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On the Convergence of Symmetrically Orthogonalized
Bounded Component Analysis Algorithms for

Uncorrelated Source Separation

Alper Tunga Erdogan

Abstract—Bounded Component Analysis (BCA) has recently been intro-
duced as an alternative linear decomposition scheme. In this approach the
boundedness property of sources is exploited to replace the usual indepen-
dence assumption with a weaker assumption, which enables development
of methods to separate both independent and dependent components from
their mixtures. This paper positions total output range minimization based
blind source separation approach as a BCA method for the separation of
uncorrelated sources. It is shown that the global minimizers of the corre-
sponding optimization problem are the perfect separators. Furthermore, a
stationary point analysis for the corresponding algorithms based on sym-
metrical orthogonalization is provided. The main result of this analysis is
that the range minimization based parallel BCA algorithm and the kurtosis
maximization based Independent Component Analysis algorithm have re-
lated set of identified stationary points.

Index Terms—Bounded component analysis, dependent source separa-
tion, independent component analysis.

I. INTRODUCTION

Blind Source Separation (BSS) has been a problem of interest for
several decades. Independent Component Analysis (ICA) approach, as-
suming statistical independence of sources, is unquestionably the most
popular method for solving this problem.

In the previous decade, a subclass of ICA algorithms were intro-
duced which exploit the information about the source boundedness,
in addition to the standing assumption about independence. The order
statistics based separation method in [1] is the pioneering work, where
Pham showed that under the bounded magnitude assumption the mu-
tual information cost function can be approximated with a cost function
containing the sum of (the logarithm of) the output ranges.

Cruces and Duran introduced minimum support criterion for source
extraction based on a formulation using Renyi’s entropy in [2]. Vrins et
al. proposed the range minimization for the separation of bounded sig-
nals based on a deflationary scheme in [3]. Around the same time frame,
the minimization of infinity norm of separator outputs was proposed as
a blind source separation approach in [4] as an extension of the blind
equalization approaches in [5]. Based on the same optimization set-
ting, a globally convergent BSS algorithm based on infinity norm min-
imization has been introduced in [6]. The infinity norm minimization
based approaches assume positive-negative peak symmetry which fits
perfectly to the separation of communication signals. In fact, it was evi-
denced by experiments that the resulting algorithms can achieve higher
Signal to Distortion Ratios, than FastICA algorithm, especially for rel-
atively small observation windows. Later this approach was extended
for more general finite support length sources without peak symmetry
[7].

Recently in reference [8], Cruces introduced Bounded Component
Analysis as a general framework covering all the aforementioned ap-
proaches as special cases. It was shown in this article that under the
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source boundedness assumption, the statistical independence assump-
tion can be replaced with a weaker “domain separability” assumption.
This framework enables development of algorithms which can be used
in some settings involving mixtures of dependent as well as indepen-
dent sources.

In this article, we extend the range minimization approach intro-
duced within ICA framework as a BCA method for the joint (parallel)
separation of uncorrelated sources. The main goal of the correspon-
dence is to provide convergence analysis results corresponding to the
symmetric orthogonalization based parallel BCA algorithms for com-
plex uncorrelated sources. The main contributions are the results on
the stationary point identification and characterization which parallels
(and complements) the results in [9].

The organization of the article is as follows: In Section II, the setup
for complex BCA is introduced. In Section III, the total range mini-
mization is posed as a relevant optimization setting for the separation
of uncorrelated sources conforming BCA assumptions. The corre-
sponding symmetrical orthogonalization based adaptive algorithm is
also provided in the same section. In Section IV the stationary point
analysis results for the proposed algorithm are presented. Finally,
Section IV is the conclusion.

Notation: Let� � ������ � ���� be arbitrary real and complex
matrices, respectively.���� ������ refers to the �th row (column) of
�. The operator ����� ������� extracts the real (imaginary) part
of�. The operator ���� ������ converts negative (positive) com-
ponents of � to zero while preserving others. The operator �������
replaces the positive entries of � with 1 and the negative entries of
� with 	�. The complex sign operator is defined as �������� 	
�����������
 ������������. For a given real random vector �,
its support is defined as the subset of its sample space where its joint
density is nonzero, and its convex support 
� is the convex hull of its
support. Indexing: � is used for (source, output) vector components,
� is the sample index and � is the algorithm iteration index.

II. UNCORRELATED SOURCE SEPARATION SETUP

We assume that there are � complex sources with finite support, rep-
resented by � � ��, where

���
�

������ 	 	
�
�� ��

�

������ 	 	
���

���
�

������ 	 	
�
�� ��

�
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�
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�
� � � for all � � ��� � � � ��. Correspondingly,

we define �� 	 �����	�
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We define the operator � � �� � ���� ���� 	
������ � ����� � �� as an isomorphism between � di-
mensional complex space and �� dimensional real space. For a given
complex vector �, we refer to the corresponding isomorphic real
vector as ��, i.e., �� 	 ����.

We further assume that the sources are zero mean and their real and
imaginary components have unit variance without any loss of gener-
ality. Furthermore, we assume that �� vector is uncorrelated that its
covariance matrix satisfies ��� 	 ������ � 	 �. This implies that
�� 		 ���	� 	 ��. The sources are mixed through a memory-
less system with transfer matrix 	 � �
�� with � � � (i.e., in-
stantaneous (over)determined separation problem), and therefore, we
can write the mixtures as 
��� 	 	����. Therefore, we assume that
the mixtures are not corrupted by noise. We further assume that the
mixtures are multiplied by a prewhitening matrix ���� � ���
 sat-
isfying, �������

	
��� 	 ��, where �� 	 �

	� 	 	��	

	 is

the covariance of mixtures. The resulting whitened mixtures ���� 	
����
���, has covariance identical to the source covariance. There-
fore, the overall mapping between the original sources and the whitened
mixtures is given by ���� 	 �����, where � � ���� is a unitary
matrix, i.e., ��	 	 �. Therefore, the goal is to obtain a unitary ma-
trix  � ����, such that the separator outputs, which are given by
���� 	 ���� are equal to the potentially permuted and scaled ver-
sions of the original sources. The overall mapping from the sources to
the separator outputs represented by

� 	 ����	� (2)

In the ICA approach, the mutual statistical independence of sources
is assumed and the goal of achieving separation is tied to the goal of
achieving mutual independence for the separator outputs. When the
sources are known to be bounded, Cruces showed that the assumption
on the mutual independence of sources can be replaced with a weaker
one [8]. The corresponding separation scheme named BCA is founded
upon the following assumptions:

• A1. The mixing process is invertible (i.e., 	 is a full rank matrix
with � � �),

• A2. The sources are non-degenerate random variables whose dis-
tributions have finite support,

• A3. For the support set of the distributions we can write 
�� 	

��  
��  � � �  
�� ,

We should note that the domain separability assumption in (A3) is a
necessary condition for the mutual independence of sources. There-
fore, the knowledge of source boundedness can be exploited to remove
the requirement on the equivalence of the joint density and the product
of the marginals. In other words, the source boundedness enables the
replacement of the independence assumption with a more broadly ap-
plicable assumption allowing the separation of dependent sources.

III. TOTAL RANGE MINIMIZATION AS A BCA APPROACH FOR

UNCORRELATED SOURCES

As outlined in the previous section, when the sources are bounded,
BCA can be utilized for the separation of both dependent and indepen-
dent sources from their mixtures. In this section, we show that the range
minimization approach introduced in [3] within the ICA framework can
be extended as a BCA scheme for the joint separation of uncorrelated
(but not necessarily independent) sources.

We start by introducing the range operator for a real random vari-
able � with bounded support as ���� 	 ���

�
� 	 ��� �, There-

fore, the range corresponds to the length of 
� . We note that for the
sources introduced in the previous section ��������� 	 	�

� 
 
��
and ��������� 	 	 �

� 
 
��.
Similarly, we introduce the range of a real random vector as the

vector composed of the ranges of its individual components. For ex-
ample, corresponding to the separator output vector � introduced in the
previous section, ������� 	 ������� ������ � � � ������� �

� . Based
on these definitions, we introduce the total range cost function as

�� ���� 	 ���������� 	

��

���

������� (3)

Therefore, the corresponding optimization problem for the joint sepa-
ration of sources can be posed as

�������� �� ����

������� �� 
	 	 �� (4)

The utility of this optimization setting concerning the BSS problem is
given by the following theorem:



6060 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 11, NOVEMBER 2012

Theorem 1: For the signal model provided in Section II and under
the assumptions (A1)–(A3), the set of global minima for the optimiza-
tion problem in (4) is the set of perfect separators �� defined by

��� � � � � ���� � ���� is a permutation matrix�

������ �
� �

� �
� �

� � � � � �� �
� �� � � 	
����� � � � � �

(5)

Proof: For the overall mapping � in (2), we define � �
����� ������

����� �����
, as the real orthogonal matrix that corre-

sponds to the mapping � � ��. The domain separability assumption
(A3), implies that ���� �� � 	
�������	� � 	��������	�,
and ��	� �� � �	��������	� � 	
�������	�, where
� � ��
������������� and � � ��
�������������. Note that in
the adaptive implementation based on finite number of observations,
the supremum and infimum over the convex hull of the support set
are replaced by their estimates which are potentially maximum and
minimum over the samples. Hence, the validity of such equations
above in the adaptive case requires the assumption that the samples
are sufficiently rich to capture the corner behavior for the set ���.

Based on the expressions obtained for the supremum and infimum
of ��, we write

���� � ��� �� � ��	 �� � 	
�������	�

� 	��������	� � 	��������	� � 	
�������	�

� 	
��������� ��	� � 	���������� ��	�

� 	������� ��	�� (6)

Consequently, we can rewrite the total range cost function, in terms of�
as, �� ��� �

��
��� 	���������	�, and after a few manipulations,

it can be shown to be equivalent to

�� ��� �

��

���

	����	���� � 	��� (7)

For each column of the orthogonal matrix �, we have 	����	� �
	����	� � �, where the equality is achieved when ���� has only one
nonzero entry, where the nonzero entry is either 1 or ��. As a result,
considering also the orthogonality of the columns of �, the global min-
imum value of the cost function in (7) is achieved only for� matrices
for which the corresponding � matrix can be written as � � ��,
where� is a diagonal matrix with�� diagonal entries and� is a per-
mutation matrix. As a result, we conclude that the set of global minima
for the optimization problem in (4) is given by the set of perfect sepa-
rators defined by (5).

Note that in Theorem 1, it is assumed that the sources have unit vari-
ance real and imaginary components. If their variances are actually un-
known then this would lead to an additional ambiguity in the scaling of
the real and imaginary components of the outputs. Therefore, in order
to reflect this ambiguity, the set of perfect separators in (5) should be
extended to

�� � �� � � � ���� � ���� is a permutation matrix

� � �����
�� � � � � 
��� 
� � � 	
�� � �� � � � ��� (8)

A. Adaptive Algorithm

In the adaptive implementation, we assume that we have a finite set
of mixtures: �	��� � � � ��� � � � ���� and the whitening is performed
based on the sample covariance matrix of these samples. The range of

outputs are to be replaced by their estimates over the available samples,
i.e., we use

����� � ���
	��������
�

������ ���
	��������
�

������ (9)

Therefore, the objective function considered in the adaptive setting is
��� ��� � ��

���
�����. Note that due to the fact that the range is

not a differentiable cost function, the adaptive algorithm is formulated
in terms of the subgradients (see for example [4] and the references
therein) of the range. Therefore, the adaptive joint separation (parallel)
algorithm corresponding to ��� can be obtained as
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(10)
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����	 (11)

where ���	 is the step size at the iteration �� �
�

����	 ��

�

���	� is

the set of sample indices for which the maximum (minimum) output
value is achieved for the real component of the �th output at the �th

iteration. ��
�


����	
and ��

�


���	
are the corresponding sets for the

imaginary components. �����	
��

��	
� �

����	
��

��	
� �

����	
���

��	
and �����	

���

��	
are

the nonnegative convex combination weights that are used to form the
subgradient at the �th iteration, where

���

�
����	
��

��	
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�
����	
��

��	
� ��

���

�
����	
���

��	
� �� and

���

�
����	
��

��	
� ��

�� used in (11) is the symmetrical orthogonalization operator, which
corresponds to mapping to the closest (with respect to Frobenius or
spectral norm) unitary matrix (see [9] and the references therein).

IV. CONVERGENCE ANALYSIS RESULTS FOR

TOTAL RANGE MINIMIZATION

In this section, a stationary point analysis for the total range based
BCA algorithm with symmetrical orthogonalization presented in the
previous section is provided. A stationary point, or a fixed point of
an algorithm, is a point in the search space where the algorithm can
potentially get trapped. In order to identify such points, we first rewrite
the iterative algorithm steps in (10)–(11), in terms of� (defined in (2))
as

�
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(12)
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�
�������� �

����� (13)

where ���� � �
���
� and ���� � �

���
�, and (13) follows from the

fact ����������� � ���������
�� � ���������� due to

Lemma 1 in [9].
Assuming a sufficiently rich data window that include the corner

points of the support set, the inputs used in the update expression (12)
can be written as
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where ����� ��
���
� � 	

���
� �


���
� are additive source terms which are defined

as follows: 	����� � 	�
���
� � 		

���
� � 	


���
� has zero value for the components cor-

responding to the nonzero components of 	�
���
��� and arbitrary value

(from the support) for the other components. Therefore, the input de-
pendent update part in the right side of (12) can be written as
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where �
 � �
� � �

� and �
 � �
� � �

� . In the last line, the
contributions of the ���� 	�
 dependent terms are assumed to average

out. Although, the main motivation behind this assumption is the math-
ematical tractability, it can also be justified by some supporting argu-
ments. First, we should note that the nonzero entries of these vectors
correspond to elements of�with exact 0 value. The set of such�ma-
trices have zero measure, however, some stationary points such as per-
fect separators, as will be shown, belong to this set. Despite this fact,
a small perturbation to these points would justify the approximation
around the neighborhood of such points. Another potential justification
is if we consider the contributions of these terms as convex combination
of independent zero mean variables (assuming independent samples),
whose sum will converge to zero in probability as the number of con-
tributing terms increase. In addition to all these, an algorithmic fix that
will justify this assumption is also possible: if we choose the subgra-
dient term with the least 2-norm, this choice would force these addi-
tional terms to be equal to zero. Consequently, we can rewrite the itera-
tions in (12)–(13) as ������ �������� 
 ��������
��������
 �
�
 ��.

We identify �� as a stationary point of the algorithm in (10)–(11),
if and only if it is mapped to itself after the algorithm iterations, i.e.,
�� ������
�����
������
 ��
 ��. For a sufficiently small
� and based on Theorem 2 in [9], this can be shown to be equivalent to
the condition that

�
�
� ����
������
 � �
 � � ��
 � �
 �����
�������� (19)

which can be used to identify following stationary points:
• Perfect Separators: in (5): If �� � �� then ����
���� � ��.

Therefore, ��
� ����
������
 � �
 � � �
 � �
 , which is a

Hermitian (diagonal) matrix.
• Unitary matrices where each column has entries with constant

magnitude and with phase which is even or odd multiple of 

�
:

Suppose that�� is a matrix whose non-zero entries can be written
as ��� � 	��

� ��� �� �, where 
�� is an integer and �� �
��� �. Then, we can write �� � ����
�����, where � �
�������� � � � � ��� and �� � ��

���
for  � �� � � � ��. This

implies that��
� ����
������
 ��
 � � �

����
 ��
 � is a
Hermitian matrix.

• Householder Based Unitary Matrices: If we restrict the real and
imaginary components of all sources to have identical ranges,
which implies �� � ��
 � �� � ���, then a set of stationary
points can be defined by matrices of the form

�� � �
 �� (20)

where  is a vector which has � non-zero entries and the non-zero
entries have the constant magnitude ��

�
and have phase differ-

ences among them are integer multiples of 

�
. We can make the

following classification depending on the value of �:
— � �  case: In this case the corresponding �� is a diagonal

matrix, which clearly satisfy the condition in (19),
— � � � case: The corresponding �� matrix is a perfect sepa-

ration matrix, therefore, the stationary point condition in (19)
still holds,

— � � � case: If we assume the first � entries of  are non-
zero w.l.o.g., we can write  � � �

�
���
 � �
 , where ��� � ��

������ �  and ���� �  for  � �� � � � � ��. We can show that

����
���� � �
 ������� 
 � �

� �

� �
�
� ����
������
 � �
 �

� �� � ��
�� �

� �
� ��
 ��� �

Therefore the corresponding �� points are stationary.
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The following theorem provides the classification of the House-
holder based stationary points:

Theorem 2: Consider the set of stationary points for the algorithm
in (10)–(11) characterized by (20) where � is a unit 2-norm vector
whose non-zero elements have the same magnitude and phase differ-
ences among them are the integer multiples of �

�
. Let � represent the

number of non-zero elements in �. If the real and imaginary compo-
nents of all sources have the same range, the stationary points in (20)
are classified as follows:

• Global Minima: � � � and � � � corresponds to Global Minima
for all � � �,

• Global Maximum: � � � � � corresponds to Global Maximum,
• Saddle: All remaining cases are saddle points.

Proof: Proof is given in Appendix.
It is interesting to note the relation of the stationary points identified

in this section with the stationary points identified for the Kurtosis cost
function based ICA approach in [9]. The perfect separation set and
other stationary points for the proposed uncorrelated BCA approach are
actually subset of the stationary points for the Kurtosis based complex
ICA approach. This is due to the fact that the stationary points for the
BCA case are constrained to have discrete phase structures. We also
note that the set of all stationary points may be larger than what is
identified in this article.

V. CONCLUSION

It is interesting to note the relation of the explicit stationary points
for the algorithm, satisfying (19), identified in this section with the sta-
tionary points identified for the Kurtosis cost function based ICA ap-
proach in [9]. The perfect separation set and other stationary points
for the proposed uncorrelated BCA approach are actually subset of the
stationary points for the Kurtosis based complex ICA approach. This
is due to the fact that the stationary points for the BCA case are con-
strained to have discrete phase structures. We also note that the set of
all stationary points satisfying (19) may be larger than the union of ex-
plicit stationary point examples identified in this section.

APPENDIX

Proof of Theorem 2: In this proof, we will assume that the first �
entries of the vector � are nonzero and � � � � � for simplicity and
w.l.o.g. Therefore, the overall mapping matrix can be written as

� � �� ���� �
�� �

� �
where

�� �

�� �

�
� � � � �

�
���

. . .
. . .

. . .

� �

�
���� � � � �� �

�

(21)

where ��� � � �� � � ��, where � is the phase operator.
Global Maxima and Global Minima:
• For � � ������, and therefore the corresponding �, is a diagonal

matrix. Therefore, it corresponds to a perfect separation matrix,
or equivalently, a global minimum.

• For � � �, first two diagonal entries are zero, and the corre-
sponding � matrix has only one nonzero entry per row, i.e., it
is a perfect separation matrix, and therefore, a global minimum.

• When � � � � �, the matrix � is equal to �� in (21) where all
the entries would have all equal magnitude, which is �

�
, for � � �.

Therefore, it would correspond to a global maximum.

Saddle Points: We’ll now show that the remaining cases are saddle
points. We first note that for the matrix � in (21), the cost function is
equivalent to

� ��	 � � ���	 � ��� �	

� � �� �

�
� ��� � �	

�

�
� ��� �	

� ��� ��� �� � � ��

Since for the remaining cases �� � 	 �, the cost function is equivalent
to � ��	 � �� � � � �.

We’ll perform the analysis for two separate cases:
• Case 1: � 
 � 
 �: The number of non-zero entries in � are

strictly less than the dimension of �.
— if we perturb the � matrix by increasing the square magni-

tude of one of the nonzeros entries in � by � while decreasing
the square magnitude of another non-zero entry by the same
amount, such that ��� remains as unity, then the cost function
corresponding to this case can be written as

� ���	

� �� �� �� �

�
��� �	 � ���� �	� � ��� �		

�

�

� �� �

�
� �� � �� �

�
� ��

� �
�

��
� �� � ���� �	

�

��
� �

�
�

�

��
�

�

�

� �� ��� �� �
��

�
�

�

�
� ����

�
� ���� �	

� �

�
� �

���
�

�

�
�

�

���

� �� ��� �� �
��

�
� � ��	� �

��

�

 � ��	�

where the first inequality above follows from the inequality
(based on the concavity of the square root function)

�
� � � �

�� �

�

�� � 	 ��. Therefore, such a perturbation will cause a

decrease in the cost functions value.
— if we perturb the � matrix by replacing one zero entry of �

with a value whose magnitude square is � while decreasing the
square magnitude of one of the non-zero entries in � by � (such
that ��� � � condition still holds), then the for the cost func-
tion value, we can write

� ���	 � �� ��� �	 � ��� �	 �� �

�

� ���� �	� � ��� �		
�

�
� �� �

�
� ��� �� ��

� �
�

�
� �� � ���� �	

�

��
� �

�
� ��
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� �� ���  �
�
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�
� ���� �	

�

�
� ��

�

�

� �� ��� � � ���� �	
�

�

	 � ��	�

where the first inequality follows from the monotonicity of
the square root function. Therefore, the prescribed perturbation
will cause an increase in the cost functions value.
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Based on the results corresponding to these perturbations, we can
conclude that, for the case � � � � � the Householder based
critical points are saddle points.

• Case 2: � � � � �: We will show that this case also corresponds
to saddle points, except � � � � �, which is a global maximum:
— We first consider perturbation of the form�� � ����� where
�� � �������� , where ��� � �

�
����� ��� � �� . We note that

for this choice ����� � �. Therefore, we can write

�� � ��
�� � ��� ���������� � 	���� 
 ��

� �� ��� 
 ���� � 	����

The cost value corresponding to �� can be written as

��	� � � ���� � ��� �� 	�
�

�
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�

�


�
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���
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�
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The first derivative of the cost function ��	� is equivalent to

���	�

�	
�
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�
� 	 ���	�
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�
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�
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and the second derivative can be written as

����	�

�	�
�
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�
� 	 ����	�
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 � 	� �
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 ���	��� � ��


The second derivative term evaluated at 	 � � is equal to
� ����

��
���� � �����

������
. Therefore, the corresponding pertur-

bation will increase the cost function’s value, for �  � and
� �� �.

— We know from the previous case that if we perturb the elements
of the � vector (all non-zero in this case), by increasing one el-
ement’s magnitude square by 	 while decreasing one element’s
magnitude square by 	, it will cause a decrease in the cost func-
tions value.

Combining these two facts, we conclude that, for the case � �

� � � and � �� �, the corresponding Householder based critical
points are saddle points.
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Direction Finding Antenna Arrays for the
Randomly Located Source

Houcem Gazzah and Jean-Pierre Delmas

Abstract—We consider the problem of sensor placement for estimating
the direction of arrival of a narrow-band source randomly located in the
far-field of a planar antenna array. Performance is evaluated by means of
the expectation of the conditional Cramer Rao bound, normalized to that
of the uniform circular array. Two cost functions are obtained, relative to
azimuth and elevation, respectively. They depend on the array geometry
as well as the distribution of the source azimuth. A class of uniform an-
tenna arrays is investigated. It is adapted to the particular probabilistic
distribution of the azimuth, while ensuring protection against array ambi-
guities. Using an exhaustive search procedure, we either seek the same re-
duction of both cost functions, or rather focus on one in particular. In the
first approach, we achieve a reduction of almost 36% of both, regardless
of the source azimuth distribution. In the second approach, we can obtain
larger reductions for the targeted parameter. In both cases, optimal arrays
are close to the V shape, for which performance analysis is conducted and
closed-form expressions are obtained.

Index Terms—Cramer-Rao bounds, direction of arrival estimation,
planar arrays.

I. INTRODUCTION

Direction of Arrival (DOA) is a topic of the utmost importance in sta-
tistical signal processing. A set of sensors collect signal snapshots to es-
timate the source DOA. Estimation accuracy depends on the sensor po-
sitions, in a way that has remained largely unquantified [1], [2], mainly
because of the complexity of the Cramer Rao Bound (CRB), even in
the single source case [3]. Because of the intricate original expression
of the CRB [3], early attempts to achieve array optimization were con-
ducted mostly using heuristic techniques [4], [5]. A recent simplifica-
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