.
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 .c (5 points) Show that {i, T} :i.
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4.b (5 points) Show that {Pj, T} :0, where {A, B} denotes the anticommutator of A and B,
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4.d (5 points) Show that for every €, ( e ,'(R'), (€l7C) : (7€l()-.
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a.e (10 points) Consider a state of the system that is represented by a real-valued position wave
function lb(d), so that T$: $. Show that the expectation value of the angular momentum
vanishes in this state.
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4'f (10 bouus points) Is the expectation value of the angplar lronrenturl vanishes in states
described by a real-valued mornentum wave function (p'14.,),/ \Vhv./
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