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We present a mathematical programming approach for simulation and optimization of a general continuous

flow production system with an intermediate finite bu↵er. In this system, each station is represented with a

discrete state space-continuous time process with given transition time distributions between the states and

a set of flow rates associated with each discrete state. We develop a mathematical programming formulation

to determine the critical time instances of the sample trajectory of the bu↵er that correspond to state

transitions, bu↵er dynamics and changing flow rates. We show that a simulated sample realization of the

system is obtained by solving a mixed-integer linear program. The mathematical programming representation

is also used to show that the production rate is a monotonically increasing function of the bu↵er capacity.

We analyze the bu↵er capacity determination problem with the objective of determining the minimum

bu↵er capacity that achieves a desired production rate and also with the objective of maximizing the profit.

It is shown that the computational performance depends on the rates of change among system states,

and not on the number of states at each stage and on the bu↵er capacity. Our numerical results show

a significant computational improvement compared to using a discrete-event simulation. As a result, the

mathematical programming approach is proposed as a viable alternative method for performance evaluation

and optimization of continuous-flow systems with a finite bu↵er.

Key words : Modeling Manufacturing Systems, Manufacturing Systems Analysis, Simulation Optimization,

Applied Optimization

1. Introduction

Developing analytical models of production systems has been subject to numerous studies in the

literature. Analytical models of production systems help us to understand the e↵ects of system
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characteristics such as processing rates and bu↵er capacities, processing time variability, machine

reliability, and material flow on system performance. These models allow us to evaluate the per-

formance of a production system and optimize its design parameters.

Models that consider continuous flow of materials are used to analyze systems with both con-

tinuous and discrete materials. When the inter-arrival times are much shorter compared to other

random events in the system, such as machine breakdowns, continuous flow models yield accurate

representation of these systems. For example, Bierbooms (2012) discusses using continuous mate-

rial flow models to analyze a beer bottling line, an assembly line for small electronic components

at and a multi-server production line.

In this study, we analyze a production system with two stations separated by a finite bu↵er

and continuous material flow. Each station has multiple modes of operation that describe various

states where the stations operate with di↵erent processing rates in each state. The transition times

between di↵erent states of each station are generally distributed. Since the transition times are

generally distributed, an analytical solution is not available for this system. Although it is possible

to simulate the system by using a general discrete event simulator, evaluating the performance and

optimizing the system parameters will require extensive computational time. As an alternative, we

present a mathematical programming based analytical simulation approach that captures the main

dynamics of the system analytically and then find the simulated sample trajectory as a solution of

a set of equations. The system parameters such as the bu↵er size can be optimized with respect to

di↵erent objective functions by using the mathematical programming approach. The mathematical

programming representation also allows formal analysis of the properties of system performance in

an alternative way. We use this representation to show that the production rate is a monotonically

increasing function of the bu↵er size.

When the transition times between di↵erent states of each station are exponentially distributed,

a continuous time, continuous-discrete state Markovian model can be analyzed analytically. There

are several studies that analyze various models of an unreliable two-station continuous material

flow system with a finite interstage bu↵er, e.g. see (Wijngaard 1979), (Gershwin and Berman
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1981), (Yeralan et al. 1986), (Mitra 1988), (Yeralan and Tan 1997), (LeBihan and Dallery 2000),

(Özdoğru and Altiok 2003), (Helber and Jusić 2004), (Diamantidis et al. 2004), (Tolio et al. 2002)

and (Gershwin and Werner 2007) among others. In most of these studies, two states are used for

the stations: a single up and a single down states.

There are also several studies in the literature that use multiple up and down states to model

production systems in a more detailed manner by either extending the number of states in each sta-

tion, incorporating phase-type distributions, or including quality dynamics into the model. Dallery

(1994) studied modeling failure and repair times in stochastic models of manufacturing systems

with more than two states. Özdoğru and Altiok (2003) analyzed multi state, two-valve fluid flow

systems with phase-type repair times. Levantesi et al. (2003) examined performance evaluation

of continuous production lines with machines having di↵erent processing times and multiple fail-

ure modes. Po↵e and Gershwin (2005) investigated integrating quality and quantity modeling in

a production line and used the general model with multiple up and down states. Colledani and

Gershwin (2013) analyzed multi-stage lines of general complex Markovian machines with finite

capacity bu↵ers. Fleuren et al. (2014) presented an approximation method for fluid flow production

lines with multi-server workstations and finite bu↵ers. Kim and Gershwin (2005) analyzed single

and two machine production systems based on a continuous flow model. In addition to production

systems, fluid flow models with a finite bu↵er are also used in computer and telecommunication

systems, for example Anick et al. (1982) and Elwalid and Mitra (1991).

Tan and Gershwin (2009) presented a general methodology to analyze Markovian continuous

flow production systems with a finite bu↵er. This method uses state transition rate matrices for

each station and a flow rate vector that gives the flow rate for each state as its inputs. The solution

of this model gives the desired performance measures of the system. They show that various models

in the literature, including the models cited above can be analyzed as special cases of this model by

describing the state transition rate matrices and flow rate vectors appropriately. As a result, this

representation allows analysis of a wide range of production systems (Tan and Gershwin 2011).
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The mathematical programming approach has been proposed for joint simulation and optimiza-

tion of discrete event systems with continuous time and discrete state space (Schruben 2000).

Matta (2008) used a mathematical programming representation for optimization based simulation

of discrete material flow production systems. Helber et al. (2011) used this method to analyze and

optimize stochastic flow lines. Alfieri and Matta (2012a), Alfieri and Matta (2012b) conducted two

studies investigating approximate simulation of multistage production systems and pull-controlled

single-product serial discrete flow manufacturing systems. Schwarz and Stolletz (2013) analyzed

time-dependent stochastic flow lines using mathematical programming. Kouikoglou and Phillis

(1994) presented a work about analytical simulation of unreliable serial production system with

random rates.

Tan (2015) gave a mathematical programming representation of a continuous flow production

system with one unreliable machine and deterministic demand. It is shown that flow rate control

problems for this simple system can be solved using a mathematical programming formulation that

gives a simulated sample trajectory and optimizes the parameters of the control problem for the

given simulation results jointly. This study extends the approach developed by Tan (2015) to a

system with arbitrary number of states. Tan (2015) analyzed a specific system that includes one

station with two states, single flow rate, and deterministic demand. Therefore, the mathematical

programming formulation was developed by considering only the up and down times of a single

station. In this study, we consider a general two station system where each station has multiple

states of operation and di↵erent flow rates associated with each state. This extension requires a

new approach for classification of system dynamics that are used as inputs and a general approach

to determine the sample trajectory and the performance measures.

One way of simulating continuous flow production systems is analyzing the system in every �t

time increment within the same framework of discrete event simulation. When �t is set to a small

value, the dynamics of this discrete flow system will be close to the dynamics of a continuous flow

system. However, this approach is computationally demanding. By using the sample realizations of

the machines states as its input, the analytical simulation method presented in this study generates
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a sample realization of the bu↵er in an e�cient way by evaluating the system at each critical time

where there is a change in flow rate due to several reasons such as any change in stations’ status,

flow rates, or reaching full or empty bu↵er levels. As a result, our representational model reduces

computational time significantly in comparison to discrete event representation. The mathematical

programming formulation is obtained by using analytical equations that determine the critical

times. The solution of this mathematical program yields simulated sample realization of this system

and for the cases, where optimization of the system parameters are of interest, this approach allows

joint simulation and optimization of the system.

There are three main contributions of this study: First, we present a computationally e�cient

mathematical programming approach to analyze and optimize a general two-station continuous

flow system with a finite bu↵er and generally distributed state transition times. This study extends

the mathematical programming approach that has been developed to analyze discrete materials

flow systems to continuous flow systems and generalizes the previous approach developed for a

specific system with only two states for a station and deterministic demand to a two-stage system

with multiple states with di↵erent flow rates for each station. Since the method is based on general

description of stations, a wide range of continuous flow production systems can be analyzed with

this method. Second, the mathematical programming representation is analyzed and compared

with the direct solution of the set of equations that represents the system dynamics in a formal way.

More specifically, it is shown that the solution obtained by the mathematical program is the unique

solution of the set of equations that describe the system performance. Furthermore, the mathe-

matical programming representation is used to analyze the properties of the system performance

in an alternative way. The monotonicity property of the dependence of the production rate on the

bu↵er level that is a known property of production systems is shown by using the mathematical

programming representation. Finally, the computational performance of the proposed method is

analyzed in detail. It is shown that the computational performance depends on the rates of change

among di↵erent system states, and it does not depend on the number of states at each stage and

on the bu↵er capacity.
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The organization of the remaining part of this paper is as follows. Section 2 describes the general

model and its parameters. The set of equations that describe the system dynamics for analytical

simulation of the system are derived in Section 3. Following the mathematical programming rep-

resentation of the system, joint simulation and optimization is performed in section 4. Section 5

gives the results and investigates the computational performance of the method by using a specific

system. Finally, conclusions are given in Section 6.

2. General Model

We consider a continuous flow system with two stations, the upstream station Mu and the down-

stream station Md, separated with a finite bu↵er with capacity Z. The state of the system at time t

is represented by s(t) = (x(t),↵u(t),↵d(t)) in which 0 x(t)Z is the bu↵er level, ↵u(t)2 {1, ..., Iu}

is the state of first station Mu and ↵d(t)2 {1, ..., Id} is the state of second station Md.

In state i 2 {1, ..., Iu}, the maximum flow rate that Mu can operate with is µ
u
i (t). Similarly, in

state j 2 {1, ..., Id}, the maximum flow rate that Md can operate with is µ
d
j (t). The actual flow

rate of a station in state (x(t),↵u(t),↵d(t)) can be di↵erent depending on whether it is starved or

blocked. Let the states of Mu and Md at time t be (↵u(t),↵d(t)) = (�,�). When the bu↵er is empty

with µ
u
�(t) = 0 and µ

d
�(t)> 0 then Md is forced to stop and becomes completely starved; when the

bu↵er is full in machine state with µ
u
�(t)> 0 and µ

d
�(t) = 0 then the flow into the bu↵er is stopped

and Mu is completely blocked. However there are many cases in which the stages become partially

starved or blocked but can continue with a reduced production rate. For example, when the bu↵er

is empty and µ
d
�(t)> µ

u
�(t)> 0, the downstream station operates at a reduced flow rate of µu

�(t).

Similarly, when the bu↵er is full and µ
u
�(t)>µ

d
�(t)> 0, the upstream station operates at a reduced

flow rate of µd
�(t).

The transition time to change the state of the system from ↵u(t)2 {1, ..., Iu} to ↵u(t)2 {1, ..., Iu}

for Mu and the transition time to change the state of the system from ↵d(t)2 {1, ..., Id} to ↵d(t)2

{1, ..., Id} for Md are random variables with given general distributions. When these transition

times are exponentially distributed, Tan and Gershwin (2009) derive a set of di↵erential equations
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that describe the dynamics of the system and solve these equations by using a number of boundary

conditions that are determined by analyzing the empty and full bu↵er processes.

When the transition times are generally distributed random variables, an analytical solution is

not available. For the system with generally distributed random variables, we use the given sample

realizations of the upstream station Mu and the downstream station Md as the input and derive

the sample realization of the bu↵er level x(t).

3. System Dynamics

In order to evaluate the system, we derive a set of linear equations to determine each critical time

where the bu↵er level or the e↵ective flow rate into the bu↵er changes. Solving this set of equations

with respect to the initial condition will give the dynamics of the structure using a mathematical

formulation.

3.1. Inputs and State Variables

The inputs used in this approach are the time instances corresponding to the instances when the

state of each station changes, and the maximum flow rates of each station at these time instances.

More specifically, we start with sample realization of stations Mu and Md that is obtained by

simulating each station independently for the run time of the simulation, ⌧ . The sample realization

gives the state of each station and the corresponding flow rates at each time instant where the

state changes. Let ti be the ith time instance when the state of Mu or Md changes and N +1 be

the total number of changes in the states of Mu and Md during the simulation period. Then the

inputs used in our approach are the vector T = {ti}, i= 1, ...,N, tN+1, and the maximum flow rates

for each station at these times {µu
↵u(ti)

(ti), µd
↵d(ti)

(ti)}, i= 1, ...,N .

According to the sign of the di↵erence between the maximum flow rates of Mu and Md at the

times the state of one of the stations changes, we classify the time instances in T in three sets: T+

for the time points where the rate of the change is positive and the bu↵er level increases, T� for

the time points where the rate of change is negative and the bu↵er level decreases, and T
0 for the

time points where the rate of change is zero and the bu↵er level does not change. Let the rate of
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the change in inventory level at time ti be u(ti) = µ
u
↵u(ti)

(ti)�µ
d
↵d(ti)

(ti). Then T
+ = {ti|u(ti)> 0},

T
� = {ti|u(ti) < 0} and T

0 = {ti|u(ti) = 0}. The set of indices for the time instances where the

bu↵er level increases, decreases, and stay the same, I+, I�, I0 are also defined as I+ = {i|ti 2 T
+},

I
� = {i|ti 2 T

�} and I
0 = {i|ti 2 T

0}.

In addition, in order to determine the amount of material produced, we define mu(ti) and md(ti)

as indicator variables for the upstream and downstream station respectively. The indicator variable

is 1 if it has a non-zero flow rate at time ti and 0 otherwise. By using the input vectors, we

also define MOu = {mu(ti)}, i= 1, ...,N and MOd = {md(ti)}, i= 1, ...,N to indicate whether each

station has a non-zero flow rate at each time instance where

mu(ti) =

⇢
1 if µu

↵u(ti)
(ti)> 0, ti 2 T

0 if µu
↵u(ti)

(ti) = 0, ti 2 T
(1)

and

md(ti) =

⇢
1 if µd

↵d(ti)
(ti)> 0, ti 2 T

0 if µd
↵d(ti)

(ti) = 0, ti 2 T
. (2)

3.2. Critical Times

The bu↵er level at a given time instance can be determined by using the bu↵er level at the preceding

time instance, the di↵erence between the flow rates of the upstream and downstream stations at

the preceding time instance, and the period of time since the preceding time instance. Since we

know that the bu↵er level cannot exceed the bu↵er capacity and it cannot become negative, we

can write

x(ti+1) =

8
<

:

min{x(ti)+u(ti)(ti+1 � ti),Z}, i2 I
+

x(ti), i2 I
0

max{x(ti)+u(ti)(ti+1 � ti),0}, i2 I
�

. (3)

However, using this formulation will give us only the value of the bu↵er level at each time instance

ti, and it does not provide any information about the bu↵er level trajectory between these points.

When the bu↵er level increases or decreases, it may reach the full or empty bu↵er before the next

time instance where one of the states changes. At the time instances when the bu↵er becomes full

or empty, although the states of both stations stay the same, the net flow rates into and from the

bu↵er change due to full or partial blocking and starvation. As a result, the bu↵er trajectory is
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linearly increasing or decreasing until this time instance and stays at the same level, at Z or at 0,

until the next change. Therefore, a full characterization of the system that includes all the critical

times and the corresponding bu↵er levels is required to determine performance measures such as

production rate, average work in process, fraction of time the bu↵er stays full or empty.

We define tfi, i 2 I
+ as the time for the bu↵er level to reach its capacity. If the state of one of

the stations changes before tfi, i.e., if ti+1 < tfi, the time to reach the full bu↵er does not change

the bu↵er trajectory. Otherwise, tfi is required to determine the bu↵er trajectory between ti and

ti+1. In this case, the bu↵er level increases from ti to tfi and reaches the full bu↵er level at this

instance, and then stay at the full bu↵er until ti+1.

Similarly, we define tei, i2 I
� as the time for the bu↵er level becomes empty. If the state of one

of the stations changes before tei, i.e., if ti+1 < tei, the time to reach the zero bu↵er level does not

change the bu↵er trajectory. Otherwise, tei is required to determine the bu↵er trajectory between

ti and ti+1 since the bu↵er level decreases from ti to tei and becomes empty, and then stay empty

until ti+1.

Let Tf = {tfi|tfi < ti+1} and Te = {tei|tei < ti+1} be the sets of time instances to reach full and

empty bu↵er level before the next state change. Then the set of critical times that completely

defines the bu↵er trajectory is �= T [Tf [Te.

With this representation, the flow rate between two successive time instances in � is constant.

Therefore, the bu↵er level at the next time instance can be determined by using the flow rate and

the starting bu↵er level. Accordingly, starting with an initial value of the bu↵er level, this method

yields a full characterization of the system, s(t) = (x(t),↵u(t),↵d(t)), t2 �.

3.3. Dynamics of Reaching Full Bu↵er

At the critical time instances where the bu↵er level goes up, u(ti)> 0, ti 2 T
+, the time that the

current bu↵er level x(ti) reaches the bu↵er capacity Z is determined by using the flow rate between

these time instances. Since the flow rate from ti until ti+1 is constant, the time it takes to reach Z

from x(ti) is
Z�x(ti)
u(ti)

. So the time to reach the full bu↵er, tfi is given as

tfi =
Z �x(ti)

u(ti)
+ ti, i2 I

+
. (4)
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The bu↵er level may not reach the full bu↵er if one of the states change before this time, i.e., if

tfi > ti+1. Therefore, the next change in the bu↵er level will occur either when the bu↵er level

reaches the bu↵er capacity or when the state of one of the stations changes at the next critical

time instance. The length of time up to the next change is denoted with �pi that is given as

�pi =

⇢
ti+1 � ti if tfi � ti+1

tfi � ti if tfi < ti+1
, i2 I

+
, (5)

and we set �pi = 0 for i2 I
� [ I

0.

Accordingly, the length of the time interval in which the process remains at full bu↵er level �fi

can be calculated for i2 I
+ as

�fi =

⇢
0 if tfi � ti+1

ti+1 � tfi if tfi < ti+1
, i2 I

+
, (6)

and we set �fi = 0 for i2 I
�.

3.4. Dynamics of Reaching Empty Bu↵er

At the critical time instances where the bu↵er level goes down, u(ti)< 0, ti 2 T
�, the time that

the bu↵er level x(ti) reaches 0 is also determined by using the flow rate at time ti. Since the flow

rate from ti until ti+1, u(ti)< 0 is constant, the time it takes to reach 0 from x(ti) is
�x(ti)
u(ti)

. So, the

time to reach the empty bu↵er, tei is given as

tei =
�x(ti)

u(ti)
+ ti, i2 I

�
. (7)

The process will reach the zero bu↵er level when tei  ti+1. Consequently, the length of time up to

the next change, �ei is defined as:

�ei =

⇢
ti+1 � ti if tei � ti+1

tei � ti if tei < ti+1
, i2 I

�
, (8)

and we set �ei = 0 for i2 I
+ [ I

0.

The length of the time that process stays at zero level, �zi is calculated for i2 I
� as

�zi =

⇢
0 if tei � ti+1

ti+1 � tei if tei < ti+1
, i2 I

�
, (9)

and we set �zi = 0 for i2 I
+.
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3.5. Dynamics of Staying at the Same Level

The rate of change in the bu↵er level is equal to zero when the flow rates of both stations are the

same. In these cases, the bu↵er level at the following critical time stays the same as the level of

inventory in previous critical time, i.e. x(ti+1) = x(ti).

When the bu↵er level does not change, the length of time that the bu↵er level stays at zero, �zi

for i2 I
0, or at the maximum level, �fi for i2 I

0 are calculated as follows:

�zi =

⇢
0 if x(ti) 6= 0
ti+1 � ti if x(ti) = 0

, i2 I
0
, (10)

�fi =

⇢
0 if x(ti) 6=Z

ti+1 � ti if x(ti) =Z
, i2 I

0
. (11)

Since the bu↵er level also stays the same when both of the stations have a flow rate of 0, an output

is produced only when the flow rates are the same and greater than 0. The state variable �hi is

also defined as the time duration of producing material when the rate of the change in inventory

level is equal to zero:

�hi =mu(ti).md(ti).(ti+1 � ti), i2 I
0
, (12)

and we set �hi = 0 for i2 I
+
, I

�.

3.6. Bu↵er Level Dynamics

As a result, using these definitions and also the given critical times, the main bu↵er level dynamics

are written as a set of linear equations as given below:

x(ti+1) =

8
<

:

x(ti)+u(ti)�pi, i2 I
+

x(ti), i2 I
0

x(ti)+u(ti)�ei, i2 I
�

. (13)

By definition, we set x(tfi) =Z, i2 I
+ and x(tei) = 0, i2 I

�.

The initial value of the bu↵er level is also defined as:

x(t1) = x0. (14)

Therefore, writing these equations and solving them iteratively at each critical time ti starting

with the initial value of the bu↵er level will give us the trajectory of the bu↵er process which is

determined by constructing the line segments.



12

1 -1

DQ

D
1

D
-1

1

0

p r rp p

g

h
rQ

µu µu

00

µd

0

r

Figure 1 State transition diagram of the system with two stations and quality modeling

3.7. Example: A Two Station Model with Quality Modeling

In order to explain the methodology in detail, we examine a specific model of a production system

with two unreliable stations with quality specifications and a finite bu↵er (Po↵e and Gershwin

2005). The first station has two up (state 1 and -1) and three breakdown (D1,D�1,DQ) modes.

The processing rate of the first station for both up states is equal to µu and the processing rate

for its down states is equal to 0. There is one up (10) and one breakdown mode (00) for the second

station. Each of these states has the processing rate of µd and zero respectively. Figure 1 illustrates

the state transitions of Mu and Md for the proposed example.

For this specific example, there are four possible rates for the bu↵er level u(t) between two

successive critical times: µu �µd, µu, �µd and 0.

Figure 2 depicts a sample realization of the whole process including of stations’ behavior and

the resulting bu↵er level. The first two graphs show the state of stations on any time during the

simulation period. For the sake of simplicity in this example, we use exponential distribution for

the failure and repair times of the system. Di↵erent levels of bu↵er level and the length of the times

that the bu↵er stays full, empty, and times to reach full and empty bu↵er levels are illustrated in

the third graph of the same figure. This model is used in Section 5 to investigate the computational

performance of the method we propose.

4. Optimization Based Simulation

In this section, we present a mathematical programming representation of the dynamics of the

general two-station continuous material flow system with a finite bu↵er. This approach embeds the
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Figure 2 Sample realization for the system with multiple up and down states (µu = 1.2, µd = 1,p= 0.01,r= 0.1,p0 =

0.05,r0 = 0.10,g= 0.05,h= 0.10, rQ = 0.10)

equations derived in Section 3 to determine the critical time points and performance measures into a

mixed integer linear programming (MILP) formulation. Finding a feasible solution for the resulting

MILP problem will give a simulated trajectory of the system. For a given objective function and

possibly additional constraints for a selection of system parameters, the same formulation can also

be used for joint simulation and optimization of the system, which will be given in the next section.

The secondary motivation of this approach is providing an alternative representation to the sys-

tem dynamics based on optimization. Instead of solving a set of equations iteratively as presented

in Section 3, solving the same set of equations by using mathematical programming may have

advantages. According to a benchmarking study, in the last 25 years (1990�2014), algorithmic

advances in integer optimization combined with hardware improvements have resulted in a 200

billion factor speedup in solving mixed integer optimization problems (Bertsimas 2014). Future

improvements that will increase the computational e�ciency together with the advantage of com-

bining optimization and simulation are expected to make this approach an e↵ective method to
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evaluate the performance of fluid flow systems. In addition, representing the system dynamics as a

mathematical program allows us to analyze certain properties of the system performance and their

dependence on the system parameters in an alternative way. However, if the only objective is to

simulate the system performance, there will be no need to solve optimization problem and itera-

tive solution in Section 3 will define the dynamics of system in a faster way. Therefore, the main

contribution of this part is to provide the initial steps to perform joint simulation and optimization

of system using mathematical programming.

4.1. Linear Expressions for the State Variables

In order to formulate the problem as a mixed integer linear program, the equations given in Section

3 should be expressed as linear equations.

The values of state variables, �pi, �fi, �ei and �zi depend on whether the bu↵er level reaches

zero or its maximum capacity level before the next critical time or not. Therefore, they are written

in a linear form by defining new non-negative variables for the di↵erences between the time to

reach full or empty bu↵er level and the next critical time the state of the stations changes and

making it sure that these non-negative variables are not set to positive values simultaneously by

using integer variables.

For the di↵erence between tfi and ti+1 we have:

tfi � ti+1 =�f
+
i ��f

�
i , i2 I

+
. (15)

where �f
+
i � 0 ,�f

�
i � 0 and �f

+
i .�f

�
i = 0. Hence, if tfi � ti+1 then �f

+
i is equal to tfi� ti+1 � 0.

Similarly, when tfi < ti+1 then �f
�
i is equal to ti+1 � tfi > 0. In order to ensure that �f

+
i and

�f
�
i are not greater than zero at the same time, the following inequalities are added:

�f
+
i  IfiL, i2 I

+
, (16)

�f
�
i  (1� Ifi)L, i2 I

+
. (17)

Where L is a large number, and Ifi is a binary indicator variable that is also a new decision variable
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determined by the optimization model. Ifi becomes 1 when �f
+
i � 0 and 0 when �f

�
i � 0 . Using

these equations, the state variables, �pi and �fi are specified in linear form as follows:

�pi = ti+1 � ti ��f
�
i , i2 I

+
, (18)

�fi = ti+1 � tfi +�f
+
i , i2 I

+
. (19)

The state variables �ei and �zi are defined in a linear form in a similar way:

tei � ti+1 =�z
+
i ��z

�
i , i2 I

�
. (20)

The constraints for �z
+
i and �z

�
i that ensure that they are not positive at the same time are

written as follows:

�z
+
i  IziL, i2 I

�
, (21)

�z
�
i  (1� Izi)L, i2 I

�
. (22)

where Izi is a binary indicator variable. Izi is set to 1 when �z
+
i � 0 and 0 when �z

�
i � 0: For

i2 I
�, �ei and �zi are written in linear form as follows:

�ei = ti+1 � ti ��z
�
i , i2 I

�
, (23)

�zi = ti+1 � tei +�z
+
i , i2 I

�
. (24)

Finally, to determine the time the bu↵er level stays full when the net flow rate is 0, we define an

indicator variable Isi that is set to 1 when x(ti)<Z and 0 when x(ti) =Z by using the following

inequalities:

Z �x(ti) IsiL, i2 I
0
, (25)

L(Z �x(ti))� Isi, i2 I
0
. (26)

By using the indicator variable Isi, the time the bu↵er stays full when the net flow rate is 0 is

given as

�fi = (1� Isi)(ti+1 � ti), i2 I
0
. (27)
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4.2. Performance Measures

When the state variables are determined and the sample trajectory of bu↵er level is generated by

using these state variables, we can estimate the values of some of the performance measures of the

system that are of interest.

The average inventory levelX is obtained just by calculating the area under the sample trajectory

of the bu↵er level, and it is given as

X =
NX

i=1

[(x(ti)+x(ti+1))(�pi +�ei)] + 2Z�fi

2⌧
. (28)

The estimates for the probabilities of having empty bu↵er, Fe and full bu↵er as Fz, are determined

by the fraction of time duration in which the bu↵er level stays empty or full over run time of

simulation, respectively:

Fe =
X

i2I�,I0

�zi

⌧
, (29)

Fz =
X

i2I+,I0

�fi

⌧
. (30)

An estimate of the production rate is obtained by determining the amount of material produced

by one of the machines in the simulation run time. When the bu↵er level increases, the upstream

station produces with its maximum production rate until the time when the bu↵er level reaches

Z. When the bu↵er level is at this level, the flow rate of the upstream station is either zero due

to complete blocking that happens if the downstream station is not operational during [ti, ti+1) or

md(ti) = 0, or it is decreased to the flow rate of the downstream station if the downstream station is

operational during [ti, ti+1) or md(ti) = 1. As a result, for ti 2 T
+, the amount of material produced

by first station, P+
u during the time period [0, ⌧ ] is equal to:

P
+
u =

X

i2I+

(µu
↵u(ti)

(ti).�pi +md(ti).µ
d
↵d(ti)

(ti).�f
�
i ). (31)

Similarly, for ti 2 T
�, the produced amount of material for first station (P�

u ) is equal to

P
�
u =

X

i2I�

mu(ti).(µ
u
↵u(ti)

(ti).�ei +µ
u
↵u(ti)

(ti).�z
�
i ). (32)
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In the states where the flow rates of upstream and downstream station are the same, i 2 I
0,

stations continue their production if their flow rates are not zero. The amount of material produced

by the upstream station when the flow rates are equal, P 0
u is then written as

P
0
u =

X

i2I0

(�hi.µ
u
↵u(ti)

(ti)) =
X

i2I0

(ti+1 � ti)mu(ti).md(ti).µ
u
↵u(ti)

(ti). (33)

Hence, the estimated production rate PR is determined as follows:

PR=
P

+
u +P

�
u +P

0
u

⌧
. (34)

The production rate can also be estimated by using the material produced by the downstream

station in a similar way. In the long run, the amount of material produced by Mu and Md will be

equal to each other.

The mathematical programming representation can be used to analyze formal properties of the

performance measures and their dependence on the system parameters. One of the well-known

properties in production systems is the monotonicity of the production rate with respect to the

bu↵er capacity. Namely, as the bu↵er capacity increases, the production rate also increases. In the

following proposition, we use the mathematical programming representation to show this property.

Proposition 1 The production rate monotonically increases with the bu↵er size, i.e., if Z � Z
0

then PR� PR
0
where PR

0
is the production rate of the system where the bu↵er capacity is Z

0
.

The proof for this proposition is given in Appendix A.

By using a similar approach, it can also be shown that the average inventory level also increases

monotonically with the increasing bu↵er capacity.

4.3. Structure of the Mathematical Program for Simulation

A sample path of the system can be determined by solving the set of Equations (4)-(14) iteratively

starting with an initial bu↵er level x0 for all ti 2 T .

Alternatively, the sample path can also be determined by finding a feasible solution to the

following set of linear equations with continuous and integer variables:

x(t1) = x0 (35)
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x(ti+1) = x(ti)+�pi(ui) i2 I
+ (36)

x(ti+1) = x(ti)+�ei(ui) i2 I
� (37)

x(ti+1) = x(ti) i2 I
0 (38)

�pi = ti+1 � ti ��f
�
i i2 I

+ (39)

�fi = ti+1 �
Z �x(ti)

ui
� ti +�f

+
i i2 I

+ (40)

Z �x(ti)

ui
+ ti � ti+1 =�f

+
i ��f

�
i i2 I

+ (41)

�ei = ti+1 � ti ��z
�
i i2 I

� (42)

�zi = ti+1 +
x(ti)

ui
� ti +�z

+
i i2 I

� (43)

�x(ti)

ui
+ ti � ti+1 =�z

+
i ��z

�
i i2 I

� (44)

�f
+
i L.Ifi, �f

�
i L(1� Ifi), Ifi 2 {0,1} i2 I

+ (45)

�z
+
i L.Izi, �z

�
i L(1� Izi), Izi 2 {0,1} i2 I

� (46)

x(ti)� 0 i2 I
�
, I

+
, I

0 (47)

�f
+
i � 0, �f

�
i � 0 i2 I

+ (48)

�z
+
i � 0, �z

�
i � 0 i2 I

� (49)

�f
+
i = 0, �f

�
i = 0 i2 I

0
, I

� (50)

�z
+
i = 0, �z

�
i = 0 i2 I

0
, I

+ (51)

When the problem is solved by using optimization, any objective function can be used for the

mathematical program to determine the feasible solution. Since either �f
+
i or �f

�
i , similarly either

�z
+
i or �z

�
i will be set to zero in the final solution, our computational experiments show that

using an objective function that moves the state variables �f
+
i , �f

�
i , �z

+
i and �z

�
i to be close to

zero provides computational advantages. Accordingly, we suggest the following objective function

and solve this minimization problem for determining a sample trajectory of the system in our

numerical experiments:

ProbST:
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Minimize
NX

i=1

�
�f

+
i +�f

�
i +�z

+
i +�z

�
i

�
(52)

Subject to

Equations (35)� (51)

As a result, the optimization problem for determining the operation of system is a mixed-integer

linear program with a linear objective function, linear equality, inequality and non-negativity con-

straints.

By solving this optimization problem we obtain the bu↵er levels for all of the state variables in

i2 I
+
, I

0
, I

�. The vectors of the critical times Tf and Te that a↵ect the trajectory are constructed

by using non-zero values of �fi, i2 I
+ and �zi in the solution. That is

tfi�1 = ti ��fi, i2 I
+
,�fi > 0, (53)

tej�1 = tj ��zj, j 2 I
�
,�zj > 0. (54)

The corresponding bu↵er levels are also added to the trajectory automatically as x(tfi�1) =Z and

x(tej�1) = 0. The full characterization of the system is determined by the values of the variables

x(ti), ti 2 T , x(tfi), tfi 2 Tf , x(tei), tei 2 Te. The performance measures can be determined directly

from the solution.

The next proposition shows that the solution of the mathematical program given above is the

unique solution of the set of equations that describe the systems dynamics given in Section 3:

Proposition 2 The solution of the problem ProbST is unique and identical to the solution of

the set of equations (4)-(14) that describe the system dynamics.

The proof is given in Appendix B.

4.4. The Structure of Mathematical Programming Problem

The general model of optimization problem to simulate the dynamics of system is a mixed-integer

linear program with a linear objective function, linear equality, inequality and non-negativity con-

straints. The number of continuous and integer decision variables and the number of equality and
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inequality constraints depend on the number of elements in the sets of critical times T+, T� and

T
0 generated during the run duration ⌧ . Table 1 gives the number of decision variables and con-

straints for the problem ProbST. Table 1 shows that the size of the problem to be solved only

Table 1 Problem Structure Based on the Number of Elements in T+, T�, and T 0

Number of continuous decision variables 4|T+|+4|T�|+ |T 0|
Number of discrete decision variables |T+|+ |T�|
Number of equality constraints 3|T+|+3|T�|+ |T 0|+1
Number of inequality constraints 5|T+|+5|T�|+ |T 0|

depends on the number of times the bu↵er level changes during the run duration. Let nu
ji and n

d
ji

be the number of total changes from state j to state i in the upstream and downstream stations

respectively. Then the total number of critical times for the system can be defined as follows:

|T+|+ |T�|+ |T 0|=
X

i2↵u(t)

X

j2↵u(t)

n
u
ji +

X

i2↵d(t)

X

j2↵d(t)

n
d
ji. (55)

In a Markovian system, we can determine the number of changes that will be observed analyt-

ically. Let the transition rate from state i to state j be �ij. By following an ergodicity argument,

the steady-state probability of state i, denoted by ⇡i, is the fraction of time spent in state i in the

long run. The expected total time spent in a given state can be determined by the total number of

visits to that state and the expected sojourn time at each visit. The expected sojourn time in state

i of Mu is 1/
P

j2↵u(t)

�ij and the expected sojourn time in state i of Md is 1/
P

j2↵d(t)

�ij. Accordingly,

the steady-state probability is state i2 {1, · · · , Iu} can be expressed as

⇡i = lim
⌧!1

P
j2↵u(t)

n
u
ji/

P
j2↵u(t)

�ij

⌧
, i2 {1, · · · , Iu}. (56)

Then, for a large value of ⌧ ,

⌧⇡i

X

j2↵u(t)

�ij =
X

j2↵u(t)

n
u
ji. (57)

By following the same steps for nd
ji, we can express Equation (55) for the total number of changes

observed during the run duration as
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|T+|+ |T�|+ |T 0|= ⌧

0

@
X

i2↵u(t)

⇡i

X

j2↵u(t)

�ij +
X

i2↵d(t)

⇡i

X

j2↵d(t)

�ij

1

A . (58)

Equation (58) shows that the number of equations and constraints of the mathematical program

does not depend on the structure of the system such as the number of states in the state space or

the bu↵er capacity. It depends on the rates of change for transitions among the states of the system.

In other words, it is possible to have a mathematical program with significantly higher number of

constraints and variables for a system with a few number of states for each station and a small

bu↵er if the rates of change among the states are high. Conversely, the mathematical program of a

system with large number of states for each stage and a large bu↵er may have much fewer variables

and constraints if the rates of changes are not that high. The relationship between the number

of variables and number of constraints and the computation time is investigated numerically in

Section 5.

In order to determine the design parameters according to a given objective and possibly with

additional constraints, the corresponding objective function replaces the one given above and the

additional constraints are added to the set. Two design problems are discussed in the next section.

4.5. Minimum Bu↵er Capacity Determination Problem to Achieve the Desired

Production Rate

When the bu↵er capacity is a decision variable, and the objective function is minimizing the bu↵er

capacity to achieve a desired production rate PRgiven, the final formulation includes the same

set of constraints as the simulation mathematical program given in Section 4.3 in addition to

additional constraints related to production rate calculation for a given value of the bu↵er capacity.

ProbMinBu↵erPR:

Minimize Z (59)

Subject to

Equations (35)� (51)
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�pi = 0, �f
�
i = 0 i2 I

�
, I

0 (60)

�ei = 0, �z
�
i = 0 i2 I

+
, I

0 (61)

�hi =mu(ti).md(ti).(ti+1 � ti) i2 I
0 (62)

�hi = 0 i2 I
+
, I

� (63)

P
+
u =

NX

i=1

(µu
↵u(ti)

(ti).�pi +md(ti).µ
d
↵d(ti)

(ti).�f
�
i ) (64)

P
�
u =

NX

i=1

mu(ti).(µ
u
↵u(ti)

(ti).�ei +µ
u
↵u(ti)

(ti).�z
�
i ) (65)

P
0
u =

NX

i=1

(�hi.µ
u
↵u(ti)

(ti)) (66)

PR=
(P+

u +P
�
u +P

0
u )

⌧
(67)

PR� PRgiven (68)

Similar to Section 4, we have a mixed-integer linear program with linear equality and inequality

constraints, continuous and binary variables. The solution of this problem provides us with the

values of state variables simulating the performance of the system together with the optimal value

of the bu↵er capacity level Z⇤ depending on the problem.

According to Proposition 1, production rate is monotonically increasing with respect to increasing

bu↵er capacity level as also shown in Figure 8. Therefore, for a given production rate, there is a

unique minimum value of bu↵er capacity level (Z) that satisfies the constraint PR� PRgiven. For

a given Z, Proposition 2 shows that the solution of the mathematical program is also unique. As

a result, we can conclude that the solution of the problem ProbMinBu↵erPR gives the unique

solution of the bu↵er minimization problem that gives the desired production rate.

4.6. Optimal Bu↵er Capacity Determination Problem to Maximize the Average

Profit

In this profit maximization problem, the optimal bu↵er capacity is determined to maximize the

average profit. Let cp be the profit obtained by selling a unit volume of production and ch be

the holding cost per unit of volume per time. Then the profit per unit time is cpPR� chX. This

formulation captures the tradeo↵ between increasing the bu↵er level that yields an increase in
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the production rate but also an increase of the average inventory level. The formulation for this

optimization problem is written as follows:

ProbMaxProfit:

Maximize cpPR� ch

NX

i=1

[(x(ti)+x(ti+1))(�pi +�ei)] + 2Z�fi

2⌧
(69)

Subject to:

Equations (35)� (51)

Equations (60)� (67)

�fi = 0 i2 I
� (70)

�fi = (1� Isi)(ti+1 � ti) i2 I
0 (71)

Z �x(ti)L.Isi, L(Z �x(ti))� Isi, Isi 2 {0,1} i2 I
0 (72)

Since X is a quadratic function of the state variables, the above problem is a quadratic mixed

integer program with linear constraints.

In this problem, the objective function is the di↵erence between two monotonically increasing

functions of the bu↵er capacity. Accordingly, there is a unique value of Z that maximizes the average

profit. For each given value of Z, Proposition 1 shows that the solution of the mathematical program

gives a unique solution. As a result, the solution of the maximization problem ProbMaxProfit

gives the unique solution for the bu↵er capacity that maximizes the average profit.

5. Numerical Results

In this section, we use the specific model described in Section 3.7 to analyze the proposed method

numerically. We first validate the results obtained by the proposed method by comparing the results

for this model with exponential transition times with the available analytical results. In order to

show the applicability of the proposed method for general models, we evaluate the performance of

the same system with non-exponential transition times. Subsequently, the results of bu↵er capacity
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determination problem are investigated. Finally, we evaluate the computational performance of the

proposed method.

All the numerical results are obtained by using MATLAB R2012a and GAMS win64 (when

optimization is used) on a computer with 2,7 GHz Intel core i5 processor with 8 GB RAM.

5.1. Validation and E↵ects of System Parameters

For validation, we use the model described in Section 3.7 with exponential transition times that

was developed and analyzed by (Po↵e and Gershwin 2005). Tan and Gershwin (2009) also use

this system to explain their methodology and validate the general model to analyze Markovian

continuous flow systems with a finite bu↵er.

The percentage error between the simulation results for the production rate obtained by using

the methodology presented in this study and the analytical production rate obtained from Tan

and Gershwin (2009) is approximately equal to 10�5 for ⌧ = 500000 sec.

Figures 3 and 4 show the e↵ect of increasing the processing rate of the upstream and downstream

stations on production rate and average inventory level. As the figures show, the production rate

of the system will increase up to its limiting point by increasing the processing rate of stations Mu

and Md. The average inventory level also increases up to the bu↵er capacity value as the processing

rate of the upstream station increases. On the other hand, we can see that as the processing rate

of the downstream station increases, the average inventory level decreases.

Finally, Figure 5 depicts the e↵ect of changing bu↵er capacity on average inventory value. As

expected, the average inventory level increases with the bu↵er capacity.

5.2. Results for a System with Non-exponential Transition Times

The analytical results are available only for exponential transition times as analyzed. In order to

analyze a system with non-exponential transition time distributions, we use Chi-square distribution

for the operational and failure times for the same model described in Section 3.7. In this system

we have the same set of operational and failure modes as before, but, the coe�cient of variation

for all operational times (for the times from state 1 to D1, from -1 to D�1, from 1 to -1, from -1
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Figure 3 E↵ect of first stage processing rate on production rate and expected inventory level in Markovian model

with multiple up and down states (µd = 1,p = 0.005,r = 0.15,p0 = 0.015,r0 = 0.15,g = 0.01,h = 0.2, rQ =

0.15, Z = 17)
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Figure 4 E↵ect of second stage processing rate on production rate and expected inventory level in Markovian

model with multiple up and down states (µu = 1,p= 0.005,r = 0.15,p0 = 0.015,r0 = 0.15,g = 0.01,h= 0.2,

rQ = 0.15, Z = 17)

to DQ, and from 10 to 00) are set to cvo and the coe�cient of variation for all failure times (for the

times from state DQ to 1, from D1 to 1, from D�1 to -1, and from 00 to 10) are set to cvf .

Figure 6 shows that as the coe�cient of variation for operational times increases, the average

level of inventory decreases. However, as the coe�cient of variation of the failure times increases,

average inventory level also increases.

Figure 7 shows that the production rate increases with increasing the coe�cient of variation for
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Figure 5 E↵ect of bu↵er capacity on expected inventory level in Markovian model with multiple up and down

states (µu = 1, µd = 1,p= 0.005,r= 0.15,p0 = 0.015,r0 = 0.15,g= 0.01,h= 0.2, rQ = 0.15)
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Figure 6 E↵ect of coe�cient of variation on expected inventory level in general model with Chi-square distribution

for operational and failure times (µu = 1.5, µd = 1, Z = 20)

failure times and decreases by increasing the coe�cient of variation for operational times.

5.3. Results for Bu↵er Determination Problems

Figure 8 shows the minimum bu↵er capacity required to achieve a specific production rate that

is determined by solving the optimization problem ProbMinBu↵erPR given in Section 4.5 for

di↵erent desired production rate values. The optimal bu↵er capacity increases as the desired pro-

duction rate increases up to the point where the maximum possible production rate for the system

is reached. After this point increasing the bu↵er capacity level cannot increase the production

rate. Figure 9 gives the results of the optimization problem ProbMaxProfit described in Section
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Figure 7 E↵ect of coe�cient of variation on production rate in general model with Chi-square distribution for

operational and failure times (µu = 1.5, µd = 1, Z = 20)
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Figure 8 Optimal values of bu↵er capacity for specified production rates in the model with multiple up and down

states and exponential transition times (µu = 2,µd = 1,p= 0.1,r = 0.15,p0 = 0.1,r0 = 0.15,g = 0.1,h= 0.2,

rQ = 0.15)

4.6. According to these results, the production rate is optimized according to the profit obtained

from the production rate and the cost of holding higher inventory to achieve a higher production

rate. Increasing bu↵er capacity level, as decision variable will result in higher production rate and

higher level of inventory in the system. Therefore, when the holding cost ch increases, the solu-

tion of the optimization problem achieves a balance between these increasing production rate and

increasing average inventory in a way to obtain maximum profit. Since higher average inventory

means higher average cycle time, there is also a tradeo↵ between increasing the production rate
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Figure 9 Optimal values of production rate and cycle time in the model with multiple up and down states and

exponential transition times (µu = 2,µd = 1,p= 0.1,r = 0.15,p0 = 0.1,r0 = 0.15,g = 0.1,h= 0.2, rQ = 0.15,

cp = 50)

and causing a longer average cycle time. According to Figure 9, increasing the holding cost yields

a lower production rate and a shorter cycle time due to decreasing the average inventory level.

5.4. Computational E�ciency of Mathematical Programming Approach

5.4.1. Convergence : Figure 10 shows the convergence of our proposed method by comparing

simulation with the analytical result for the system described in Section 3.7 for the case with

exponential transition times. According to this figure as the length of run duration ⌧ increases,

the simulated performance converges rapidly to the exact value of production rate obtained by the

analytical results.

5.4.2. Structure of the Mathematical Programming Problem : Table 2 gives more

detailed information about the structure of optimization based problem by defining the number

of decision variables and the number of constraints for each run duration time. We investigated

the dependency between the number of discrete variables Ndisc, number of continuous variables

Ncont, the number of equality constraints Neq and the number of inequality constraints Nineq and

the solution time tsolution empirically by using the data given in Table 2. The following polynomial

equation is estimated by using multiple regression:

tsolution = 0.76(Ndisc)
2 � 0.60(Ncont)

2 +0.27(Neq)
2 � 0.33(Nineq)+ 0.32(Nineq)

2
. (73)
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Figure 10 Convergence of the simulated production rate to the exact value in the model with multiple up and down

states and exponential transition times (µu = 1,µd = 1,p= 0.01,r= 0.1,p0 = 0.05,r0 = 0.1,g= 0.05,h= 0.1,

rQ = 0.1, Z = 10)

Table 2 Structure of the optimization problem based on run duration time

Run Number of Number of Number of Number of Optimization-based
Duration Discrete Continuous Equality Inequality Simulation
time (sec.) Variables Variables Constraints Constraints time (sec.)

10000 598 2374 1790 2959 0.2372
20000 1121 4526 3406 5647 0.5193
30000 1827 7384 5558 9211 1.4391
40000 2332 9432 7101 11764 4.01
50000 2867 11588 8722 14455 8.0314
60000 3557 14398 10840 17957 14.594
70000 4062 16414 12353 20476 20.764
80000 4800 19408 14609 24208 30.121
90000 5504 22243 16740 27747 34.071
100000 5857 23666 17810 29523 38.365
110000 6648 26858 20211 33506 46.351
120000 7306 29515 22209 36821 53.287
130000 8032 32459 24428 40491 59.667
140000 8443 34101 25659 42544 62.391
150000 9176 37087 27912 46263 70.865

As discussed in Section 4.4, the computation time does not depend on the structure of the system

such as the number of states or the bu↵er capacity. Figure 11 validates that the bu↵er capacity

does not have any significant e↵ect on the solution time.

5.4.3. Comparison of Discrete and Continuous Simulation and Mathematical Pro-

gramming Approach : In order to evaluate the computational e�ciency of the iterative solution,

the mathematical programming based solution, and the discrete event simulation of the discrete
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Figure 11 Solution time of optimization based simulation for di↵erent values of bu↵er capacity in the model with

multiple up and down states and exponential transition times(µd = 1,p= 0.005,r = 0.15,p0 = 0.015,r0 =

0.15,g= 0.01,h= 0.2, rQ = 0.15)

material flow approximation of the continuous flow, we use the same system given in Section 3.7.

We use exponential transition times in order to compare the accuracy of simulation with analytical

results. The same sample realizations for state transition times are used for all the methods.

Table 3 shows the results of this comparison study. The first column of this table gives the run

duration time for the system. In the second column of the table, we used discrete time, discrete

state space model with step size of �t = 0.01 to simulate the system. The step size is chosen in

a way that gives similar percentage error with respect to the analytical results for the same run

length. In the third column, we simulated the system iteratively, solving the equations, which shows

the dynamics of the problem using mathematical programming formulations from Section 3. In the

last column, the system is simulated by optimization based model from Section 4. The percentage

errors are also given in the table.

As shown in Table 3, continuous simulation based on mathematical programming is approxi-

mately 800 times faster than discrete simulation. As it was emphasized in previous sections, this

method improves the speed of simulation by focusing just on the event times when we have a change

in processing rate. The approach speeds up the simulation by determining the length of the times

that flow rate stays the same up to the next change due to any variation in the states of machines

or reaching specific levels. Therefore it yields a more e�cient performance evaluation compared to
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a simulation that uses discrete flow of materials to approximate a continuous flow. The fifth column

of Table 3 indicates the simulation time using optimization based approach. For instance, when the

run duration is equal to 150000 seconds, the optimization based formulation has 37087 continuous

variables, 9176 binary variables, 27912 equality constraints and 46263 inequality constraints. This

problem can be solved in 71 seconds. Based on all the results in fifth column, currently it takes

a longer time to do optimization-based simulation compared to discrete simulation. However, it

is an alternative representation for the system dynamics and this approach allows simultaneous

optimization and simulation.

Table 3 Comparison of simulation times based on run duration time

Run Discrete Percentage Continuous Optimization-based Percentage
Duration Simulation Error Simulation Simulation Error
time (sec.) time (sec.) (%) time (sec.) time (sec.) (%)

10000 2.95 8.54 0.0037 0.2372 8.42
20000 5.93 7.69 0.0079 0.5193 7.64
30000 8.17 6.62 0.0165 1.4391 6.67
40000 10.59 6.63 0.0192 4.01 6.61
50000 13.28 6.60 0.0233 8.0314 6.61
60000 15.90 6.27 0.0278 14.594 5.2
70000 17.83 6.27 0.0297 20.764 6.41
80000 22.38 5.84 0.0341 30.121 5.82
90000 22.96 5.84 0.0371 34.071 5.91
100000 25.51 4.08 0.0414 38.365 3.06
110000 28.11 3.03 0.0461 46.351 3.16
120000 30.85 3.82 0.0475 53.287 2.23
130000 33.32 2.46 0.0527 59.667 1.22
140000 35.77 1.78 0.0761 62.391 1.73
150000 45.37 1.32 0.1315 70.865 0.98

6. Conclusions

In this study, we presented an analytical simulation method to determine the performance of

general continuous flow systems with two stations with di↵erent modes of operation and di↵erent

flow rates associated with each mode separated with a finite bu↵er and general transition time

distributions. Our method uses sample realizations of the station states as its input and generates

a sample realization of the bu↵er in an e�cient way by evaluating the system at each critical

time where there is a change in flow rate due to several reasons such as any change in stations’

status, flow rates, or reaching full or empty bu↵er levels. As a result, our representational model
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reduces computation load dramatically in comparison to discrete event representation. We also

present a mathematical programming representation of the dynamics of fluid flow systems. The

mathematical programming approach embeds the equations that describe the dynamics of the

system to determine the solution of these equations as a solution of a mixed integer linear program.

We show that the optimization of the mathematical program gives the unique solution of the

set of equations that describe the dynamics of the system. This alternative representation allows

both determining a simulated sample realization of the system as well as joint optimization and

simulation of the system when the system parameters are to be determined to optimize a given

objective function subject to additional constraints.

Furthermore, the mathematical programming representation can be used to analyze certain

properties of the performance measures and their dependence on the system parameters. In this

paper, we show the monotonicity property of the production rate with respect to the bu↵er size

by using the mathematical programming representation.

We investigated the computational performance of the proposed method in detail. We show that

the number of decision variables and constraints depend on the rates of change among di↵erent

states of the system. As a result, they do not depend on the number of states for each stage or on

the bu↵er capacity.

Compared to using discrete event simulation that approximates continuous flow with discrete

flow of materials, the analytical simulation method we present gives approximately 800 times

faster results by just evaluating the system dynamics at the critical times. The optimization-based

approach also gives acceptable computational performance to evaluate the performance of a given

system. Combined with its flexibility to handle a wide range of systems and ability to optimize and

simulate simultaneously, this is also a promising approach for performance evaluation of continuous

flow systems with general transition time distributions.

This work can be extended in a number of ways. The two station system that is considered

can be extended to systems with multiple thresholds that are used to model batching machines

and also that are used as a building block for decomposition of systems with loops. The model
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with multiple thresholds can also be used to analyze the flow rate control problem with a machine

with multiple states and variable demand represented with a demand source that switches between

di↵erent states or for multiple demand sources corresponding to di↵erent customer classes. When

the thresholds are decision variables, the optimal values of these thresholds can be determined with

this approach.

The models that are being investigated can also be extended to multi-station systems in series

or in general topologies with multiple bu↵ers. With this extension, mathematical programming

representation can be used to solve the bu↵er allocation problem.

Finally, analyzing systems where the state-transition rates are a↵ected by the bu↵er process,

such as models with operational failures where failure rate is proportional to the processing rate

requires an extension of the general approach to capture system dynamics. These are left for future

research.
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Appendix

A. Proof of Proposition 1

We consider two systems, system s1 and s2 with di↵erent bu↵er capacities. System s1 has a bu↵er of capacity

Z while system s2 has a capacity of Z+ �, �> 0. The inputs used that are the time instances corresponding

to the instances when the state of each station changes, and the maximum flow rates of each station at these

time instances are kept the same for both systems. We use the notation (k)s1 and (k)s2 to denote the value

of a variable k in system 1 and system 2 respectively.

For ti 2 T
+, tfi in system s1 and s2 are determined as follows:

(tfi)s1 =
Z � (x(ti))s1

u(ti)
+ ti, i2 I

+
.

(tfi)s2 =
Z + �� (x(ti))s2

u(ti)
+ ti, i2 I

+
.

When both systems start at the same initial bu↵er level and the same transitions take place in both systems,

we can show that (x(ti))s2�(x(ti))s1  �. That is the di↵erence between the bu↵er trajectories cannot exceed

the di↵erence in the bu↵er capacity levels between these two systems. Consequently (tfi)s2 � (tfi)s1 and

Equation (5) yields

(�pi)s2 � (�pi)s1.

Depending on whether system s1 and/or s2 reaches their respective bu↵er capacity level during [ti, ti+1), we

have three di↵erent cases.

The first case is the situation in which both systems reach their bu↵er capacity levels in [ti, ti+1). Therefore,

ti+1 � ti = (�pi)s1 +(�f
�
i )s1

ti+1 � ti = (�pi)s2 +(�f
�
i )s2.

The last three equations yield

(�f
�
i )s1 � (�f

�
i )s2.

According to the Equation (31), the first machine will produce the material with rate µu
↵u(ti)

(ti) in �pi time

duration and with rate µ
d
↵d(ti)

(ti) in �f
�
i time duration if the second machine is in operational mode, i.e.

ti 2 T
+ and µ

u
↵u(ti)

(ti)> µ
d
↵d(ti)

(ti). It means that system s2 will produce the material with a greater rate

µ
u
↵u(ti)

(ti) in a longer time duration (�pi)s2 compared to system s1 which is producing with the same rate

in a shorter time duration (�pi)s1. As a result, we have (P+
u )s2 > (P+

u )s1 for this case.
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In the second case, the first system reaches its bu↵er capacity level, but the second one does not reach its

bu↵er level. In this case,

ti+1 � ti = (�pi)s1 +(�f
�
i )s1

ti+1 � ti = (�pi)s2.

Using the same reasoning as before, we have more production in system s2 compared to the production in

system s1 during [ti, ti+1)

The third case is the situation in which both systems do not reach the bu↵er capacity level and we have

(�pi)s2 = (�pi)s1. Therefore both systems are producing with the same rate in the same interval of time so

the amount of material they will produce will be the same [ti, ti+1).

As a result, we can conclude that:

(P+
u )s2 � (P+

u )s1, i2 I
+
.

Now we consider ti 2 T
� and examine Equation 32 for both systems. According to this equation, the first

machine will produce with rate µu
↵u(ti)

(ti) in the whole time span between ti and ti+1 and it does not depend

on the time which takes for the system to reach zero bu↵er level. Therefore, we have:

(P�
u )s2 = (P�

u )s1, i2 I
�
.

Finally, we consider ti 2 T
0 . Equation 33 shows that the machine produces the material with rate µu

↵u(ti)
(ti)

during the whole interval. As a result,

(P 0
u )s2 = (P 0

u )s1, i2 I
0
.

Finally, Equation (34) gives

(PR)s2 � (PR)s1

⇤.

B. Proof of Proposition 2

In order to transform the set of Equations (4)-(14) to a mathematical program with linear constraints, we

defined the linear form of these equations as the constraints for the optimization problem by introducing

binary variables in order to express equations that include comparisons between variables. The solution of

the set of Equations (4)-(14) and the solution of the equations with linear constraints are equal to each other.
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The feasible region of the mathematical program that includes the linear representation of the same set

of equations will have a single point if and only if the solution of the set of Equations (4)-(14) is unique. In

the case where the feasible solution is a single point, the objective function will not a↵ect the solution.

Following this argument, we will prove the uniqueness of the solution for the iterative equations (4)-(14)

in order to show the uniqueness of the solution for MILP. The proof is by induction:

When there is only one critical time, i.e. N = 1, we have T = {t1} . If t1 2 T
+,

tf1 =
Z �x(t1)

u(t1)
+ t1,

�p1 =min(t2 � t1, tf1 � t1, )

�f1 =max(0, t2 � tf1),

x(t2) = x(t1)+u(t1)�p1.

Since x(t1) is given as the initial bu↵er level, the above equations yield a unique solution for tf1, �p1, �f1,

and consequently for x(t2).

On the other hand, if t1 2 T
�,

te1 =
�x(t1)

u(t1)
+ t1,

�e1 =min(t2 � t1, te1 � t1),

�z1 =max(0, t2 � te1, )

x(t2) = x(t1)+u(t1)�e1.

Similarly, since x(t1) is given, the above equations yield a unique solution for te1, �e1, �z1, and then for

x(t2).

Finally, if t1 2 T
0,

x(t2) = x(t1).

So, when x(t1) is given x(t2) is determined uniquely.

Assuming that it is true for N critical times, i.e., x(tN+1) is determined uniquely by x(tN), we now check

whether when there are N +1 critical times, x(tN+2) is determined by x(tN+1).

If tN+1 2 T
+,

tfN+1 =
Z �x(tN+1)

u(tN+1)
+ tN+1,
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�pN+1 =min(tN+2 � tN+1, tfN+1 � tN+1),

�fN+1 =max(0, tN+2 � tfN+1),

x(tN+2) = x(tN+1)+u(tN+1)�pN+1.

Since x(tN+1) is given, the above equations yield a unique solution for tfN+1, �pN+1, �fN+1, and conse-

quently for x(tN+2).

If tN+1 2 T
�,

teN+1 =
�x(tN+1)

u(tN+1)
+ tN+1,

�eN+1 =min(tN+2 � tN+1, teN+1 � tN+1),

�zN+1 =max(0, tN+2 � teN+1),

x(tN+2) = x(tN+1)+u(tN+1)�eN+1.

Since x(tN+1) is given, the above equations also yield a unique solution for teN+1, �eN+1, �zN+1, and

consequently for x(tN+2).

Finally if tN+1 2 T
0,

x(tN+2) = x(tN+1).

As a result, when x(t1) is given, Equations (4)-(14) have a unique solution. The linear equations that

represent the same equations have also a unique solution. As a result, there is only one feasible solution of

the set of constraints in the MILP problem and this solution is the unique solution of the set of equations

for all objective functions. Therefore, using MILP problem to simulate the system will give the same unique

solution for system dynamics obtained by the iterative method ⇤.


