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INSTRUCTIONS:
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PROBLEM 1 (20 points): Let G be an abelian group and let T be the set of

elements of finite order in G. Prove that

a) T is a normal subgroup of G (called the torsion subgroup).

b) Every nontrivial element of the quotient group G/T has infinite order.



PROBLEM 2 (15 points): Let M be a normal subgroup of a group G such that

G/M is simple. Show that M is a maximal normal subgroup of G. (You can use

the following fact in your solution without proof : If φ : G → G′ is a group

homomorphism, and N is a normal subgroup of G, then φ[N ] is a normal subgroup

of φ[G].)



PROBLEM 3 (15 points): Determine the group Z× Z× Z /〈(2, 2, 2)〉 and prove

your answer.



PROBLEM 4 (30 points):

(a) (5 pts) If H and K are normal subgroups of a group G such that |H∩K| = 1,

prove that hk = kh for every h ∈ H and k ∈ K.

(b) (10 pts) Let G be a group containing two normal subgroups H and K such

that |H ∩K| = 1 and G = HK. Show that G is isomorphic to H ×K.

(c) (15 pts) Let p denote a prime number. Show that every group G of order p2

is abelian.



.



PROBLEM 5 (20 points) Let G be a finite group of order pq where p and q are

prime numbers such that p > q and q does not divide p− 1. Prove that G is cyclic.


