
KOÇ UNIVERSITY

MATH 205

SECOND EXAM DECEMBER 4, 2014

Duration of Exam: 120 minutes

INSTRUCTIONS:
(1) All cell-phones must be turned off and put away.
(2) No questions, and talking allowed.
(3) You can not leave the classroom during the exam unless you turn in your exam

paper.
(4) You may cite propositions and theorems presented in class, but you must be able

to state them clearly and explain how they apply to the problem (but you may not cite
an exercise problem from the book without proof).

—————————Solution Key————————-

PROBLEM POINTS SCORE

1 20
2 20
3 20
4 20
5 20

TOTAL 100



PROBLEM I (20 points): Let Z(G) denote the center of a group G.

(a) Show that if G/Z(G) is cyclic, then G is abelian.

(b) Suppose that G is a nonabelian group of order 35. Compute Z(G).

Solution:

(a) Suppose G/Z(G) is cyclic generated by the coset aZ(G), for some a ∈ G. Let

g1, g2 ∈ G. Then g1 ∈ anZ(G) and g2 ∈ amZ(G) for some integers m,n. Therefore

g1 = anz1 and g2 = amz2 for some z1, z2 ∈ Z(G). Thus,

g1g2 = anz1a
mz2 = z2a

namz1 = z2a
manz1 = amz2a

nz1 = g2g1.

(b) Since G is a nonabelian group, Z(G) 6= G. Thus Z(G) is a proper subgroup of

G and hence it may have order 1, 5, or 7 by Lagrange’s Theorem. But if |Z(G)| = 5,

then |G/Z(G)| = 7 and therefore G/Z(G) must be cyclic which contradicts part (a).

Likewise, |Z(G)| 6= 7, and we conclude that Z(G) is the trivial subgroup of G.



PROBLEM II (20 points):

(a) Show that any subgroup of index 2 in a group G is normal in G.

(b) Show that if a finite group G contains a nontrivial subgroup of index 2 in G,

then G is not simple.

Solution:

(a) Suppose that N is a subgroup of index 2 in a group G. Then for any a /∈ N ,

we have aN = G \N = Na. Hence N is normal in G, since there are only two left

(or right) cosets of N in G.

(b) If N is nontrivial subgroup of index 2 in G, then N is a normal subgroup (by

part (a)) properly contained in G. Therefore G is not simple.



PROBLEM III (20 points): Let φ : Z× Z→ S10 be a homomorphism such that

φ(1, 0) = (3, 5)(2, 4) and φ(0, 1) = (1, 7)(6, 10, 8, 9).

(a) Express φ(3, 10) as a product of disjoint cycles in S10.

(b) Find ker(φ).

Solution:

(a)

φ(3, 10) = φ(1, 0)3φ(0, 1)10 = (3, 5)3(2, 4)3(1, 7)10(6, 10, 8, 9)10

= (3, 5)(2, 4)(6, 10, 8, 9)10 = (3, 5)(2, 4)(6, 10, 8, 9)2 = (3, 5)(2, 4)(6, 8)(9, 10).

(b) Let φ(1, 0) has order two and φ(0, 1) has order four, and they are disjoint, we

see that ker(φ) is generated by the subset {(2, 0), (0, 4)} of Z × Z. So we conclude

that ker(φ) ' 2Z× 4Z.



PROBLEM IV (20 points):

(a) Let φ : G→ G′ be a group homomorphism, and let N be a normal subgroup

of G. Show that φ[N ] is a normal subgroup of φ[G].

(b) Let M be a normal subgroup of a group G such that G/M is simple. Show

that M is a maximal normal subgroup of G.

Solution:

(a) Let φ : G→ G′ be a group homomorphism, and let N be a normal subgroup

of G. Then for all g ∈ G and a ∈ N , we have

φ(g)φ(a)φ(g)−1 = φ(gag−1) ∈ φ[N ],

since N is normal in G. It follows that φ[N ] is a normal subgroup of φ[G].

(b) Let M be a normal subgroup of a group G such that G/M is simple. Suppose

that M is not a maximal normal subgroup of G. Then there is a proper normal sub-

group N of G such that M is properly contained in N . Now consider the canonical

surjective homomorphism γ : G→ G/M . By part (a), γ[N ] is normal in G/M . We

claim that γ[N ] is a nontrivial proper (normal) subgroup of G which contradicts to

the fact that G/M is simple. To prove our claim:

• We know that there is an element g ∈ N \M . Consider γ(g) = gM ∈ G/M .

Suppose gM = M . This would imply that g ∈ M , which is a contradiction. Hence

γ[N ] is nontrivial in G/M .

• We know that there is an element h ∈ G \ N . Suppose that hM ∈ γ[N ], i.e.,

hM = aM for some a ∈ N . Then h−1a ∈ M < N and hence h ∈ N , which is a

contradiction. Thus γ[N ] 6= G/M .



PROBLEM V (20 points):

(a) Determine the group Z4 × Z6 /〈(2, 3)〉 and prove your answer.

(b) Determine the group Z× Z /〈(2, 2)〉 and prove your answer.

Solution:

(a) Since (2, 3) is of order two in Z4 × Z6, we have |Z4 × Z6 /〈(2, 3)〉| = 12.

Therefore Z4×Z6 /〈(2, 3)〉 is isomorphic to Z12 or Z2×Z2×Z3 by the classification

of finite abelian groups. We claim that (1, 1) + 〈(2, 3)〉 generates Z4 × Z6 /〈(2, 3)〉
and hence the answer to part (a) is Z12. To prove our claim we show that the order

of (1, 1) + 〈(2, 3)〉 is 12 as follows: The cosets including

(1, 1), (2, 2), (3, 3), (0, 4), (1, 5), (2, 0), (3, 1), (0, 2), (1, 3), (2, 4), (3, 5), (0, 0)

are all distinct in Z4 × Z6 /〈(2, 3)〉.

(b) Let φ : Z× Z→ Z× Z2 be the homomorphism defined by

(a, b)→ (a− b, a(mod 2)).

Then ker(φ) consists of pairs (m,m), where m is even. Hence ker(φ) = 〈(2, 2)〉
and Z× Z /〈(2, 2)〉 ' Z× Z2, since φ is surjective.



BONUS PROBLEM (25 points to be added to your first midterm score):

Indicate to the left of each statement whether you think it is T=TRUE or F=FALSE,

but you CAN NOT use more than 15 T’s or more than 15 F’s.

F (1) Every normal subgroup of a group is abelian.

F (2) Every subgroup of S3 is normal.

F (3) A4 is simple.

F (4) S5 is simple.

T (5) S6 is not cyclic.

T (6) (1, 2, 3, 4, 5, 6, 7)77778 = (1, 2, 3, 4, 5, 6, 7) ∈ S7.

T (7) A8 is of index 2 in S8.

T (8) Z48 is generated by {3, 4}.
T (9) For any two groups G and G′, there exists a homomorphism of G into G′.

T (10) 311122222014 = 4 ∈ Z11.

T (11) Z15 has exactly 4 subgroups.

T (12) All nontrivial finite simple abelian groups have prime order.

F (13) The commutator subgroup of a simple group G must be G itself.

F (14) If G and G′ are two abelian groups of order 28, then they are isomorphic.

T (15) There is a group which is isomorphic to one of its proper subgroups.

F (16) Every abelian group of prime power order is cyclic.

F (17) If H and K are subgroups of a group G, then H ∪K is a subgroup of G.

T (18) If H and K are subgroups of a group G, then H ∩K is a subgroup of G.

F (19) Every abelian subgroup of a group is normal.

T (20) If G and G′ are two groups of order 19, then they are isomorphic.

F (21) Every factor group of a nonabelian group is nonabelian.

T (22) Every factor group of a cyclic group is cyclic.

T (23) Every factor group of a finite group is again of finite order.

F (24) Every factor group of a noncyclic group is noncyclic.

T (25) The commutator subgroup of a nonabelian simple group G must be G itself.

TOTAL NUMBER OF T’s = 14

TOTAL NUMBER OF F’s = 11


