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Abstract—Blind Source Separation (BSS) is a topic of interest
in different fields of information processing with a large span of
applications, e.g., in communications, pattern recognition, brain
activity monitoring and audio processing . This article reviews
some convergence analysis results for parallel BSS algorithms
that are used for the simultaneous extraction of sources. The
emphasis will be on two major BSS schemes, namely, Indepenent
Component Analysis and Bounded Component Analysis. The
article underlines the major convergence results regarding these
two branches and their connections.
Index Terms—Blind Source Separation, Independent Component Analysis, Bounded Component Analysis, Convergence
Analysis

I. I NTRODUCTION
Blind Source Separation refers to the unsupervised separation of sources from their mixture samples, which has
been a problem of interest in many different areas of Signal
Processing and Machine Learning [1]. In fact, it is the central
problem for various unrelated applications including MultipleInput-Multiple-Output Communication Systems, Microphone
Array Sound Separation, Brain Activity Monitoring, Financial
Factor Analysis and many more. The richness and diverseness
of the application pool for the BSS is due to its extreme flexibility provided by its unsupervised nature which eliminates the
need for the training information. The power of this property
is highlighted especially for applications where the use of
training information is either too expensive or impossible.
Although the unsupervised nature results in a broad application span, it is also the main reason for the difficulty in
solving this problem. The unavailability of the training data
combined with the lack of mathematical description for the
mixing system makes it challenging to come up with adaptive
algorithms capable of separating original sources using only
their mixture samples. This difficulty has been overcome by
the use of some additional side information and/or assumptions
regarding the data model. In fact, we can classify the existing
BSS approaches based on the underlying assumptions they
make:
• Statistical Independence: The most common assumption is the mutual statistical independence of sources.
The approach based on this assumption is referred as
Independent Component Analysis (ICA) and it is the
most widespread BSS approach. In fact, sometimes it is,
mistakenly, considered synonymous to BSS. As the main
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solution recipe for the BSS problem, ICA emerged before
the first half of 90s, see [2] and the references therein.
It can be, alternatively perceived as the extension of the
Principal Component Analysis approach, which decomposes a vector as sum of some uncorrelated components.
ICA extends the partial, second order moment based,
statistical decoupling in PCA to the complete statistical
decoupling.
The basic principal of all existing ICA methods is achieving mutual independence of the separator outputs. There
are different approaches in achieving this major goal
which are inherently connected with each other. One
approach is based on the relationship between the level
of output independence and the level of output nongaussianity. According to this approach maximizing nongaussianity is equivalent to maximizing independence. For the
measurement of nongaussianity typical, choices are the
higher order statistic based Kurtosis [3] and source pdf
based negentropy [4] objective functions.
Another approach is the minimization of output mutual
information, see for example [5]. The use of Maximum
Likelihood estimation method in ICA framework [6] is
another alternative but related approach. The list of the
proposed ICA approaches and the relevant algorithmic
work is a rather long list. However, FastICA [7] stands
out as probably the most popular ICA, which successfully uses contrast function technique connected to the
aforementioned ICA approaches in conjunction with the
fixed point algorithm implementation.
Time-Sample Structure: In the ICA framework, the
sources are assumed to have independent identically
distributed (i.i.d.) temporal structure. The corresponding
algorithms rely on the explicit or implicit use of Higher
Order (than second order) Statistics (HOS). The use
of HOS typically is reflected as complex algorithms
that demand for relatively large number of mixtures for
reasonable separation performance. Contrary to these,
there are BSS approaches that exploit potential time
structure in data such as correlation such as [8] , for
which the Second Order Statistics (SOS) is sufficient.
Similarly, it was shown that the temporal distribution
variation in sources, i.e. nonstationarity, can be exploited
to achieve separation through a decorrelation procedure
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[9]. Another example of time structure used for separation
is the cyclostationary property of digital communication
sources, see for example [10] and the references therein.
Sparseness: Sparseness is another structure exploited in
BSS leading to Sparse Component Analysis (SCA) [11]
The sparsity of the speech sources in time-frequency
plane can also be exploited for the audio separation
purposes [12].
Special Distribution Structure of Communication Signals:
The extension of the blind equalization of single communication channels led to the special BSS algorithms
targeted for MIMO communication applications. Among
these we can list the Constant Modulus Algorithm, utilizing constant magnitude structure of FM and QPSK
communication signals [13], [14] and the Finite Alphabet Algorithm utilizing special constellation structure of
digital communication signals [15].
Boundedness: In typical practical BSS applications
source values take their values from a compact set. This
property has been exploited especially in some recent
ICA algorithms. The potential for utilizing boundedness
property in ICA framework was first put forward in [16].
In this work, Pham reformulated the mutual information
cost function in terms of order statistics. In the bounded
case, this formulation leads to the effective minimization
of the separator output ranges. The reference [17] introduced output infinity norm minimization based geometric
approach for the separation of bounded sources with peak
symmetry, as an extension of convex optimization based
blind equalization algorithms [18], [19]. In this article, the
equivalence of global optima of the corresponding cost
function and the perfect separators is proven. In addition,
a subgradient search based adaptive algorithm with low
complexity update rule is provided. The same article
also illustrated that the exploitation of the boundedness
property resulted in superior performance compared to
conventional ICA schemes such as FastICA [7] and
Multi-user Kurtosis [20]. This performance advantage is
magnified especially for short data bursts. The proposed
BSS approach was employed for enhancing the data rates
of optical-fiber communication systems [21], [22]. In
reference [23], a globally convergent algorithm is provided for the same bounded-magnitude BSS framework.
Around the same time frame, Vrins et. al. independently
contributed to the area of ICA for sources with finite
support [24], [25].

In a recent article [26], it was shown that under the generic
boundedness assumption about the sources, a more general
framework than ICA can be constructed. This framework is
named Bounded Component Analysis (BCA) and it makes
weaker assumptions about the relation among the sources.
According to BCA approach, if the sources are bounded, the
independence assumption can be replaced with a more general
assumption about domain separability, which can be stated as
”(the convex hull of the) support set of the joint distribution of

sources can be written as the Cartesian product of (the convex
hull of the ) support sets of the individual source distributions.
Note that independence assumption implies domain separability condition, however, the reverse is not necessarily true.
Therefore under the source boundedness assumption BCA
forms a more general framework which allows separation of
dependent sources and which includes ICA as a special case.
In this article, we review some results regarding the convergence of both ICA and BCA algorithms. The focus will be
on the BSS algorithms extracting sources in parallel (instead
of sequential peeling approach). For this purpose, in Section
II we introduce the setup for the assumed BSS problem. In
Section III, we discuss parallel ICA and BCA algorithms. The
discussion on the comparative convergence analysis results is
provided in Section IV. Finally, Section V is the conclusion.
II. B LIND S OURCE S EPARATION S ETUP
The basic setup for the BSS problem is shown in Figure 1:
In this set up
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Simulation Results

s1 (k), s2 (k), . . . sp (k) area the desired sources. Without
loss of generality, they are assumed to be zero mean
signals. We also define the source vector sequence as


s1 (k)
 s2 (k) 


(1)
s(k) = 
.
..


.
sp (k)

The memoryless mixing system is represented with the
matrix H ∈ "q×p , where q, the number of mixtures is
assumed to be greater than or equal to p, the number of
sources, i.e., the (over)determined case. For the invertibility of the mixing, we further assume that H is full-rank.
y1 (k), y2 (k), . . . , yq (k) are the mixture sequences. We
define the mixture vector sequence as


y1 (k)
 y2 (k) 


(2)
y(k) = 
.
..


.
yq (k)

The relation between the mixture vectors and source
vectors is simply given by
y(k) = Hx(k).

(3)

•
•

The separation system is represented by the matrix W ∈
"p×q .
z1 (k), z2 (k), . . . , zp (k) are the separator outputs. The
separator output vector sequence is defined as


z1 (k)
 z2 (k) 


z(k) = 
(4)
.
..


.
zp (k)

Based on these definitions, the separator output vector
can be written as
z(k) = Wy(k).

•

We also define the overall mapping from sources to
separator outputs as the matrix G ∈ "p×p , which is
related to mixing and separation processes by
G = WH.

•

(5)

(6)

The goal of the BSS problem is to train the separator
matrix W using the available set of mixture samples Y =
{y(1), y(2), . . . , y(L)} such that the separator outputs
are as close as possible to the original sources. We should
note that there are two fundamental uncertainties that can
not be overcome unless some additional side information
exists. These are
– Permutation Ambiguity: It is not possible to determine the exact ordering of the sources,
– Sign Ambiguity: It is not possible to determine the
sign of the individual sources.
Therefore, under the existence of these ambiguities, the
goal of expecting W to be equal to a left inverse of
H is too ambitious. It is only reasonable to expect W
to converge to vicinity of the so-called perfect separator
matrices for which the overall mapping satisfies the
relation
G = DP.

(7)

Here P is a permutation matrix, corresponding to the
permutation ambiguity, and D is a diagonal matrix with
{±1} entries at the diagonal, corresponding to sign
ambiguity.
III. PARALLEL BSS ALGORITHMS
In order to achieve the goal of separation outlined in the
previous section, there are two fundamental approaches:
• Sequential Separation Methods: In this approach, the
sources are extracted from the mixture sequentially. In
this so-called Deflationary scheme, sources are extracted
one at a time. Once a source is obtained, its contribution
to the mixture is eliminated and the procedure is repeated
for the remaining sources. This onion peeling approach
is convenient due to the relative simplicity of the single
source extraction process. In addition the convergence
analysis in this case is more tractable (see for example
[23]) compared to its parallel counterpart. However, the

error propagation is the main practical issue concerning
deflationary algorithms. The errors made in the extraction
of the previous sources results in error growth in the
following stages.
• Parallel Separation Methods: The class of BSS algorithms under this category extracts all sources in parallel.
It is essentially a vector extraction process where the
size of the vector is equal to the number of sources.
Although performance-wise this is a better approach, the
convergence analysis in this case is more challenging.
The focus of this article is to highlight convergence results
for the algorithms in the second class, namely parallel BSS
algorithms for both ICA and BCA schemes. The parallel ICA
and BCA algorithms are briefly discussed in the following
subsections.
A. Parallel ICA Algorithms
As noted in the introduction section, the ICA algorithms
exploit source independence to train the separator matrix. The
goal of achieving independence at the separator output is
equivalent to the goal of obtaining ”perfect separators” defined
in the previous subsection.
The goal of achieving independence is typically implemented by a two step procedure:
1. Whitening: In the first step, first the uncorrelated mixtures
are obtained from the original mixtures, through a prewhitening matrix Wpre :
x = Wpre y.

(8)

The usual procedure to obtain the pre-whitening is to
apply square-root
to the sample correlation
'factorization
L
matrix R̂y = L1 k=1 yk ykT (of mixtures)
T /2
R̂y = R̂1/2
y R̂y ,

(9)

1/2

where R̂y is any rectangular square-root of R̂y . Then
the pre-whitening matrix is set as
†
Wpre = (R̂1/2
y ) .

(10)

2. Orthogonal Separation: The output of the previous step
is an uncorrelated vector. However, it is not necessarily
an independent vector. An adaptive orthogonal separator
Θ is trained to separate sources from the uncorrelated
mixtures. The overall separator output can be written as
z = Θx.

(11)

In the ICA approach, obtaining orthogonal separator is
typically posed as an optimization problem
maximize
subject to

J(Θ)
ΘΘT = I

(12)

reflecting the goal to achieve independence in z. The
objective function selected as a measure of independence
or non-Gaussianity of the separator output z, such as
negentropy and (negative) mutual information [1]. A

common objective function is the cummulative Kurtosis
function which can be written as
J(Θ) =

p
(

L(Θ, b) =
(13)

K(zk )

k=1

where the kurtosis operator is defined as
K(u) = E(u4 ) − 3E(u2 )2 .

(14)

It is common to apply a two step iterative algorithm to
obtain the solution of the problem in (12):
Θ

(k+1)

Θ

(k+1)

=
=

Θ

(k)

+µ

MO (Θ

(k)

(k)

)

∇Θ J(Θ

(k)

)

(15)
(16)

where
– µ(k) is the step size at the k th iterations,
– MO is the mapping to orthogonal set.
In the first step of the above iterative method, the usual
gradient ascent update is applied. However, this operation
would potentially move the Θ out of the constraint set.
The second step maps the resulting orthogonal separator
to a ”nearby” orthogonal matrix. Among the different
algorithms for MO , the most common ones are
– QR decomposition based MO : QR decomposition
is applied to the argument of MO . The output is
selected as the orthogonal Q component of the
decomposition.
– Polar decomposition based MO : Polar decomposition is applied to the argument of MO , i.e., it
is written as the product of a orthogonal matrix
with a positive definite matrix. Then the orthogonal
component is assigned the output of the mapping.
This MO has the nice feature that the resulting output
is the closest orthogonal matrix (in Frobenius norm
or induced 2-norm sense) to the argument of the
mapping.
B. Parallel BCA Algorithms
As discussed in the introduction section, Bounded Component Analysis do not assume the sources to be independent
but bounded with domain separability condition. Therefore, in
the following treatment we’ll allow sources to be dependent,
however, to draw direct parallels between the convergence
analysis of ICA and BCA, we do assume that the sources
are uncorrelated. The uncorrelated source assumption is not
required in BCA framework. In fact, it is possible to develop
BCA algorithms that can successfully separate dependent
sources [27].
In reference [28], the following optimization scheme is
proposed to separate independent sources with finite support:
minimize
subject to

where

L(Θ, b)
ΘΘT = I

(17)

p
(

k=1

(18)

%Θk,: x + b%∞

and x is the vector of whitened mixtures. The same setting
can be used as a BCA approach for uncorrelated (but not
necessarily independent) sources. The corresponding iterative
parallel algorithm can be written as
(i)

b(i+1) = b(i) − µb

p (
(

(k,i)

λl

(i)

sign(zk (l))ek

(19)

k=1 l∈I (i)
k

p (
(
(i)

Θ(i+1) = Θ(i) − µΘ

(k,i)

λl

(i)

sign(zk (l))ek xl T(20)

k=1 l∈I (i)
k

Θ(i+1) = MO {Θ(i+1) },

(21)

where
th
• ek is the standard basis vector with all zeros except k
entry with unity value,
(k,i)
• I
corresponds to the set containing indexes of the
peak magnitues for the output k and at iteration i,
(k,i)
• λl
are the convex combination coefficients with the
'
(k,i)
(k,i)
≥ 0 and l∈I (i) λl
= 1,
property λl
k
• µb and µΘ are step sizes for the corresponding search
variables.
IV. C ONVERGENCE A NALYSIS R ESULTS
The main difficulty regarding the convergence analysis of
both parallel ICA and BCA algorithms is the non-convex
structure of the constraint set, i.e., the set of orthogonal
matrices, in the corresponding optimization settings in (12)
and (17). In fact, the main obstacle for the tractability of
the analysis is due to the existence of MO , mapping to the
nearby orthogonal matrix, at the last phase of both algorithms.
However, we can still obtain useful results for the convergence
especially for the polar factorization based MO (which will
be referred as MOP ). Two important features of the polar
factorization based MO , which are the significant tools for
the analysis are outlined by the following two lemmas [29]:
Lemma 1: For a full rank square matrix A and a orthogonal
matrix Θ, MOP (ΘA) = ΘMOP (A).
Lemma 2: For a full rank square matrix A, MOP (A) = I,
if and only if, A is a positive-definite matrix.
The convergence analysis results for parallel ICA and BCA
algorithms employing MOP are discussed in the following two
subsections.
A. Convergence Results for Parallel ICA Algorithms
The fixed or stationary points of the algorithms are the
potential convergence points, and hence, their detailed investigation play a critical role. The following theorem [29],
provides a general characterization of these points for the
parallel ICA algorithm in (15-16):

Theorem 1: For the algorithm in (15-16) employing MOP ,
and using sufficiently small step sizes to ensure full rank
condition for Θ, the overall mapping G∗ is a stationary point
if and only if there exists a symmetric matrix S for which
∇G J(G∗ ) = G∗ S.
According to the above theorem, for a orthogonal matrix
to qualify as a stationary point of the parallel ICA algorithm,
the gradient of the objective function at that point should lie
in the normal space of the orthogonal matrix set at that point.
The above characterization can be applied to some detailed
characterization of the Kurtosis based objective function in
(13). The gradient of this objective function (with respect to
overall mapping G) is given by
∇G J(G) = 4G%3 K

(22)

where K = diag(κ1 , κ2 , . . . , κp ) is a diagonal matrix containing source kurtosis values, which area assumed to be positive,
and G%k stands for k th Hadamard power of G. Based on this
gradient expression and the characterization in Theorem 1, we
can write examples of the stationary points as
• Perfect Separators: For perfect separators in (7),
∇G J(G) = 4D3 P = G4D2 PK. Since 4D2 PK is
symmetric (in fact, diagonal), perfect separators are stationary points
• Matrices with constant magnitude nonzero entries at
each column: For a matrix whose non-zero entries on
on column j has fixed magnitude (βj ), if we define
B = diag(β1 , β2 , . . . , βp ), we can write ∇G J(G) =
4GB2 K. Stationary point property is implied by the fact
that B2 K is a diagonal matrix.
• Householder Matrices with a normal whose non-zero
entries have constant magnitude: Matrices in this class
can be specified as
G = I − 2vvT

(23)

where v is a vector with L non-zero entries and the nonzero entries have the magnitude √1L . For K = κI, the
gradient can be written as
4κ(I − 2vvT )%3
6(2 − L)
8
= 4κ(I +
diag(v%2 ) − 2 vvT
L
L
Therefore, we can write
∇G J(G)

=

GT ∇G J(G)

6(2 − L)
8
diag(v%2 ) − 2 vvT
L
L
6(2 − L)
2L2 − 12L + 16 T
= 4κ(I +
vv
diag(v%2 ) −
L
L2
which is a symmetric matrix, and therefore, confirms
stationary point property of the special Householder
matrices. The classification of the special Householder
matrices is given by the following theorem [29]:
Theorem 2: The special Householder based stationary
points are classified as follows:
= 4κ(I − 2vvT )(I +

– L = 1 and L = 2 corresponds to Global Maxima.
– L = p = 4 corresponds to Global Minima.
– All remaining cases are Saddle Points.
Another useful convergence result concerns the general
objective functions J(Θ), which is stated in the following
theorem:
Theorem 3: The algorithm in (15-16), for sufficiently small
step sizes (µ’s), monotonically (in objective function value) to
a stationary point of the algorithm.
This result is deduced from the Theorem 4 in [29], which
proves the monotonic convergence for the fixed point algorithm and the convex objective functions, and its extension for
non-convex objective functions. The bound for the step size
to satisfy the sufficiency condition depends on the minimum
eigenvalue of the Hessian matrix at the iteration point.
B. Convergence Results for Parallel BCA Algorithms
The dual of the stationary point characterization in Theorem
1 for parallel BCA algorithms in (19-21) is given by the
following theorem [28]:
Theorem 4: For the algorithm in (19-21) employing MOP ,
and using sufficiently small step sizes to ensure full rank
condition for Θ, the overall mapping G∗ is a stationary point
if and only if GT∗ sign(G∗ ) is a symmetric matrix.
Based on this theorem, we can show that the stationary
points listed for the parallel ICA algorithm with Kurtosis based
objective function are also stationary points of the parallel
BCA algorithm in (19-21):
• Perfect Separators: For perfect separators in (7),
sign(G) = G, therefore, GT sign(G) = I is clearly
symmetric.
• Matrices with constant magnitude nonzero entries at each
column: In this case sign(G) = GB−1 . Therefore,
GT sign(G) = B−1 , which is diagonal (hence symmetric).
• Householder Matrices with a normal whose non-zero
entries have constant magnitude: We can show that
L−4 T
(24)
vv
L
which is a symmetric matrix. The classification in Theorem 2 can be shown to be valid for the parallel BCA
algorithm [30].
As a result, we can see that the two step parallel ICA and
BCA algorithms share the same set of critical points. However,
we should warn that there is no result (yet) that this shared
set of stationary points is the comprehensive set of stationary
points for any of the two algorithms.
GT sign(G) = I + Ldiag(v%2 ) −

V. C ONCLUSION
In this article, we comparatively reviewed some fundamental convergence analysis results corresponding to two different
parallel BSS schemes. Among them, Independent Component
Analysis is the well established and most popular scheme
whereas the other approach, namely the Bounded Component
Analysis, is a recently introduced and a promising technique.

Main attractive property of the BCA scheme is its ability to
separate dependent signals as well as independent ones. The
main message of the article concerns the parallelism between
the convergence structure of these alternative BSS methods. In
fact, they share the same (identified) set of stationary points.
There are several open questions to be answered such as
whether the presented set of stationary points is comprehensive
for both schemes or whether there are additional stationary
points which are not identified yet. Furthermore, despite the
duality between the two schemes in terms of stationary points,
there is no monotonic convergence result for the presented
BCA approach which would be dual of the ICA result in
Theorem 3.
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