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ABSTRACT. In this note we define three invariants of contact structures in terms of open books
supporting the contact structures. These invariants are the support genus (which is the minimal
genus of a page of a supporting open book for the contact structure), the binding number (which is
the minimal number of binding components of a supporting open book for the contact structure with
minimal genus pages) and the norm (which is minus the maximalEuler characteristic of a page of a
supporting open book).

1. INTRODUCTION

Emmanuel Giroux has recently found an amazing correspondence between open book decom-
positions of 3–manifolds and contact structures, [Gi]. Specifically, he has shown that any contact
structureξ on M is related to an open book through the Thurston-Winkelnkemper construction
[TW]. This breakthrough has provided the basis for a much greater understanding of contact struc-
tures and 3–manifold topology.

In this note we define three new invariants of contact structures using Giroux’s correspondence.
Let (M, ξ) be a contact manifold. The first invariant is called thesupport genusand is simply the
minimal possible genus for a page of an open book that supports ξ. This invariant is denoted by
sg(ξ). In [E1] it was shown thatsg(ξ) = 0 for any overtwisted contact structure andsg(ξ) = 0
forces any symplectic filling of(M, ξ) to have intersection form that embeds in a negative definite
diagonalizable quadratic form. In [OSS] it was shown thatsg(ξ) = 0 implies the Heegaard-Floer
contact invariant ofξ is reducible. Thus it is clear that the support genus is tied to subtle geometric
properties of the contact structure. We do not add much to theunderstanding of support genus
here.

This paper will concentrate on a second invariant, thebinding number. The binding number of
ξ is the minimal number of binding components for an open book supportingξ and that has pages
of genussg(ξ). We denote the binding number bybn(ξ). Note that it is important to restrict the
open books considered in the definition of binding number to those that have minimal genus pages,
because otherwise the binding number would always be one (any contact structure is supported by
an open book with connected binding). We make several computations of the binding number.

Theorem. The binding number of an overtwisted contact structureξ on a 3-manifold is bounded
in terms of the Euler class ofξ. In particular, the infinitely many overtwisted contact structures on
a manifold with Euler class zero (or torsional) take on finitely many binding numbers. Moreover, if
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M is a rational homology sphere then there is a universal bound, depending onM, on the binding
number of any overtwisted contact structure onM.

Through examples we also show that the binding number is really an invariant of the contact
structure in that it is not determined merely by the topologyof the manifoldM. We also show that
in certain cases the binding number can place restrictions on the topology of the contact structure.

Theorem. If sg(ξ) = 1 andbn(ξ) = 1 then the Euler class ofξ is zero.

We give an example showing that there are contact structureswith sg(ξ) = 1 but having non-zero
Euler class. Thus the restriction onbn(ξ) is necessary. This theorem follows from the following
theorem.

Theorem. If ξ is supported by an open book having two or less components in its binding and
hyper-elliptic monodromy then the Euler class ofξ is zero.

The last invariant of contact structures we define is thenorm. The norm of a contact structure
is minus the maximal Euler characteristic of a page of an openbook supportingξ. We denote the
norm byn(ξ). We do not know if the norm of a contact structure is determinedby the support
genus and binding number. We are only able to establish

min{2 sg(ξ) + bn(ξ) − 2, 2 sg(ξ) + 1} ≤ n(ξ) ≤ 2 sg(ξ) + bn(ξ) − 2.

Thus, whenbn(ξ) ≤ 3, we known(ξ) = 2 sg(ξ) + bn(ξ) − 2 but in general the norm might be
smaller.

In Section 2 we recall the basic definitions involving open book decompositions and Giroux’s
correspondence between them and contact structures. The following section discusses the defini-
tions of the invariants of plane fields on 3-manifolds. In Section 4 we give the definition of support
genus and binding number. The following two sections discuss the computation of the binding
number for planar and, respectively, elliptic open books. Section 7 contains the definition of the
norm of a contact structure and discusses its relation to theother two invariants. We end with
several fundamental questions concerning these new invariants.

2. OPEN BOOK DECOMPOSITIONS

Suppose that for an oriented linkL in a closed and oriented 3–manifoldM the complement
M \ L fibers over the circle asπ : M \ L→ S1 such thatπ−1(θ) = Σθ is the interior of a compact
surface boundingL, for all θ ∈ S1. Then(L, π) is called anopen book decomposition(or just an
open book) of M . For eachθ ∈ S1, the surfaceΣθ is called apage, while L the bindingof the
open book. The monodromy of the fibrationπ is defined as the diffeomorphism of a fixed page
which is given by the first return map of a flow that is transverse to the pages and meridional near
the binding. The isotopy class of this diffeomorphism is independent of the chosen flow and we
will refer to that as themonodromyof the open book decomposition. An open book(L, π) on a
3–manifoldM is said to beisomorphicto an open book(L′, π′) on a 3–manifoldM ′, if there is
a diffeomorphismf : (M,L) → (M ′, L′) such thatπ′ ◦ f = π onM \ L. In other words, an
isomorphism of open books takes binding to binding and pagesto pages.

An open book can also be described as follows. First considerthe mapping torus

Σφ = [0, 1] × Σ/(1, x) ∼ (0, φ(x))
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whereΣ is a compact oriented surface withr boundary components andφ is an element of the
mapping class groupΓΣ of Σ. Sinceφ is the identity map on∂Σ, the boundary∂Σφ of the mapping
torusΣφ can be canonically identified withr copies ofT 2 = S1 × S1, where the firstS1 factor is
identified with[0, 1]/(0 ∼ 1) and the second one comes from a component of∂Σ. Now we glue
in r copies ofD2 × S1 to cap offΣφ so that∂D2 is identified withS1 = [0, 1]/(0 ∼ 1) and theS1

factor inD2×S1 is identified with a boundary component of∂Σ. Thus we get a closed3-manifold
M = Σφ ∪r D

2 × S1 equipped with an open book decomposition whose binding is the union of
the core circles in theD2 ×S1’s that we glue toΣφ to obtainY . In conclusion, an elementφ ∈ ΓΣ

determines a3-manifold together with an “abstract” open book decomposition on it. Notice that
by conjugating the monodromyφ of an open book on a 3-manifoldM by an element inΓΣ we get
an isomorphic open book on a 3-manifoldM ′ which is diffeomorphic toM .

Suppose that an open book decomposition with pageΣ is specified byφ ∈ ΓΣ. Attach a1-
handle to the surfaceΣ connecting two points on∂Σ to obtain a new surfaceΣ′. Let γ be a closed
curve inΣ′ going over the new1-handle exactly once. Define a new open book decomposition
with φ′ = φ ◦ tγ ∈ ΓΣ′, wheretγ denotes the right-handed Dehn twist alongγ. The resulting
open book decomposition is called apositive stabilizationof the one defined byφ. If we use
a left-handed Dehn twist instead then we call the result anegative stabilization. The inverse of
the above process is calledpositive(negative) destabilization. Notice that although the resulting
monodromy depends on the chosen curveγ, the 3–manifold specified by(Σ′, φ′) is diffeomorphic
to the 3–manifold specified by(Σ, φ).

2.1. Basic topology of a 3–manifold given as an open book.Given an abstract description of an
open book in a 3–manifoldM with page a compact oriented genusg surfaceΣ with r boundary
components and monodromyφ ∈ ΓΣ. We can determine the basic topology ofM by calculating
its fundamental group and its first homology group as follows. Fix a pointpj on thej-th boundary
component of∂Σ, for all j = 1, . . . , r. We will calculate the fundamental group ofM based at
p1. Let a1, . . . , ag, b1, . . . , bg, c1, . . . , cr be the standard generators ofπ1(Σ) based atp1, where
ci’s correspond to loops around the boundary components and let θj denote a loop based atpj

which is transverse to all the pages of the open book, forj = 1, . . . , r. Then a presentation of the
fundamental group of the mapping torusΣφ can be given as

π1(Σφ) = 〈ai, bi, cj, θ1 |

g∏

i=1

[aibi]

r∏

j=1

cj , θ1aiθ
−1

1 φ∗(a
−1

i ), θ1biθ
−1

1 φ∗(b
−1

i ), θ1cjθ
−1

1 φ∗(c
−1

j )〉

where1 ≤ i ≤ g, 1 ≤ j ≤ r, [ai, bi] = aibia
−1

i b−1

i , andφ∗ denotes the action ofφ onπ1(Σ). Now
connect the base pointp1 to pj by an arcσj ⊂ Σ and observe that the loopθ1σjθ

−1

j φ∗(σ
−1

j ) bounds
a disk inΣφ. When we cap off the boundary component ofΣφ carrying the base pointp1 by a
D2×S1, the loopθ1 will clearly bound a disk inD2×S1 and therefore it will become trivial in the
resulting fundamental group. Similarly when we cap off the boundary component ofΣφ carrying
the pointpj , the above relation becomesσjφ∗(σ

−1

j ) = 1. As a consequence, by capping off all the
boundary components ofΣφ byD2 × S1’s, we get the following presentation of the fundamental
group ofM :

π1(M) = 〈 ai, bi, cj |

g∏

i=1

[aibi]

r∏

j=1

cj, aiφ∗(a
−1

i ), biφ∗(b
−1

i ), σjφ∗(σ
−1

j ) 〉,
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wherei = 1, . . . , n andj = 2, . . . , r. By abelianizingπ1(M) we get a presentation of the first
homology group ofM as:

H1(M) = 〈 ai, bi, cj | ai − φ∗(ai), bi − φ∗(bi), σj − φ∗(σj) 〉,

whereφ∗ now denotes the action ofφ onH1(Σ). Note thatc1 = −(c2 + · · ·+ cr) in H1(Σ).

2.2. Open books and contact structures.We will assume throughout this paper that a contact
structureξ = kerα is coorientable (i.e.,α is a global 1–form) and positive (i.e.,α ∧ dα > 0 ). A
contact structureξ onM is said to be supported by an open book decomposition(L, π) of M if
ξ = kerα for some contact formα ∈ Ω1(M) such thatα(L) > 0 anddα > 0 is on every page.
Thurston and Winkelnkemper [TW] have shown that every open book supports a contact structure.
Recently, Giroux [Gi] has proven a converse. Specifically hehas shown that every contact 3–
manifold admits a supporting open book and two open books supporting the same contact structure
admit a common positive stabilization. Moreover two contact structures supported by the same
open book are isotopic. We refer the reader to [E2] and [OS] for more on the correspondence
between open books and contact structures.

3. INVARIANTS OF PLANE FIELDS

An oriented 2–plane fieldξ in a 3–manifold has an Euler classe(ξ) (i.e., the first Chern class
c1(ξ)) and a 3-dimensional invariantd3(ξ). When the second cohomology of the manifold has 2-
torsion, the Euler class can be refined to an invariantΓ(ξ). In this section we will describe a method
to calculate these invariants for the underlying 2–plane field of a contact structureξ supported by
a given open book, starting from an explicit factorization of the monodromy of the open book into
Dehn twists. We begin by computing the rotation number of Legendrian knots sitting on the page
of a supporting open book.

3.1. Rotation number of the Legendrian realization of a curve on apage. In this section we
will compute the rotation numberr(γ) of the Legendrian realization of a homologically nontrivial
curveγ embedded on a page of an open book. We start withP = \kS

1 ×D3, which is the 4–ball
D4 unionk 1–handles, as shown in Figure 1, wherek = 2g + r. Evidently,P is diffeomorphic to
D2 ×Σ, whereΣ is a compact oriented surface of genusg with r boundary components. Note that
∂P = ∂(D2 ×Σ) = ∂D2 × Σ ∪D2 × ∂Σ is a canonical decomposition of∂P into an open book.
The monodromy of this open book on∂P is the identity map.

FIGURE 1. 4–ballD4 unionk 1–handles. The dashed line indicates the boundary
of Σ and dotted lines indicate generators of the homology ofΣ.

The way the attaching balls of the 1–handles are identified gives a trivialization of the tangent
bundle ofP . This trivialization also induces a trivialization of the tangent bundle of the page which
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is depicted in Figure 1 with its orientation induced from theblackboard: just take the usual oriented
frame ofR2, restrict it to the disk and extend over the 1–handles.

Next we apply the construction of Thurston and Winkelnkemper in [TW] to put a contact struc-
ture ξ on ∂P = #kS

1 × S2 supported by its canonical trivial open book decomposition: Away
from the binding the contact 1–form is given byα = β+dθ, whereθ is the meridional direction to
the binding,β is a 1–form transverse to the binding such thatdβ is an area form onΣ. The pages
of the open book are convex and∂θ is the Reeb vector field which is transverse to the pages.

Since the contact structureξ is supported by the trivial open book on∂P by construction we
can assume that the tangents to the pages are as close as we wish to the contact planes, away from
the binding (cf. [E2]). This gives a trivialization of the contact planes restricted to a page. Recall
that the rotation number of a Legendrian curve is the windingnumber of its tangent vector with
respect to a fixed trivialization of the contact structure over the curve. (Note the contact planes
can be globally trivialized sincee(ξ) = 0.) On the other hand a smooth curve on a surface has
a winding number which is defined as the winding number of its tangent vector with respect to a
fixed trivialization of the tangent bundle of the surface. Weconclude that the rotation number of a
Legendrian knotγ is the same as the winding number of the projection ofγ to a pageΣ since we
can use the same trivialization to define both invariants. This winding number can be calculated
for any curveγ on the page, since we fix a trivialization of the tangent bundle of the page once we
fix the attaching regions of the 1–handles in Figure 1.

3.2. Calculation of Euler class from monodromy. Given an open book with page a genus g
surfaceΣ with r boundary components and monodromyφ. It is well-known that we can factorφ
as a product of Dehn twists along homologically nontrivial curvesγ1, γ2, · · · , γn onΣ. Below we
will describe a method to calculate the Euler classe(ξ) (i.e.,c1(ξ)) of the underlying 2–plane field
of the contact structureξ supported by this open book.

Note that an open book is the boundary of an achiral Lefschetzfibration whose handlebody
description as a 4–manifold is discussed in detail in [GS]. The curvesγ1, γ2, · · · , γn which appear
in the factorization of the monodromyφ of the given open book are the vanishing cycles of this
achiral Lefschetz fibration. Considerγi’s as embedded in distinct pages of the trivial open book
on ∂P = #kS

1 × S2, whereP = \kS
1 × D3, as depicted in Figure 1. We Legendrian realize

each of these curves on distinct pages. Then applying contact (±1)–surgery onγi corresponds to
adding a vanishing cycle to the achiral Lefschetz fibration bounding the open book. If we apply
(−1)–surgeries only we get an “honest” Lefschetz fibrationX and the almost complex structure
onP will extend toX. The Euler class of the contact structureξ is the restriction ofc1(X, J) to
∂X = M and its Poincaré dual can be given by :

PD(e(ξ)) = Σn
i=1r(γi)[µi] ∈ H1(M,Z)

whereµi is the meridian ofγi.
If there exists(+1)–surgeries then although we can not find an almost complex structure on the

achiral Lefschetz fibrationX, there is an almost complex structure onX#qCP 2 (cf. [OS]), where
q is the number of(+1)–surgeries. The Poincaré dualPD(e(ξ)) will be evaluated in the same way
as above by restricting the first Chern class of the almost complex structure onX#qCP 2 to the
boundary.
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When the second cohomology ofM has two torsione(ξ) is not the complete two dimensional
invariant ofξ. In [G] a refinement ofe(ξ) was given. This invariant is a mapΓ(ξ) from the spin
structures onM to G = {c ∈ H2(M ;Z)|2c = e(ξ)}. If X is a Stein 2-handlebody obtained by
attaching 2-handles toD4 along a Legendrian linkL = {K1, . . . , Kn} in S3 = ∂D4 thenΓ can be
described as follows: A spin structures onM = ∂X is described by a characteristic sub-link of
Ls ⊂ L, see [GS]. ThenΓ(ξ)(s) is the restriction toM of the classρ ∈ H2(X;Z) determined by

(3.1) 〈ρ, αi〉 =
1

2
(r(Ki) + lk(Ki, Ls)),

whereαi is the homology class inX determined byKi.

3.3. The 3-dimensional invariant. The 3-dimensional invariantd3(ξ) of a plane field is a rational
number well-defined modulo the divisibility ofe(ξ). We will only describe how to computed3(ξ)
whene(ξ) is a torsion element and thusd3(ξ) is well-defined. LetM andX be as above. Then we
have

(3.2) d3(ξ) =
1

4
(c2(X) − 3σ(X) − 2χ(X)) + q,

whereσ is the signature ofX, χ is the Euler characteristic, andq is the number of(+1)–surgeries.
The numberc2(X) is the square of the classc(X) with Poincaré dual

k∑

i=1

r(γi)Ci,

where theCi’s are the cocores of the 2-handles attached alongγi’s. Note thatc(X)|M = e(ξ),
which we are assuming to be a torsion class. Thus some multiplek c(X) of c(X), which naturally
lives inH2(X; Z), comes from a classcr(X) in H2(X, ∂X; Z) which can be squared. Soc2(X)
means 1

k2 c
2
r(X). Formula (3.2) is a slight generalization of the one given in [DGS], where it was

assumed thatX had no 1-handles. Their proof caries over to our case, see [EF].

4. INVARIANTS OF CONTACT STRUCTURES FROM OPEN BOOKS

There are several obvious invariants one can define using open book decompositions associated
to contact structures. We begin with the support genus.

Definition 4.1. The support genus of a contact structureξ on a 3-manifoldM is the minimal genus
of a page of an open book decomposition ofM supportingξ,

sg(ξ) = min{genus(Σ)|(Σ, φ) an open book decomposition supportingξ}.

This definition was implicitly given and studied in [E1] where the following was shown.

Theorem 4.2. If (M, ξ) is a fillable contact structure andsg(ξ) = 0 then any filling of(M, ξ)
(1) has only one boundary component, (2) has negative definite intersection form and (3) the
intersection form embeds in a diagonalizable form.

Theorem 4.3. If (M, ξ) is overtwisted thensg(ξ) = 0.
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There are many examples of contact structures on lens spacesand Seifert fibered spaces that
have genus zero [E1, S]. There are also many examples of contact structures having genus one
[E1, EO]. Surprisingly, though there are many potential examples [EO], it is still unknown if
sg(ξ) > 1 for any contact structureξ.

Next we define the binding number of a contact structure.

Definition 4.4. The binding number of a contact structureξ on a 3-manifoldM is the minimal
number of components in the binding of the open book decomposition supportingξ that have
minimal genus,

bn(ξ) = {|∂Σ||(Σ, φ) an open book decomposition supporting

ξ with genus(Σ) = sg(ξ)}

To illustrate the difficulty in computing the binding numberof a contact structure we give a
simple example. Consider the contact structuresξ1 andξ2 in S3 described by their contact surgery
diagrams depicted in Figure 3. The contact structureξ1 can be given equivalently by two contact
(+1)–surgeries performed on the same unknot with its Legendrianpush-off. By computing the
3–dimensional invariants ofξi we can see thatξ1 is isotopic toξ2 and both are overtwisted.

+11

2

FIGURE 2. Two isotopic overtwisted contact structuresξ1 (on the left) andξ2 (on
the right) inS3.

The open booksob1, ob2 supportingξ1, ξ2, are given in Figure 3, on the upper left and lower
left, respectively. The± sign on a curve indicate a Dehn twist along that curve—right-handed for
plus and left-handed for minus sign. Thus it appears thatbn(ξ2) = 3 but in factbn(ξ2) = 2. Using
Giroux’s correspondence we know thatob1 andob2 are equivalent up to stabilization. This is easily
seen. If we positively stabilizeob1 twice, andob2 once then we can see that the resulting open
books are isomorphic by the lantern relation on the four-holed sphere as illustrated in Figure 3.

5. PLANAR OPEN BOOKS

We first consider the binding number for contact structures supported by planar open books.
Our main goal in this section is to give a bound on the binding number for overtwisted contact
structures and see that the binding number gives a non-trivial invariant of a contact structure, that
is that the binding number of a contact structure can be larger than which is forced by the topology
of the manifold. We begin with a simple lemma.

Lemma 5.1. Supposeξ is a contact structure on a 3-manifoldM that is supported by a planar
open book.

(1) If bn(ξ) = 1 thenξ is the standard tight contact structure onS3.
(2) If bn(ξ) = 2 andξ is tight thenξ is the unique tight contact structure onL(p, p − 1) for

somep.
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lantern relation

FIGURE 3. Positive stabilization ofob1 twice (the top row) andob2 once (the bot-
tom row).

(3) If bn(ξ) = 2 andξ is overtwisted thenξ is the overtwisted contact structure onL(p, 1), for
somep, with e(ξ) = 0 andd3(ξ) = −1

4
p + 3

4
. Whenp is even then the refinement ofe(ξ)

is given byΓ(ξ)(s) = p

2
wheres is the unique spin structure onL(p, 1) that extends over

a two handle attached to aµ with framing zero. Here we are thinking ofL(p, 1) as−p
surgery on an unknot andµ is the meridian to the unknot.

Proof. Statement (1) is obvious. An open book with annular pages supports a tight contact struc-
ture if and only if the monodromy istpc for somep, wheretc is a right handed Dehn twist about
the core circlec in the annulus. The contact structure supported by such an open book can also be
obtained by Legendrian surgery onp−1 copies of the Legendrian unknot withtb = −1. This man-
ifold is easily seen beL(p, p− 1) and the contact structure must the unique tight contact structure
on it.

Similarly, the contact structure supported by an open book with monodromyt−p
c can also be

obtained by(+1)-contact surgery onp + 1 copies of the Legendrian unknot withtb = −1. Thus
the manifold will beL(p, 1) and the contact structure will be overtwisted. The invariantsΓ andd3

are easily computed from Equations (3.1) and (3.2). �

Theorem 5.2. Let ξ be the contact structure on the lens spaceL(4, 1) obtained from contact
surgery on the Legendrian unknot withtb = −3 and r = 0. Thensg(ξ) = 0 and bn(ξ) = 4.
However there is an open book forL(4, 1) that has annular pages.

This theorem indicates that the binding number of a contact structure is sensitive to the plane
field ξ and is not determined by the topology of the manifold. However, it turns out that an open
book forL(4, 1) that supports a plane field homotopic toξ with fewer than four boundary compo-
nents does not exist. Sobn(ξ) is still determined by the topology of the plane field. It is interesting
to note that there is an overtwisted contact structureξ′ onL(4, 1) with bn(ξ′) = 2 with e(ξ) = e(ξ′)
andd3(ξ) = d3(ξ

′). However,Γ(ξ) 6= Γ(ξ′).

Proof. One may easily construct an open book decomposition forξ. See Figure 4. From this open
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FIGURE 4. The contact structureξ on L(4, 1) is obtained by Legendrian surgery
on the knot shown on the left. On the right is an open book supporting ξ. The
monodromy is a right handed Dehn twist about each curve shown.

book we see thatbn(ξ) ≤ 4. From Lemma 5.1 we see thatbn(ξ) > 2. Thus we must rule out
the possibilitybn(ξ) = 3. To this end the surgery picture for manifold given by open books with
planar page having three boundary components is given in Figure 5. For the supported contact
structure to be tight we must havem,n andk all be non-negative (otherwise, the open book will be
non-right veering [HKM]). For this manifold to have a first homology group of order 4, we must
have(m,n, k) = (0, 4, 1) or (0, 2, 1). (Note the surgery picture is symmetric inm,n andk so we
do not list all permutations.) One may easily check that(m,n, k) = (0, 4, 1) yieldsL(4, 3) and
(m,n, k) = (0, 2, 2) yieldsL(2, 1)#L(2, 1) soξ cannot be supported by a planar open book with
three boundary components. �

Recall that the set of homotopy classes of plane fields on a 3-manifoldM with a fixed Euler class
e (or fixed refinementΓ if there is 2-torsion inH2(M ; Z)) is in one-to-one correspondence with
Zd whered is the divisibility of e in H2(M ; Z). (HereZd will meanZ whene is a torsion element
in H2(M ; Z).) Thus every manifold has infinitely many homotopy classes of plane fields, and
hence infinitely many overtwisted contact structures. From[E1] we know that the support genus
of any overtwisted contact structure is always zero. It seems reasonable to believe that the binding
number of an overtwisted contact structure should be related to the homotopy class of plane field.
The next theorem indicates this relation is very weak.

Theorem 5.3.The binding number of an overtwisted contact structureξ on a 3-manifold is bounded
in terms of the Euler class ofξ. In particular, the infinitely many overtwisted contact structures on
a manifold with Euler class zero (or torsional) take on finitely many binding numbers.

Corollary 5.4. If M is a rational homology sphere then there is a universal bound, depending on
M, on the binding number of any overtwisted contact structure onM.

To prove this theorem we first study the overtwisted contact structures onS3. The range ofd3 for
plane fields onS3 is Z+ 1

2
, with the homotopy class containing the standard tight contact structure

havingd3 = −1

2
. We denote the unique overtwisted contact structure onS3 with three dimensional

invariantd3 by ξd3
.

Lemma 5.5. For any overtwisted contact structureξ onS3 we have

2 ≤ bn(ξ) ≤ 6.
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More precisely, we have
bn(ξ 1

2

) = 2

bn(ξ
−

1

2

) = bn(ξ 3

2

) = 3

bn(ξ 5

2

) = 4

and
4 ≤ bn(ξ 4p+1

2

) ≤ 5, p 6= 0.

4 ≤ bn(ξ 4p+3

2

) ≤ 6, p 6= −1, 0.

Note that this Lemma says Theorem 5.3 is true forS3.

Proof. From Lemma 5.1 we havebn(ξ 1

2

) = 2 andbn > 2 for all other overtwisted contact struc-

tures onS3. We next analyze the planar open books forS3 with three binding components. LetΣ
be the planar surface with three boundary components. Any diffeomorphism ofΣ is determined
by three numbersm,n, k, that give the number of Dehn twists on curvesγ1, γ2, γ3 parallel to each
boundary component. LetMm,n,k be the 3-manifold determined by the open book with pageΣ
and monodromy given bytmγ1

tnγ2
tkγ3
. It is easy to see thatMm,n,k is the Seifert fibered space shown

in Figure 5. IfMm,n,k is diffeomorphic toS3 then we claim|m|, |n|, |k| cannot all be larger than

γ1 γ2

γ3

0

m

n

k

FIGURE 5. The surfaceΣ, left. The manifoldMm,n,k right.

one. Indeed, assume this is the case and further assume thatm andn are positive (this argument is
clearly symmetric inm,n andk so no generality is lost). Figure 6 gives a handle decomposition
of a 4-manifoldX with boundaryMm,n,k. Moreover, ifk is negative, then this decomposition can
be realized by Legendrian knots with Thurston-Bennequin invariants one larger than the framings.
ThusX has a Stein structure. Since the only Stein fillingS3 hasb2 = 0 the manifoldMm,n,k cannot
beS3. If k is not negative then we may expand the circle framedk in to a leg ofk− 1, −2–framed
unknots (as we did for them andn framed unknots to go from Figure 5 to Figure 6) changing
the framing on the central unknot to−3. Finally, if m andn are less than−2 we can reverse the
orientation onMm,n,k and argue as above.

To determine the contact structures realized form our open book forMm,n,k we note that the
corresponding contact surgery picture is given in Figure 7.(Recall 1

m
surgery on a Legendrian

knot is performed by takingm Legendrian push-offs of the Legendrian knot and performing(+1),
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−2

−2

−2

−2

−2

n − 1

k

m − 1

FIGURE 6. Handle decomposition of a 4-manifoldX with ∂X = Mm,n,k.

(− 1

m−1
)

(− 1

n−1
)

(− 1

k
)

FIGURE 7. A contact surgery picture ofMm,n,k.

respectively(−1), contact surgery ifm is positive, respectively negative.) We now know thatm,n
or k must be0,±1. If one of these is zero then the other two must be±1. In this case we realize
the invariants1

2
(with (m,n, k) = (−1, 1, 0)), 3

2
(with (m,n, k) = (−1,−1, 0)) and−1

2
(with

(m,n, k) = (0, 1, 1)). However, the contact structure withd3 = −1

2
is tight.

The other possibilities for(m,n, k) are(1, j,−1), (1,−1, j), (−1, j, 1), wherej is any integer,
and (3, 2,−1), (3,−1, 2), (2,−1, 3), (−2,−3, 1), (−2, 1,−3) and (−3, 1,−2). (Note interchang-
ing m andn does not affect the contact structure in Figure 7 thus we do not list possibilities for
(m,n, k) that differ by switchingm andn. Actually, any permutation of the number(m,n, k) will
lead to contactomorphic contact structures, so one only really needs to check three cases.) For the
first three sets of possibilities we get an overtwisted contact structure withd3 = 1

2
for then next

three we get an overtwisted contact structure withd3 = 3

2
and for the last three we get overtwisted

contact structures withd3 = −1

2
.

Now for any overtwisted contact structure onS3 with d3 6= −1

2
, 1

2
or 3

2
we know thatbn ≥ 4. By

negatively stabilizing the open book forξ 3

2

with three boundary components we see thatd3(ξ 3

2

) =
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4. For the other overtwisted contact structures letξp be the contact structure shown in Figure 8.
It is easy to check thatξp is a contact structure onS3. Let Σ be the surface shown on the right

(+1)
(−1

p
)

ab

FIGURE 8. A contact surgery picture ofξp on the left. On the right is a surfaceΣ.

of Figure 8 andφ = tpbt
−1
a ψ, wherea andb are the marked curves andψ is the diffeomorphism

of Σ consisting of a right-handed Dehn twist about the four unmarked curves. The open book
decomposition(Σ, φ) supports the contact structure obtained by the contact surgery diagram on
the left in Figure 8. From Figure 8 one may easily compute

d3(ξp) =
4p+ 1

2
.

Thusbn(ξ 4p+1

2

) ≤ 5. If we negatively stabilize(Σ, φ) we get an open book with planar pages for
ξ 4p+3

2

showing thatbn(ξ 4p+3

2

) ≤ 6. �

Remark 5.6. When(m,n, k) = (1,−1, j) in Figure 7, one obtains the same overtwisted contact
structure onS3 independent ofj ∈ Z. Thus we have an infinite family of open booksobj for a
single contact structure. According to Giroux any two in this family will become isotopic after
some number of positive stabilizations. Using the lantern relation as we did in Figure 3 one can
see thatj − j′ positive stabilizations will be sufficient to makeobj andobj′ isotopic.

On the other hand, the open booksobp in Figure 8 give an infinite family of distinct contact
structures with differentd3 invariants. Thus it is clear thatobp must be negatively stabilizedp′ − p
times to even give a contact structure homotopic to the one supported byobp′ wherep′ > p. Thus
for the open booksobp andobp′ to give isotopic open booksobp must be stabilized at leastp′ − p
times. As a consequence we get simple examples of fibered knots needing arbitrarily many “Hopf
plumbings” before they become isotopic. These examples aresimpler than those produced in [NR].

Proof of Theorem 5.3.Given two contact structuresξ1, ξ2 on M3 that are homotopic, as plane
fields, over the two skeleton ofM there is an overtwisted contact structureξ′ on S3 such that
ξ1#ξ

′ is homotopic toξ2 as plane fields on all ofM. Thus given any overtwisted contact structure
ξ onM we know that it is supported by a planar open book with, say,k boundary components.
By Murasugi summing the open book from Lemma 5.5 we get open book decompositions for all
overtwisted contact structures onM with Euler classe = e(ξ) having less thank + 7 components
in its binding. Hence we have a bound forbn . �
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6. ELLIPTIC AND HYPER-ELLIPTIC OPEN BOOKS

We will call an open book whose page is genus one, an elliptic open book. An open book
whose monodromy commutes with the hyper-elliptic involution will be called hyper-elliptic. In
this section we consider restrictions on the Euler class of acontact structure that is supported by
an elliptic or hyper-elliptic open book.

6.1. Elliptic open books. From our discussion of rotations numbers in Section 3.1 havethe fol-
lowing simple observations.

Lemma 6.1. If (M, ξ) is supported by an elliptic open book with connected binding, thene(ξ) =
0.

Proof. The monodromyφ of an elliptic open book with connected binding can be expressed as
a product of Dehn twists along the curvesa andb depicted in Figure 9. But since the winding
numbers ofa andb on the page are clearly both zero, the rotation numbers of their Legendrian
realizations are also zero, and thuse(ξ) = 0.

a

b

FIGURE 9. Page of an elliptic open book with connected binding.

�

It was conjectured that the Euler class of a fillable contact structure supported by an elliptic open
book is torsion. While the lemma above verifies this conjecture if bn = 1 it is not always true when
the binding number is larger than one, as the following example shows.

a

b

c

γ

FIGURE 10. Page of an elliptic open book with two binding components.
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Let Σ1,2 denote a genus one surface with two boundary components as inFigure 10 and let

φ = (tatb)
5t2γt

2

c : Σ1,2 → Σ1,2.

Let (M, ξ) be the contact 3-manifold given by the open book specified by(Σ1,2, φ).

Theorem 6.2.The support genus and binding number of(M, ξ) are

sg(ξ) = 1, bn(ξ) = 2.

Proof. Be begin by computing the homology ofM using the presentation in Section 2.1. The
generators ofH1(M) area, b andc and the relations are

a+ b = φ∗(a) = a, −a + 2b+ 2γ = φ∗(b) = b, 2c+ 2γ = φ∗(σ) − σ = 0,

whereσ is a curve connecting the two boundary components. Hence we get

H1(M) = 〈a, c | a = −2c〉 = 〈γ〉 = Z,

whereγ = a + c. On the other hand, when we apply the algorithm in Section 3.2, the Euler class
e(ξ) of the supported Stein fillable contact structureξ is given by2γ since the rotation numbers
(i.e., the winding numbers) ofa, b andc are zero while the rotation number ofγ is equal to one.
Clearlye(ξ) = 2γ is non-torsion inH1(M). Note that(M, ξ) can not be supported by an elliptic
open book with connected binding by Lemma 6.1.

We claim that(M, ξ) is not supported by a planar open book either. Consider the elliptic surface
E(1) with nine disjoint sections. The monodromy of the elliptic fibrationE(1) → S2 can be
given by(tbta)

6, wherea andb denote the standard generators of the first homology group ofa
fiber. By removing the union of a section and a cusp fiber fromE(1) we get an elliptic fibration
on the 4–manifoldW with once punctured torus fibers whose monodromy is(tbta)

5. One can
check that∂W is diffeomorphic toΣ(2, 3, 5) by Kirby calculus (see, for example, [GS]). Thus
there is an induced open book onΣ(2, 3, 5) with monodromy(tbta)5. Since the monodromy of
this open book is a product of right-handed Dehn twists only,the contact structure supported by
this open book is Stein fillable (cf. [Gi]) and hence isotopicto the unique tight contact structure
ξ′ on Σ(2, 3, 5). Note that, by [E1],ξ′ can not be supported by a planar open book. By positively
stabilizing the open book with monodromy(tbta)5 we get an open book (still supportingξ′) with
two binding components whose page isΣ1,2 and whose monodromy is given by(tatb)

5tc. We now
observe that(M, ξ) is obtained from(Σ(2, 3, 5), ξ′) by Legendrian surgeries. Hence (the proof of)
Theorem 1.2 of [E1] implies that(Y, ξ) is not supported by a planar open book either. This fact
also follows from Corollary 1.4 in [OSS], sincee(ξ) is non-torsion andc+(ξ) 6= 0 (becauseξ is
Stein fillable). �

6.2. Hyper-elliptic open books. Recall the hyper-elliptic involutionsh1 : Σg,1 → Σg,1 andh2 :
Σg,2 → Σg,2 on a surface with one or two boundary components, respectively, are the involutions
shown in Figure 11. Note if the surface has genusg thenh1 is the covering translation for the
unique 2–fold branch cover overD2 with 2g + 1 branch points andh2 is the covering translation
for the unique 2–fold branch cover ofD2 with 2g branch points. We call an open book(Σg,i, φ)
hyper-ellipticif φ ◦ hi = hi ◦ φ, for i = 1, 2. Lemma 6.1 above is a special case of the following
theorem.

Theorem 6.3.Let (M, ξ) be supported by a hyper-elliptic open book. Thene(ξ) = 0.
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180◦

180◦

FIGURE 11. The hyper-elliptic involutionh1 top, andh2 bottom.

Remark 6.4. We note the converse of this theorem is not true. Letξ be the Stein fillable contact
structure onT 3. It is well known thate(ξ) = 0 but ξ cannot be supported by a hyper-elliptic open
book since that would implyT 3 is a 2–fold branch cover overS3 (see the lemma below); butT 3 is
not a 2–fold (or any cyclic) branch cover overS3, [HN].

Before proving the theorem we recall the definition of a contact branched cover, [Ge]. Let
(M, ξ) be a contact 3-manifold andΓ be a transverse link in it. Letp : M ′ → M be a covering
map branched overΓ. There is a standard neighborhoodN of Γ andM ′ \ p−1(N) is a covering
space ofM \ N. Thus we may pullξ back toM ′ \ p−1(N). It is easy to extend this contact
structure overM ′ so thatp−1(Γ) is a transverse link and the contact structure is the pull back of ξ
onM ′ \ p−1(Γ). Call this contact structureξ′.

Lemma 6.5.Suppose(M, ξ) is supported by a hyper-elliptic open book(Σ, φ). ThenM is a 2–fold
branch cover overS3 andξ is the pull-back of the standard tight contact structure onS3.

Proof. We consider the case whenΣ has one boundary component leaving the other, analogous
case to the reader. RecallM is the union of the mapping torusTφ of φ and a solid torusN. The
mapping cylinder is obtained fromΣ × [0, 1] by identifying Σ × {0} andΣ × {1} via φ. The
hyper-elliptic involutionh1 of Σ induces a branch covering ofΣ× [0, 1] overD2 × [0, 1] and since
φ commutes withh1 we obtain a branch covering ofTφ overD2 × S1. Note that this is an regular
2–fold coving of∂Tφ over∂D2 × S1. The solid torusN double covers the solid torusS1 × D2.
GluingD2 × S1 andS1 ×D2 together (in the obvious way that preserves the product structure on
the boundary) yieldsS3 and the coverings maps onTφ andN fit together to give a branch covering
of M overS3. It is also easy to see that the standard open book with disk pages forS3 pulls back
under this covering map to the open book forM. Thusξ is the pull-back of the standard contact
structure onS3. �

Lemma 6.6. Let (M, ξ) be a contact 3–manifold andΓ a transverse link in it. Let(M ′, ξ′) be the
2-fold cover of(M, ξ) overΓ. Then

e(ξ′) = p∗(e(ξ) − u),

whereu is the Poincaŕe dual of the homology class[Γ].
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Proof. Let s : M → ξ be a section ofξ transverse to the zero section. LetZ = s−1(s). The
Poincaré dual ofe(ξ) is [Z]. Let N be a neighborhood ofΓ as above. We can homotops so that
Z is disjoint fromN. On p−1(M \ N) s will give a sections′ of ξ′ that is transverse to the zero
section and(s′)−1(0) = p−1(Z). We now extend this section overp−1(N). To this end, note that
each component ofN is S1 × D2 and we may homotopξ in N so that it is tangent toD2 factor.
(We have left the world of contact structures, but we are onlytrying to compute the Euler class of
the plane fieldξ′ which can be done using any plane field homotopic to it.) For each pointp ∈ Γ
the vectors(p) ∈ ξ is transverse toΓ. If N is taken to be a sufficiently small neighborhood of
Γ we may assume thats(p) is the constant vector field on each{pt} × D2. Consider the branch
mapD2 → D2 : z → z2. This map pulls back the constant vector field along∂D2 to a non-zero
vector field near∂D2 with winding−1. Thus it may be extended overD2 to a vector field with
one transverse zero. Hence the sections on ∂N induces a section ofξ′ on ∂p−1(N) that can be
extended overp−1(N) so that it is zero alongp−1(Γ). We now have a sections′ of ξ′ defined on
all of M ′ that is transverse to the zero section on(s′)−1(0) = p−1(Z) − p−1(Γ). Taking Poincaré
duals we obtain the desired formula. �

Remark 6.7. One may similarly derive a formula for more general branchedcovers. In particu-
lar, the formula for other cyclic covers and simple coves is adirect generalization of the one in
Lemma 6.6.

Proof of Theorem 6.3.If (M, ξ) is a contact manifold given by the hyper-elliptic open book(Σ, φ),
then there is a 2–fold branched coveringp : M → S3 alongΓ ⊂ S3 such thatξ = p∗(ξstd). There
is a surfaceS in S3 such that∂S = Γ. The 2–fold branched coverM is formed by gluing two
copies ofS3 \ S together. Thus the branch setΓ in M is the boundary ofS ⊂ M and hence
null-homologous. Lemma 6.6 now implies thate(ξ) = p∗e(ξstd) = p∗0 = 0. �

7. THE NORM OF A CONTACT STRUCTURE

In this section we discuss another invariant of contact structures derived form open book decom-
positions. Motivated by the Thurston norm we define the norm of a contact structure.

Definition 7.1. The norm of a contact structureξ on a 3-manifoldM is minus the minimal Euler
characteristic of a page of an open book supportingξ,

n(ξ) = min{−χ(Σ)|(Σ, φ) an open book decomposition supportingξ}.

For a given surface any pair of “genus”, “number of boundary components” and “Euler charac-
teristic” determine the third. However, it is not clear if the support genus and binding number of a
contact structure determine the norm. We have the followingsimple observations.

Lemma 7.2. For any contact structureξ we haven(ξ) ≤ −1 with equality if and only ifξ is the
standard tight contact structure onS3. Moreover, we have

min{2 sg(ξ) + bn(ξ) − 2, 2 sg(ξ) + 1} ≤ n(ξ) ≤ 2 sg(ξ) + bn(ξ) − 2.

Thus for contact structures withbn(ξ) ≤ 3 we known(ξ) = 2 sg(ξ) + bn(ξ) − 2.

Proof. The only non-trivial statement is the lower bound. If the minimum in the definition of
n(ξ) is achieved with an open book with genusg > sg(ξ) andm boundary components then
n(ξ) = 2g +m− 2. The smallest possible value for the right hand side is2 sg(ξ) + 1. �
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Corollary 7.3. For any contact structureξ in S3 we haven(ξ) ≤ 4.

Proof. For any contact structureξ in S3 we havesg(ξ) = 0. The corollary follows by combining
Lemma 5.5 with Lemma 7.2. �

Similarly the next result follows from Theorem 5.3 and Lemma7.2.

Corollary 7.4. The norm of an overtwisted contact structureξ on a 3-manifold is bounded in
terms of the Euler class ofξ. In particular, the infinitely many overtwisted contact structures on a
manifold with Euler class zero (or torsional) take on finitely many norms.

8. QUESTIONS

From [E1] and [OSS] we know the support genus has geometric meaning in that ifsg(ξ) = 0 this
forces any filling ofξ to have certain properties and the Heegaard-Floer invariant to have certain
properties.

Question 8.1. Is there geometric content to the binding number and the normof a contact struc-
ture?

It would be reasonable to suspect that the binding number hassomething to do with the homo-
topy class of plane field for the contact structure, but Theorem 5.3 shows that is not the case or at
least that the binding number is insensitive to the homotopyclass on the three skeleton. We ask

Question 8.2.On a manifoldM is there a bound on the binding number of any overtwisted contact
structure (that does not depend on the Euler class, but only onM)?

One could also ask if the binding number of tight contact structures is bounded. For a specific
question consider

Question 8.3.Let ξn be the contact structure onT 3 with Giroux torsionn. Is bn(ξn) bounded
independent ofn?

Based on open book decompositions constructed by Van Horn [Vh] one might conjecture:
bn(ξn) = 3n.

Though there are countless other questions one could ask we end with

Question 8.4. Is the norm of a contact structure determined by the support genus and binding
number?
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