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Barış Tan

College of Administrative Sciences and Economics and College of Engineering
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ABSTRACT
Energy savings performance contracts between the energy users and the energy ser-

vice companies (ESCO) are used to finance energy e�ciency investments by using

the future energy savings that will result from these investments. We present an

analytical model to characterize the energy savings performance contracts and dis-

cuss how the risks of estimating the energy savings a↵ect the energy user and the

service provider. This characterization allows determination of the contract param-

eters for a balanced contract with the information about the energy savings that are

expected from the planned energy e�ciency investments. Since it is di�cult to get

the statistical information about the energy savings before investing in an energy

e�ciency project, we develop a distribution-free contract that sets the guaranteed

energy savings level based on the mean and the standard deviation of the energy

savings and the profit-sharing ratio between the ESCO and the energy user. We

show that a simple distribution-free balanced contract performs satisfactorily when

the distribution of the energy savings is not known and its mean and the standard

deviation are estimated with error. Our analytical results show that the energy sav-

ings contracts with the right parameters can mitigate the risks related to realization

of the anticipated energy savings.
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1. Introduction

The total energy consumption in the world is expected to increase by 40% until 2040.
Despite the developments in the alternative energy sources, fossil fuels will still account
for more than 75% of energy use and carbon dioxide emissions are expected to increase
despite the international e↵orts until 2040 (EIA 2017).

Improving energy e�ciency is an e↵ective way of responding to the increasing energy
demand in the world in a sustainable way (IEA 2019). The objective of this study
is to develop an analytical framework to model, analyze, and design energy savings
performance contracts to help investments in energy e�ciency projects.

The main motivation for this study stemmed from the need to increase energy ef-
ficiency in buildings and in manufacturing. The residential and commercial buildings
accounted for 21% and the industrial sector that includes mining, manufacturing, agri-
culture, and construction accounted for 55% of the world delivered energy consumption
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in 2015 (EIA 2017). 36% of global final energy use and close to 40% of energy–related
carbon dioxide emissions are generated by buildings construction and operations in
2017 (IEA 2018).

While new energy-e�cient buildings can be built, the existing buildings will still
continue to account for the major part of energy consumption. Similarly, while new
energy-e�cient manufacturing plants can be built, 40% of the energy used at the
existing manufacturing plants directly or indirectly is lost (Brueske et al. 2012; Edgar
and Pistikopoulos 2018). In such an environment, improving energy e�ciency at the
existing buildings and manufacturing plants is of utter importance (IEA 2019).

Although energy e�ciency can be improved significantly by investing in various
energy e�ciency measures, high investment costs for installing and/or replacing ma-
terials and equipment with more e�cient ones and long payback periods can be seen
as obstacles for energy e�ciency investments (Aflaki et al. 2013; Muthulingam et al.
2013; Blass et al. 2014; Trianni et al. 2016; Bertoldi and Boza-Kiss 2017). However,
investing in energy e�ciency measures can decrease energy consumption and there-
fore carbon dioxide emissions and at the same time decrease energy costs. Savings
in energy costs can finance the initial investments and also bring additional financial
benefits above the initial investment. Developing alternative ways of financing en-
ergy e�ciency investments is expected to increase the number of the energy-e�ciency
projects implemented by the energy users (Rezessy and Bertoldi 2010).

In order to address the need for increasing energy e�ciency implementations, en-
ergy service companies (ESCO) provide a wide range of energy related services such
as power generation, energy supply, energy infrastructures, conservation, design and
implementation of energy saving projects among others. The energy service com-
pany term is used for companies that develop, install and finance comprehensive,
performance-based projects with a 5 to 10-year duration to improve the energy e�-
ciency of facilities owned or operated by a customer (Vine 2005). ESCOs use a business
model that o↵ers energy-saving projects as a service (Bertoldi and Boza-Kiss 2017;
Stuart et al. 2018). In the energy-saving business models, a firm o↵ers making all or a
part of the necessary energy e�ciency investments for a client in exchange of a service
fee and a fraction of the energy cost savings for a predetermined time period. The firm
can also o↵er certain guarantees and targets related to the energy savings that will be
achieved as a result of these investments to the clients.

Energy service performance contracting is a type of contracting between an ESCO
and an energy user where the ESCO identifies the possible energy e�ciency measures
for the energy user, guarantees a part of the infrastructure investment payments, helps
its customers about implementation and gives required consultancy to improve energy
e�ciency (Selviaridis and Wynstra 2015).

Energy performance contracting is usually grouped into two categories according
to the contract types (Shang et al. 2017). The first category is the guaranteed savings
contract where a predetermined level of savings for the contract period is guaranteed
by the ESCO. This contract type enables the customers to take no risk for the energy
savings performance contract and the ESCO carries the risk of obtaining a lower-than-
expected savings level. Since the ESCO guarantees a predetermined level of savings,
obtaining a lower energy savings level might result in a profit loss for the ESCO.
Customers who choose the guaranteed savings contracts are responsible for financing
the capital on their own or through a financial loan. The financial organization that
provides the loan work directly with the customers for assessing and managing the
credit risk and can o↵er a lower financial cost to the customer.

The second category is the shared savings contracts where the ESCO makes the
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investment in exchange of getting a part of the energy savings. Since the ESCO is
responsible for repaying the loan and taking the credit risk, the ESCO takes both the
performance and credit risk while there is no risk for the energy user.

An energy savings performance contract between an ESCO and its client introduces
di↵erent degree of risks for both parties (Lee et al. 2015). The payment for the ESCO is
based on meeting the agreed performance criteria with the customer. If the parameters
of the contract are set correctly by considering the risk implications for the parties
involved, all the parties benefit from this service financially. The firm that o↵ers the
service and the energy user that receives the service can gain substantial financial
returns with acceptable risk. The client pays a fraction of its energy bill with this
agreement. Furthermore, realized energy savings will decrease carbon dioxide emissions
and also ease the burden on future energy investments. As a result, this is a win-win-
win arrangement for the firm, its client, and also for the environment.

In this study, we present an analytical model to characterize the energy savings per-
formance contracts and discuss how the risks of overestimating and underestimating
the energy savings a↵ect the energy user and the service provider. This characteri-
zation allows determination of the contract parameters for a balanced contract with
the information about the energy savings that are expected from the planned energy
e�ciency investments. Namely, we would like to answer the following questions: how
should the parameters of a guaranteed savings contract be set based on the limited in-
formation about the anticipated energy savings? and how do the guaranteed and target
savings levels and the shares of the savings above the target level and below the guar-
anteed level specified in the energy savings performance contract a↵ect the profit risks
for the energy user and for the ESCO?

Obtaining statistical information about energy savings from energy e�ciency invest-
ments is a challenging task. Uncertainty of the energy usage, the energy prices, and the
performance of the energy e�ciency measures when they are applied to a particular
building or a plant a↵ects the energy savings from energy e�ciency investments. This
uncertainty and the di�culty of estimating energy savings also a↵ect adoption of the
energy performance contracts (Lee et al. 2013).

In order to address the di�culty of estimating the statistical distribution of the
energy savings that will be obtained from an energy e�ciency project, we develop
a distribution-free contract that sets the guaranteed savings level based on the esti-
mated mean, the standard deviation, and the profit-sharing ratio between the ESCO
and the energy user. We further simplify this contract for the case where no additional
information is available on setting the downside risk probabilities for the ESCO and
the energy user. For the case where the same probability of obtaining a profit above
a given threshold is used as a risk measure, we also present a simple distribution-free
contract. This contract guarantees an energy savings level that is 0.35 standard devi-
ation below the expected savings and allocates the realized energy savings above the
guaranteed level equally between the energy user and the ESCO. Through numerical
experiments, we show that this distribution-free simple contract performs satisfactorily
for the energy user and for the ESCO.

The main contributions of this study are twofold. First, we develop an analytical
model that allows characterization of the energy performance contracts and determi-
nation of the contract parameters based on a balanced contract. Second, based on our
analytical characterization, we propose a distribution-free contract when the statisti-
cal information of the energy savings expected from an energy e�ciency investment
is limited. We show that this contract performs satisfactorily compared to an optimal
contract that can be designed with full information.
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The analytical results given in this study can easily be put in practice and used.
For example, the contacts analyzed for the practical cases in the buildings industry as
described in (Coppens 2013; Lee et al. 2015) can be prepared by using the alternative
approach presented in this study.

The organization of the remaining part of this study is as follows. In Section 2,
we review the pertinent literature on analytical analysis of the energy performance
contracts. We present the model and its assumptions in Section 3. The analysis of the
model is given in Section 4. Section 5 presents a distribution-free contract that can be
used when the expectation and the standard deviation of the energy saving are known
but the distribution of the energy saving is not available. Numerical results are given
for the performance of the distribution-free contracts in Section 6. Finally, conclusions
are given in Section 7.

2. Past Work

There are many studies in the energy literature that focus on the qualitative discussion
of energy performance contracts, e.g., (Goldman et al. 2005; Vine 2005).

In this review, we focus on the studies that analyze the Energy Performance Con-
tracts by using quantitative computational models. Few papers focus on the decision-
making process in a competitive environment and model the interaction among the
energy user, ESCO, and the government by using game-theoretic models, e.g. (Shang
et al. 2015; Zhou and Huang 2016; Shantia et al. 2018; Yi and Li 2018) among others.
In these papers, a particular contract type is assumed and the interaction among dif-
ferent decision makers is analyzed by using the contract. These papers are not directly
related to our study since we focus on the e↵ect of the contract on the energy user
and the ESCO in terms of their expected profits and risks in our model.

There are many di↵erent contract types used in the literature (Selviaridis and Wyn-
stra 2015; Shang et al. 2017) . In this study, we use a general contract structure that
covers most of the contract types in order understand the role of the contract param-
eters on the profits of the energy user and the ESCO. In order to analyze the e↵ects of
the contract parameters, we focus on evaluating the performance of a contract based
on its parameters.

2.1. Evaluating the Performance of a Given Contract

For a given contract type, a number of studies focus on determining the outcome of the
project in terms of the profit for the energy user and the ESCO depending on the model
parameters in a deterministic setting. Yik and Lee (2004) use a deterministic model to
evaluate the outcome of a guaranteed savings model. Tan et al. (2016) present a math-
ematical programming formulation to select the energy e�ciency measures for existing
buildings. They investigate the operation of a shared savings business model where
an ESCO makes the initial investment and gets a fraction of the energy cost savings
in a multi-period setting. Qin et al. (2017) present a model to select an energy per-
formance contracting business model among the alternatives by using a multi-criteria
decision-making model that captures the preferences of the decision makers related to
a number of criteria. Carbonara and Pellegrino (2018)present a model to select the
energy performance contracting structure for energy e�ciency projects that are imple-
mented through public-private partnerships by using a deterministic net present value
model. Shang et al. (2015) analyze the benefit allocation in the shared-savings energy
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performance contracting projects by using a deterministic bargaining model between
an energy user and an ESCO.Due to the uncertainty in energy cost savings and energy
prices, these deterministic models cannot be used to evaluate the performance of an
energy-savings contract in a random environment.

The stochastic models developed to analyze the energy-savings contracts are evalu-
ated either computationally or by using simulation in the literature. Lee et al. (2015)
analyze the energy performance contracts by using the zero-dollar collar option model
by using a numerical approach. They use the binomial lattice model to determine the
profit sharing between an energy user and an ESCO that use a guaranteed savings
energy performance contract. Tan and Yavuz (2015) present a stochastic model to
study the shared saving business model for a setting where the cost of technology
decreases and the energy e�ciency improves with time and the energy consumption,
the energy price, the useful life of technology are uncertain. This study evaluates the
expected value of the profit and discusses selection of the contract parameters that
brings financial benefits to both parties by using an analytical approach.

Coppens (2013) presents a simulation model to analyze the shared profit and the
guaranteed saving contracts and uses this model to analyze di↵erent case studies re-
lated to retrofitting existing buildings. Glumac et al. (2015) present a systems dy-
namics simulation model to analyze the interaction between di↵erent maintenance
scenarios, external energy factors and case-specific conditions in the implementation
of energy e�ciency measures. Deng et al. (2014) present a stochastic model to de-
termine the contact period and use simulation to evaluate the model. Deng et al.
(2015) present a model that analyzes the guaranteed saving contracts to decide on the
guaranteed saving level without losing profit in a competitive market. They analyze
a multi-period stochastic model with uncertain energy price fluctuation and facility
performance variability by using Monte Carlo simulation. Töppel and Tränkler (2019)
compare the risk mitigation performance of di↵erent energy performance contracts
based on a stochastic model that captures uncertainty in weather, commodity prices,
and technological energy e�ciency performance. They use simulation to make the
comparison.

This study contributes to the literature on contract evaluation in two ways. First,
we use a general contract representation that covers all the contract types considered
in the literature as opposed to assuming a particular contract type. Second, this study
gives an analytical characterization of the contracts as opposed to presenting numerical
methods to analyze the contracts. This characterization allows us to analyze the profits
and risks for the energy user and the ESCO for a general contract. This approach
focuses on the inter-relationship among the contract parameters and shows how these
parameters a↵ect the risks of overestimating or underestimating the cost savings for
the energy user and the ESCO. We use this characterization with the balanced contract
approach used in the literature, e.g. (Lee et al. 2015; Deng et al. 2015), to construct a
simple contract that uses the limited information about the energy savings.

2.2. Evaluating the Trade-o↵s in Performance Contracts

Modeling the trade-o↵s related to achieving energy savings that are above or below
the guaranteed savings is similar to the Newsvendor Problem in the operations re-
search literature. Di↵erent types of contracts used in a supply chain setting have been
analyzed extensively by using game theory. The closest studies to the analysis of the
energy savings performance contracts studied in this paper are the ones that analyze
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the shared savings contracts in a supply chain setting (Corbett and DeCroix 2001;
Corbett et al. 2005). Corbett and DeCroix (2001) analyze equilibrium responses of
a buyer and its supplier, consumption, and total profits, and show how these change
with the contract parameters when a shared-revenue contract is used in a determinis-
tic setting. Corbett et al. (2005) use a double-hazard framework to show that simple
linear contracts are su�cient in many cases when the contract parameters are chosen
carefully.

The main di↵erences between the supply chain setting and the energy savings per-
formance contracting are in the types of the contracts used, the relative power of the
energy user compared to the ESCO, and the e↵ect of the uncertainty on the contract.
Consequently, the results presented for the supply chain contracting cannot be used
directly for the energy savings performance contracts. In our setting, the energy user
owns the energy e�ciency project and can continue its operation without investing
in an energy e�ciency project. Furthermore, there are usually multiple ESCOs in the
market. As a result, the energy user and the ESCO do not determine the contract pa-
rameters in a competitive equilibrium. The energy user negotiates with an ESCO that
provides the most favorable agreement based on analysis of the energy savings oppor-
tunity. In addition, the energy savings that will be obtained from an energy e�ciency
project in a new building or in a new project is highly uncertain due to the uncer-
tainty of the future energy prices, the usage, and the performance of the project. As a
result, the main focus of the contracting problem for the energy savings performance
contracts is on the determination of the contract parameters. This study contributes
to the literature on evaluating the trade-o↵s in performance contracts by analyzing a
new setting where the parameters of the performance contract are determined based
on the balanced contract.

We consider the analytic characterization of the interaction among the parameters
of a general energy savings performance contract that includes the guaranteed and
the target levels, the penalty and the reward terms based on the realization of the
performance, utilizing this characterization to derive results regarding the energy sav-
ings contracts and their parameters, and developing a distribution-free contract as the
main contributions of this study.

3. Model

We consider a setting where an energy e�ciency project that is expected to yield
energy cost savings is identified. The energy cost savings that will be obtained from
this project is uncertain at the time the contract is prepared. The estimates of the mean
and standard deviation are available to the energy user and the ESCO. We consider
two cases where the probability distribution of the saving is either available or not
available. The cost of implementing this project is known with certainty at this stage.
Then an energy savings performance contract that sets the guaranteed and target levels
and includes the reward and penalty terms that are determined based on the realized
energy savings is prepared. An ESCO that will implement the project according to
the terms of the contract is selected for an upfront payment that is received as the fee.
After the ESCO implemented the project, the actual savings are realized. Depending
on the realization of the saving with respect to the guaranteed and target levels, the
additional payments to the ESCO and the energy user are determined. Once these
payments are made, the project is completed. The sequence of events is depicted in
Figure 1.
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Figure 1. The sequence of the events

3.1. Energy E�ciency Project

The energy cost savings that will be obtained after implementing the energy e�ciency
project is denoted with S. Since each energy e�ciency project is unique, the outcome
of using an energy e�ciency measure on a new building or plant is not known with
certainty. Furthermore, the future energy prices and the energy usage are uncertain.
As a result, S is uncertain at the time of deciding on the contract. We represent the
energy cost saving S as a random variable with the probability distribution function
F (s) = prob(S  s), the probability density function f(s), the expectation E[S] = µ
and the variance E[(S � µ)2] = �2. For a discussion of estimating the energy savings
for energy performance contracting projects, the reader is referred to (Lee et al. 2013).
In this study, we discuss how the contract parameters can be determined for two cases
when F (s) is known and when µ and � are known but F (s) is not available.

The cost of the project at the time of preparing the contract is c. The project cost
is known with certainty by the ESCO and the energy user.

The project profit that will be realized at the end of the project is ⇧p that is the
di↵erence between the realized energy saving and the cost of the project:

⇧p = S � c. (1)

Since S is random, the expected project profit is E[⇧p] = µ� c. The expected project
profit is shared between the ESCO and the energy user according to the energy savings
performance contract.

3.2. Energy Savings Performance Contract

We consider a general description of an energy savings performance contract that
includes the guaranteed and the target energy savings levels and also the reward and
the penalty terms that are determined after the implementation of the project when the
realized savings are observed. This general representation covers most of the di↵erent
types of contracts used.
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We represent a general performance contract by four parameters (G, T,↵l,↵p) where
G is the guaranteed energy cost saving, T , T � G, is the target energy cost saving,
↵l is the ESCO’s share to cover the energy cost deficit with respect to the guaranteed
amount when the actual energy cost saving is lower than the guaranteed level, and ↵p

is the ESCO’s share of the additional benefit that will be obtained when the actual
cost saving is greater than the target energy cost saving. The term ↵p is the per unit
reward the ESCO receives for obtaining an energy savings level that exceeds the target
level set in the contract. Similarly, the term 1� ↵l is the per unit penalty charges to
the ESCO for obtaining an energy savings level that is below the guaranteed level in
addition to covering the deficit between the guaranteed and the realized savings levels.

The ESCO is paid an upfront fee of ⇧̃Cp to implement the energy e�ciency project
according to this contract.

After the energy savings are observed following the implementation of the energy
e�ciency project, the payments to the ESCO and the energy user are made according
to the contract:

• if the realized saving is greater than the target level S > T , the ESCO receives
a portion of the saving above the target level with a payment of ↵p(S � T );

• if the realized saving is between the target level and the guaranteed level, T �
S � G, no additional payments are made;

• if the realized saving is below the guaranteed level S < G, the ESCO covers the
deficit G�S to make it sure that the energy user receives the guaranteed energy
saving and pays a penalty of (↵p � 1)(G� S) to the energy user.

For example, if the expected energy cost saving is $1,000,000 and the cost of the
project is $600,000. The cost of the project can be financed by using the guaranteed
level of the energy saving that will be secured through an energy performance contract.
An agreement with an ESCO can guarantee an energy saving level of G = $800, 000
for a total fee of ⇧̃Cp = $100, 000. This arrangement guarantees a profit of $300,000
for the energy user.

In the guaranteed savings contract, the energy user finances the investments for the
energy saving technologies, usually recommended by the ESCO, by using a loan from
a bank or by leasing the equipment. The ESCO guarantees the performance of the
investment in energy saving technologies through a contract that includes a service fee
during the project duration. If the guaranteed energy saving level, G is not achieved,
the ESCO covers the di↵erence according to the contract (Lee et al. 2015).

In most of the guaranteed saving contracts used in the industry, the ESCO is re-
sponsible of covering the deficit, G�S when the actual saving is below the guaranteed
saving, S < G, e.g., (Lee et al. 2015). This case corresponds to using ↵l = 1 in our
model. In some other implementations in di↵erent countries, the ESCO is expected to
pay a penalty in addition to covering the deficit, e.g. (Coppens 2013; Deng et al. 2015).
In this case, ↵l > 1 and the ESCO makes an additional payment of (↵l � 1)(G � S)
to the energy user and also covers the deficit. We assume ↵l � 1 for the general case.
Since ↵p is the ESCO’s share of the realized cost saving above the guaranteed level,
the energy user’s share is 1� ↵p and 0  ↵p  1.

Furthermore, in certain contracts, the target energy cost saving and the guaranteed
cost saving are set to the same level, T = G, e.g., (Coppens 2013; Deng et al. 2015)
while in some other implementation, the target level is set above the guaranteed level,
T > G, e.g., (Lee et al. 2015). In the shared saving contracts, there is no guarantee
and therefore T = G = 0, e.g., (Tan and Yavuz 2015). The general contract defined
above covers all these cases through selection of its parameters.
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For the shared saving contract where G = T = 0, the energy user does not face any
risk since all the risk is carried by the ESCO. In this case, the e↵ect of the contract
parameter ↵p is straight forward: ↵p should be set to cover the initial investments and
also, the agreed additional profit to the ESCO. In the remaining part of this study,
we focus on the guaranteed saving contracts where T � G > 0.

3.3. The Upfront Payment to the ESCO

The upfront payment that will be paid to the ESCO as the fee, ⇧̃Cp depends on many
factors including the number of ESCOs with di↵erent risk behaviors, the availability
of possible projects in the market, the negotiation power of the ESCO and the energy
user. The negotiation between the energy user and the ESCO determines how the
surplus between the guaranteed energy savings level and the cost of the project is
shared.

An ESCO makes an e↵ort to investigate and identify energy savings for each specific
energy user with the expectation that the profit that will be received from a given
project will be attractive. We analyze the problem where ⇧̃Cp is exogenously given
for the ESCO’s services regarding the performance of the energy saving project and
also, for guaranteeing a given level of performance. This fee is paid to the ESCO from
the expected profit of the project. We consider the case where the energy user makes
an agreement with an ESCO that o↵ers the best preferable fee for the guaranteed
energy savings level. We do not incorporate the fee negotiation in our model since this
requires making specific assumptions about how the negotiation takes place depending
on the characteristics of the ESCO, the energy user, and the market.

3.4. Project Length

We incorporate the e↵ect of the project length through the definition of S, G, and
T . Namely, the realized energy saving, the guaranteed and target energy saving levels
correspond to the quantities for the whole project duration. This approach assumes
that the payments of the reward and penalties are done at the end of the project
duration. In certain contracts, the timing of the payments can be di↵erent. Although
this feature can be added into the model, we use the assumption that all the payments
take place at the end of the project to simplify the modeling and focus on the trade-o↵s
between overestimating and underestimating the energy savings for the whole project
duration.

3.5. The Profits of the ESCO and the Energy User

The project profit ⇧p is shared between the ESCO and the energy user. The profits of
the ESCO and the energy user are denoted with ⇧Cp and ⇧Up and ⇧p = ⇧Cp +⇧Up.

According to the contract parameters, the ESCO’s profit is determined by the up-
front payment ⇧̃Cp and the additional payments received or made after the realization
of the energy savings ⇧C :

⇧Cp = ⇧̃Cp +⇧C . (2)

The ESCO’s profit that depends on the realization of the energy savings ⇧C is given
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as

⇧C = �↵l(G� S)+ + ↵p(S � T )+ (3)

where (a)+ = max{a, 0}. In the above equation, the first term of the right-hand side
is the amount the ESCO pays to the energy user when the realized saving is below
the guaranteed level including the penalty and the second term is the reward payment
received when the realized energy saving is above the target level.

Similarly, the energy user’s profit consists of a part that is guaranteed regardless of
the energy saving realization, ⇧̃Up and another part that will be added based on the
energy savings realization ⇧U :

⇧Up = ⇧̃Up +⇧U . (4)

⇧̃Up is the profit level the energy user expects to get from the energy e�ciency project
with the energy performance contract without considering the penalty payments and
the share of the savings above the target level and ⇧U is the energy user’s profit that
depends on the realization of the energy savings. ⇧U is given as

⇧U = (↵l � 1)+(G� S)+ + (1� ↵p)(S � T )+. (5)

In Equation (5), the first term of the right-hand side is the penalty payment that is
received from the ESCO when the realized saving is below the guaranteed level and
the deficit is covered by the ESCO. The energy user collects a penalty if ↵l is set
to greater than 1 in the contract. The second term is the energy user’s share of the
realized saving above the target level.

By using Equations (1), (2), and (4), the profit level the energy user expected to
get from the energy e�ciency project with the energy performance contract without
considering the penalty payments and the share of the savings above the target level,
⇧̃Up can be written as

⇧̃Up = µ� c� ⇧̃Cp + E[(G� S)+]� E[(S � T )+]. (6)

In the above equation, since T � G, E[(G�S)+]�E[(S�T )+] is always non-negative.
As a result, the energy savings performance contract guarantees a profit level for the
energy user that is the di↵erence between the expected savings and the costs of the
project and the ESCO’S upfront payment.

Furthermore, when the guaranteed and the target levels are set equal to each other,
i.e. when G = T , E[(G�S)+]�E[(S�T )+] = G�µ. This yields ⇧̃Up = G� c� ⇧̃Cp.
In other words, the energy user can guarantee a return that is the di↵erence between
the guaranteed savings level and the costs of the project and the upfront payment to
the ESCO.

The reason how the energy performance contract guarantees a profit level that is
above the net contribution of the energy e�ciency project to the energy user is that
specifying a guaranteed saving level that eliminates the downside risk and also a target
level in the contract. These two conditions bring an additional profit to the energy
user without any additional risk.

However, the ESCO carries a risk since its total profit can be below or above the
upfront payment depending on the contract parameters.

10



Figure 2. ESCO’s and the energy user’s profits for di↵erent energy savings realizations (µ = 10, G = 8,

T = 15, ↵l = 1.2, ↵p = 0.72)
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In our analysis, we focus on the profits of the ESCO and the energy user that depend
on the realization of the energy savings, ⇧U and ⇧C . For simplicity, we will refer ⇧U

and ⇧C as the ESCO’s and the energy user’s profits and ⇧Up and ⇧Cp as the ESCO’s
and the energy user’s total profits respectively.

Figure 2 depicts the ESCO’s and the energy user’s profit for di↵erent energy saving
realizations for a specific case. Note that if the energy saving is below the guaranteed
level, the ESCO loses money compared to the predetermined profit level. If the energy
saving is above the target level, the ESCO makes an extra profit. When the energy
saving is between the guaranteed level and the target level, the ESCO does not gain
or lose with respect to the initial contract. Since S is a random variable, ⇧C , ⇧U , ⇧Cp,
and ⇧Up are also random variables.

4. Analysis of the Model

The general energy savings performance contract (G, T,↵l,↵p) covers all di↵erent con-
tract types used between ESCOs and energy users. In our analysis, we start with eval-
uating the e↵ects of the contract parameters on the ESCO’s and the energy user’s
profits and show how these parameters should be related to each other. We will show
that it is possible to use a two-parameter contract and discuss how these parameters
can be determined by using the apriori information about the uncertainty regarding
the energy cost savings.

The contract parameters should be determined in consideration of both parties.
Otherwise determining the parameters in a way that maximizes the benefit of one
party will not be accepted by the other party. We use the concept of a balanced contract
to determine the parameters of the contract (G, T,↵l,↵p) by analyzing Equations (3)
and (5).

11



4.1. Balanced Contract

The parameters of the energy performance contracts are usually determined by using
the balanced contracts in practice, e.g. (Lee et al. 2015; Deng et al. 2015).

Lee et al. (2015) present a method to analyze the contracts between an ESCO and
an energy user by arguing that the contract parameters should be chosen in a way that
makes the ESCO’s expected profit that depend on the realization of the energy saving
zero. In other words, the ESCO’S expected total profit should be equal to the upfront
fee. If the ESCO’s expected profit from the part that depends on the realization of
the energy saving is negative, the ESCO’s expected total profit will be lower when a
savings guarantee contract is o↵ered. This will not be attractive for the ESCOs. On
the other hand, the case where the expected profit is positive, i.e. the ESCO’s expected
total profit is higher than the upfront payment will not be preferable to the energy
user since the energy user will search for a contract that yields the highest savings
guarantee. As a result, the energy user will negotiate the terms of the contract with
an ESCO to eliminate the expected surplus for the ESCO.

Considering the role of the ESCO in an energy savings contract with an energy
user, Deng et al. (2015) analyze the energy performance contract as a zero-dollar
collar option. A zero-dollar cost collar strategy combines the purchase of a put option
(the right to sell the option at the strike price) and the sale of a call option (the right
to buy the option) at a lower floor price. Since the put and call options are based on
the same underlying asset, the zero-dollar cost collar puts an upper limit on the sale
of the call option if the price falls. This strategy o↵sets the cost of the put option.

Accordingly, the expected benefit of the call option of the energy user it can exercise
in case the energy cost saving is lower than the guaranteed level should be equal to
the expected benefit of the put option of the ESCO it can exercise in case the energy
cost saving is higher than the guaranteed cost saving level.

These two approaches imply that the ESCO’s expected profit from the project is
simply the fee it agrees when the contract is prepared, E[⇧Cp] = ⇧̃Cp, and it does not
make any additional expected profit from the energy savings performance contract,
E[⇧C ] = 0. We refer a contract that balances the rewards and penalties for the ESCO
and sets the ESCO’s expected profit to zero, i.e. sets the ESCO’s total expected profit
to its upfront payment, a balanced contract.

Both the zero-dollar collar option approach and also the approach that sets the
expected contract profit for the ESCO equal to the fee determined by the contract
yield the same equality. For the balanced contract, Equation (3) yields

E[(G� S)+] = �E[(S � T )+] (7)

where � = ↵p

↵l
. Since ↵l � 1 and 0  ↵p  1, 0  �  1. This equality shows that the

ratio of ↵p and ↵l is important to obtain a balanced contract.

4.2. Determining the Parameters of a Balanced Contract

We determine the characteristics of the balanced contracts and determine their pa-
rameters by analyzing the properties of the equality given in Equation (7).

Depending on the values of G and T , the equality given in Equation (7) may not
be satisfied. Namely, if E[(G � S)+] > E[(S � T )+] for all values of G and T for a
given distribution of S, then it is not possible to set a � value, 0  �  1 to balance
the benefits of both parties.
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4.2.1. Guaranteed and Target Savings Levels: G and T

Our first result shows that for a given guaranteed energy savings level that is less
than the expected cost saving, the target savings level must be less than or equal to
a threshold in order to have a balanced contract. In addition, if the guaranteed level
is set at the expected cost saving level, then the target level cannot be set above the
guaranteed level. In other words, in order to set a neutral zone where both parties
do not get a↵ected, the guaranteed level must be set below the expected cost savings
level.

Proposition 4.1. If the guaranteed energy savings level is set to less than the expected
savings level then the target savings level must also be set to less than or equal to a
threshold level G+ �⇤ in order to obtain a balanced contract. That is, if G < µ, there
exists a threshold �⇤, 0  �  �⇤ that results in a balanced contract (G,G+ �,↵l,�↵l)
with 0  �  1. Furthermore, if the guaranteed energy savings level is set equal to the
expected savings level, then the target savings level must be set equal to the guaranteed
service level. That is, if G = µ, �⇤ = 0, i.e. T = G.

The proof is given in the Appendix.

This result also shows that if the guaranteed energy level is set to 0 as in the
shared savings contracts, the target level can be as high as possible. However, as the
guaranteed energy level increases, the target level should decrease to have a balanced
contract.

4.2.2. ESCO’s Shares in Energy Savings Surplus and Deficit: ↵p and ↵l

Note that Equation (7) shows that the ratio of ↵p to ↵l determines the relationship
between G and � = ↵p

↵l
. Accordingly, setting ↵l = 1 to cover the deficit without any

additional penalty to the ESCO and then using ↵p to share the expected benefits
gives the same equality given in Equation (7). In other words, only the ratio of ↵p to
↵l is important to achieve a balanced contract when both parties consider only the
expected profits.

For a given �, setting ↵l > 1 does not have any e↵ect on the expected profit of the
energy user while it increases the risk of losing money below the predetermined level
from the contract for the ESCO (prob(⇧ < 0)) as it will be discussed in Section 4.4.
Accordingly, the contract becomes less attractive for the ESCO. This suggests, setting
↵l = 1 is a more favorable choice to obtain a balanced contract between the ESCO
and the energy user.

In practice, the target cost saving is usually set to a given multiple of the guaranteed
saving. For example, it can be 25% above the guaranteed savings level to introduce a
neutral zone where both the ESCO and the energy user do not get additional benefit
beyond the agreed level. We define this factor as k and set T = kG.

In other words, the four-parameter general contract (G, T,↵l,↵p) can be specified
by two parameters G and � for an exogenously given k by setting ↵p = �, ↵l = 1, and
T = kG to construct the contract (G, kG, 1,�).
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4.3. E↵ect of the Distribution of the Energy Savings on the Balanced

Contract

The results presented in this section show that the distribution of the energy savings
play an important role for determining the contract parameters. If the distribution of
the energy cost saving F (s) is known, the condition given in Equation (7) can be used
to determine the expression that relate G to �. In the next part, we first analyze the
cases when the energy cost saving is assumed to have uniform and normal distribution.
Then we derive the equations that relate the contract parameters with each other when
the energy cost saving distribution is not known but its expectation and variance are
available.

4.3.1. Uniformly Distributed Energy Saving Case

When there is no information available about the possible energy savings resulting
from a project other than the maximum saving, M , that can be achieved, it can be
assumed that the energy saving is uniformly distributed between 0 and M . When S
is uniformly distributed between 0 and M , we can write

E[(G� S)+] =

Z G

0

(G� s)f(s)ds =
G2

2M
, (8)

E[(S � T )+] =

Z M

T
(s� T )f(s)ds =

(M � T )2

2M
. (9)

In order to guarantee that a balanced contract can be constructed, E[(G� S)+] must
be less than or equal to E[(S � T )+]. This condition together with Equations (8) and
(9) yields the following inequality for the values of G and T :

G  T  M �G. (10)

The above inequality implies that G  M
2
. That is the guaranteed saving level must be

less than or equal to the expected cost saving as given in Proposition 1. In other words,
it is not possible to reach a balanced contract if the guaranteed saving level is set to
a level greater than the expected cost saving. Equivalently, as given in Proposition 1,
the ratio between the target level and the guaranteed level k = T

G can be increased up
to a threshold:

1  k  M

G
� 1. (11)

The above inequality shows that, when the guaranteed savings level is set to, say, 40%
of the maximum savings level, the target level can be up to 50% higher compared to
the guaranteed savings level. Equivalently, when the guaranteed savings level is set to
10% below the expected cost, the target level can be at most 10% above the expected
cost.

Once this inequality is satisfied, Equation (7) yields an equality that sets the guar-
anteed service level G as a fraction of the maximum energy saving M for a given
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profit-sharing ratio �:

G =
M

p
�

1 + k
p
�
. (12)

The above equation shows that as the ESCO’s per-unit reward that depends on the
performance increases, the guaranteed energy savings level should also be set to a
higher level to achieve a balanced contract.

4.3.2. Normally Distributed Energy Saving Case

Since the realized energy saving can be a↵ected from the combination of many inde-
pendent random factors and it is expected that the deviations from the expected cost
saving are equally likely, a normal distribution can also be assumed for the energy
savings. When S is normally distributed with the mean µ and the standard deviation
�, we can write

E[(S � T )+] = �⌘

✓
T � µ

�

◆
(13)

where ⌘(z) = �(z) � z(1 � �(z)) with �(z) is the density function and �(z) is the
distribution function of the standard normal distribution.

Similarly,

E[(G� S)+] = G� µ+ �⌘

✓
G� µ

�

◆
. (14)

By using these definitions, Equation (7) relates the values of G, T , and � through
a nonlinear equality.

For the special case where G = T , Equation (7) yields

G = µ� �(1� �)⌘

✓
G� µ

�

◆
. (15)

The above equation shows that the guaranteed energy saving level should be below
the expectation as proven in Proposition 1. As the profit share increases the guaran-
teed energy savings level gets closer to the expected saving level. Furthermore, as the
variability of the energy savings increases, the guaranteed savings level decreases.

Figure 3 shows the relationship between the ESCO’s profit share and the guaran-
teed saving level for di↵erent coe�cient of variations of the energy cost savings when
the target level and the guaranteed saving levels are set to the same value and the
distribution of the cost saving is normal. The figure shows that as the guaranteed
savings level increases, the ESCO’s profit share increases rapidly to yield a balanced
contract between the energy user and the ESCO. Furthermore, as the variability of
the cost saving increases, the ESCO’s profit share should also increase to account for
the additional risk that will be carried by the ESCO.

Figure 4 shows the limits for setting the target savings level for di↵erent levels
of the guaranteed savings that ensure a balanced contract between the energy user
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Figure 3. Profit share of ESCO for di↵erent guaranteed savings levels (Normally distributed cost savings

µ = 1, T = G)
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and the ESCO. When the guaranteed savings level is equal to the expected energy
cost savings, the target savings level can be set to 40% above the guaranteed saving
level (i.e. T/G = 1.4). However, as the guaranteed saving level is set apart from the
expected cost saving level, the range for the target saving level gets narrower.

4.4. Risk Implications of the Contract Parameters on the ESCO and the

Energy User

In the above discussion, the expectation of the profits for the energy user and the
ESCO was used as the main criterion to set the parameters of a balanced contract. In
this section, we analyze the risk implications of the contract parameters by focusing
on the probability of having profits that are less than or equal to for some given values
for the energy user and the ESCO. That, we analyze the risk measures prob(⇧C  ⇡)
and prob(⇧U  ⇡).

Since ⇧Cp = ⇧̃Cp + ⇧C , this risk measure can be interpreted as the downside risk
for the parties when ⇡ < 0. The risk that the ESCO’s profit is less than the upfront
payment set in the contract is prob(⇧Cp  ⇧̃Cp = prob(⇧C  0).

The probability that the ESCO’s profit is less than or equal to a given value ⇡ is
determined from the probability distribution function of the energy saving as

prob(⇧C  ⇡) =

8
<

:
F
⇣
G+ ⇡

↵l

⌘
if 0 > ⇡

F
⇣
T + ⇡

↵p

⌘
if 0  ⇡

. (16)

As an example, Figure 5 depicts the distribution of energy cost saving and the
ESCO’s profit when the distribution of the energy cost saving is normal. Note that
setting the target saving level apart from the guaranteed saving level improves the
probability that the ESCO’s profit is higher than a given value.
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Figure 4. Target savings levels for feasible contracts for di↵erent guaranteed savings levels (Normally dis-

tributed cost savings µ = 1, � = 0.2)
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Figure 5. Distribution of the energy savings and the ESCO’s profit (Normally distributed cost savings µ =

10.625, cv = 0.2, G = 10, T = 12.5, ↵l = 1, ↵p = 0.8)
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Similarly, the probability that the energy user’s profit is less than or equal to a
given value is given as

prob(⇧U  ⇡) =

8
>><

>>:

0 if 0 > ⇡

F (G)� F
⇣
G� ⇡

↵l�1

⌘
+ F

⇣
T + ⇡

1�↵p

⌘
if 0  ⇡  G

↵l�1

F
⇣
T + ⇡

1�↵p

⌘
if G

↵l�1
< ⇡

(17)
when ↵l > 1. If the ESCO is required to cover the deficit when the realized savings level
is lower than the guaranteed level without any additional penalty, i.e. when ↵l = 1,
the probability that the energy user’s profit is less than or equal to a given value is
given, as

prob(⇧U  ⇡) =

(
0 if 0 > ⇡

F
⇣
T + ⇡

1�↵p

⌘
if 0  ⇡

. (18)

Equations (16) and (17) allow us to determine the probability distributions for
the profits of the energy user and the ESCO. Note that according to this result, the
probability of getting a profit level that is below the predetermined profit level that
does not depend on the realization of the energy savings (⇡ = 0) is the same for the
service provider and for the customer:

prob(⇧U  0) = prob(⇧Up  ⇧̃Up) = F (T ) (19)

prob(⇧C  0) = prob(⇧Cp  ⇧̃Cp) = F (T ) (20)

for all values of ↵l and ↵p. Note that this probability is determined by the target
savings level and the distribution of the cost savings.

Equations (16) and (17) show that using a target level T � G improves the proba-
bility that the profit is above a specific non-negative level for both parties. So, both
parties would prefer contracts that set the guaranteed and target energy saving levels
apart from each other among the ones that have yield the same expected profit if they
use a probabilistic criterion in addition to their expected profit.

Our next result shows that the contract can be designed to make the probabilities
of achieving profits above the given levels for the energy user and the ESCO equal to
each other. This is achieved by setting the ESCO’s share of the realized savings above
the target level ↵p depending on the target levels considered by the ESCO and the
energy user. The di↵erences between the target profit levels used to determine these
probability measures reflect the possible di↵erences between the risk expectations of
the ESCO and the energy user.

Proposition 4.2. The ESCO’s share of the realized savings above the target level, ↵p

should be set to ⇡U

⇡U+⇡C
in order to make the probabilities of achieving profits above ⇡U

and ⇡C equal to each other for the energy user and the ESCO respectively. That is,
prob(⇧U � ⇡U ) = prob(⇧C � ⇡C), ⇡U > 0,⇡C > 0 when ↵p =

⇡U

⇡U+⇡C
.

The proof is given in the Appendix.
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The above proposition shows that as the target profit level of the energy user in-
creases while the target profit level of the ESCO stays the same, ↵p is set closer to
1 in order to use this probabilistic criterion to construct the contract. Similarly, as
the target profit level of the ESCO increases while the target profit level of the ESCO
stays the same, ↵p is set closer to 0. After this consideration, the guaranteed savings
level and the target level should be set by considering the distribution of the savings
as discussed in Section 4.3.

4.5. Profit Variability Depending on Contract Parameters

In addition to the probabilistic criterion, the variance of the profits can also be used
as a measure of the volatility of the performance for the energy user and the ESCO.
The variance of the ESCO’s profit can be determined from the distribution function:

V ar[⇧C ] =

Z 1

�G↵l

(1� prob(⇧C  ⇡))⇡d⇡ � E2[⇧C ]. (21)

For the case where the energy cost saving is uniformly distributed between 0 and
M , the variance of the cost saving of the ESCO is given as

V ar[⇧C ] = �G2↵2

l

✓
G

3M
+ 1

◆
+ (M � T )2↵2

p

✓
2M + T

3M
+ 1

◆
� E2[⇧C ]. (22)

When the parameters of the contract are set optimally, Equation (7) is satisfied
and therefore E[⇧C ] = 0. Accordingly, the variance of the profit of the ESCO for the
optimal values of the contract is

V ar[⇧C ] = a2M2↵2

l

✓
4� +

a(6k � 1)

3

◆
(23)

where a =
p
�

1+k
p
�
and k = T

G . The above equation shows that the variability of the

ESCO’s profit increases with �.
For the case where the cost saving is normal, a closed-form expression for the vari-

ance of the profit is not available. However, Equation (21) can be used to determine
the variance for given values of the contract parameters.

5. Distribution-free Determination of the Contract Parameters

Energy cost savings depend on many random factors including uncertainty in energy
prices, uncertainty in energy usage, and uncertainty in the performance of the energy
e�ciency measures when they are applied to a particular building or a plant (Tan and
Yavuz 2015). As a result, estimating energy savings is a challenging task (Lee et al.
2013).

In this part, we present an approach to determine the contract parameters when
the distribution of the energy cost savings, F (s) is not known but its expectation and
variance are available.
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In this case, the ESCO and the energy user can set the contract parameters to
make it sure that the contract is as close as possible to the balanced contract for all
distributions. In other words, for the worst distribution of S, the expected reward
that will be received from the realized energy savings above the target level and the
expected cost of guaranteeing a level of energy savings including the penalty are as
close as possible for the ESCO. In order to achieve this objective, they can solve the
following problem to determine G and T for a given value of �:

min
G,T

|E[(G� S)+]� �E[(S � T )+]|. (24)

Our main result shows that the guaranteed energy saving level and the parameter
� can be set by using only the expectation and the standard deviation of the energy
saving.

Proposition 5.1. The guaranteed energy savings level and the target energy savings
level should be set to G = T = µ� 1��

2
p
�
� in order to make the ESCO’s expected profit

from the contract as close as possible to its upfront payment and operate an energy
savings performance contract that is as close as possible to a balanced contract for all
distributions of the energy savings.

The proof is given in the Appendix.

In words, when the distribution of the energy cost saving is not known, the guaran-
teed energy saving level should be set to a level lower than the expected energy savings
level depending on the standard deviation of the energy savings and the parameter �.
Furthermore, the target savings level must be equal to the guaranteed savings level.

Figure 6 depicts the guaranteed energy cost savings values for di↵erent � ra-
tios calculated by using the normal distribution, the uniform distribution, and the
distribution-free approximation. The figure shows that determining the profit share
by using the distribution-free approximation yields values that are in between the
ones obtained by the uniform and the normal distributions when the guaranteed cost
saving is above approximately 0.4. When the guaranteed energy cost savings level is
below this point, using the normal distribution gives an expected profit for ESCO
above the upfront payment that is very close to zero. Using the uniform and the
distribution-free approximation yield non-zero but small values that are close to each
other.

When the optimal G value is used in a balanced contract, the expected profit of the
energy user from the project will be

E[⇧Up]  ⇧̃Up +
1

2
(1� �)

p
��. (25)

In other words, the contract generates a surplus of at most 1

2
(1� �)

p
�� above the

pre-determined level for the energy user.

5.1. Distribution-free Simple Energy Performance Contract

In order to determine the contract (G, T,↵l,↵p), all four parameters must be specified.
As discussed earlier, we can set ↵l = 1 and ↵p = � to achieve a balanced contract.
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Figure 6. ESCO’s profit share for di↵erent guaranteed savings levels (µ = 1,� = 0.3, T = G)
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Furthermore, Proposition 3 sets G = T and Equation (38) relates G to �.
Our final result gives a simple formula to set a balanced contract by determining

the value of ↵p. In order to derive this result, we make the assumption that the ESCO
and the user can use an additional criterion to equate the probability of making a
profit above a certain level for both parties, i.e., prob(⇧U > ⇡) = prob(⇧C > ⇡).
This condition also yields the same down-side risk for both parties, i.e. prob(⇧U 
⇡) = prob(⇧C  ⇡).

In this case, the next result yields a rule of thumb for setting the guaranteed energy
savings level based on the expectation and the standard deviation of the energy saving.

Proposition 5.2. When the distribution of the energy savings is not known, a simple

contract (G,G, 1, 1
2
) that sets the guaranteed energy savings level to G = µ�

p
2

4
� and

the shares of the savings above the guaranteed level for the energy user and the ESCO
to 1

2
minimizes the di↵erence between the expected reward and penalty for the ESCO

and makes the ESCO’s expected profit from the contract as close as possible to its
upfront payment for the worst distribution of the energy savings. This contract also
makes the probability of having a total profit that is below the predetermined levels that
do not depend on the realization of the energy savings, and the probability of making
a profit that is higher than a given value the same for the energy user and the ESCO.

The proof is given in the Appendix.

The above results show that the energy savings performance contract can be set
completely by using only the mean and the standard deviation of the energy saving
if there is no other information regarding the distribution of the energy savings and
risk preferences of the energy user and the ESCO. As a result, this rule of thumb
simplifies the contract design by using only the mean and the standard deviation of
the anticipated energy cost savings.

Note that the assumption on using the same downside risk probabilities for both
the ESCO and the energy user is made to get a simple contract in case no additional
information is available. If additional information is available, the coe�cient that will
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be multiplied with the standard deviation can be adjusted accordingly by first setting
↵p and ↵l following Equations (16), (17) and (18) and then using Proposition 5.1.

Proposition 5.2 shows that if the mean and the standard deviation of the energy
savings can be estimated, setting a contract, (G,G, 1, 0.5), where the ESCO guarantees

an energy saving level that is
p
2

4
u 0.35 standard deviation below the expected saving

yields a balanced contract. According to this contract, the ESCO agrees covering all
the losses if the energy saving is lower than this level and the savings above the
guaranteed level is shared equally between the ESCO and the energy user.

5.2. Performance of the Distribution-free Simple Contract

Let us consider the performance of the distribution-free simple energy performance
contract when the energy saving distributed is uniform and normal.

For uniformly distributed energy saving between 0 and M , the expected saving is
µ = M

2
and the standard deviation of the energy saving is � = M

2
p
3
. Therefore, the

simple contract yields a guaranteed saving level of G = µ�
p
2

4
� =

⇣
1

2
�

p
2

8
p
3

⌘
M that

is approximately equal to G = 0.4M .
In other words, the distribution free simple contract sets the guaranteed savings

level to 40% of the maximum savinsg level when the distribution of the energy savings
is uniform. In this case Equations (8) and (9) yield the expected profit for the ESCO
E[⇧C ] = 0.01M = 0.035� and E[⇧U ] = 0.09M = 0.31�. The probability of getting a
total profit that is less than or equal to the pre-determined level that does not depend
on the realization of the energy savings, prob(⇧U  0) = prob(⇧C  0) is 0.4
when the distribution-free simple contract is used, and the energy saving is uniformly
distributed.

When the energy saving is normally distributed with mean µ and standard deviation
�, the simple contract that uses µ and � but not the distribution sets the guaranteed

energy saving level at G = µ�
p
2

4
�.

In this case, Equations (13) and (14) yield the expected profits for the ESCO and the
energy user as E[⇧C ] = 0.05� and E[⇧U ] = 0.3�. The probability of getting a profit
that is less than or equal to the pre-determined level, prob(⇧U  0) = prob(⇧C 
0) = 0.36 when the distribution-free simple contract is used, and the energy saving is
normally distributed.

This comparison shows that the distribution-free simple contract yields similar ex-
pected profit for the energy user, 0.31� vs. 0.3� for the uniformly and normally dis-
tributed energy savings respectively. Similarly, when the distribution-free simple con-
tract is used, the expected profit for the ESCO is not zero as the optimal balanced
contract would give; but it is small: 0.035� vs. 0.05� for the uniformly and normally
distributed energy savings respectively.

Since the distribution-free contract sets the guaranteed savings level by using a
conservative criterion, the guaranteed savings level set by the distribution-free contract
will be lower compared to the level resulting from the contract determined by using
the full savings distribution information. As a result, the distribution-free contract
will yield a higher expected profit for the energy user and a lower probability of losing
money below the pre-determined profit level for the ESCO. Both of these outcomes
are preferable for the energy user and the ESCO. We will investigate these results
through a set of numerical experiments in the following part.
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6. Numerical Results

In this part, we investigate the e↵ects of distribution-free determination of the contract
parameters and also the e↵ects of the errors in the estimation of the expectation and
the standard deviation of the energy savings on the guaranteed energy savings level,
the expected profits, and the probability of having a non-positive profit for the ESCO
and the energy user.

6.1. Experimental Setup

In our experimental setup, we generate the realized energy savings from a three-
parameter Weibull distribution. This distribution allows us setting the expectation
and the standard deviation of the energy savings to the desired values and also us-
ing the third parameter to analyze the e↵ect of the shape of the distribution on the
performance of the contract. The probability density function of the three-parameter
Weibull distribution is

f(s) =
↵

�

✓
s� ⌘

�

◆↵�1

e
�
⇣

s�⌘
�

⌘↵

. (26)

The expectation and the variance of the energy saving are given as

E[S] = ⌘ + ��

✓
1

↵
+ 1

◆
(27)

V ar[S] = �2

�

✓
2

↵
+ 1

◆
� �2

✓
1

↵
+ 1

◆�
(28)

where �(.) is the gamma function.
We normalize the expected savings level to 1, set the standard deviation to 4 dif-

ferent values � 2 {0.1, 0.3, 0.5, 0.8, 1}, and set the shift variable ⌘ to 4 di↵erent values:
⌘ 2 {0, 0.3, 0.4, 0.5}. For each value of ⌘, we determine the ↵ and � parameters from
Equations (27) and (28) in order to have the desired µ and �. Figure 7 depicts four
di↵erent probability density functions with the same mean and the standard deviation
for di↵erent values of ⌘.

6.2. Performance of the Distribution-Free Simple Contract with Full

Information on the Mean and the Standard Deviation of the Energy

Saving

We first evaluate the performance of the simple contract (G,G, 1, 0.5) with G =

µ �
p
2

4
�. The optimal guaranteed energy savings level when the full distributional

information is available is determined from Equation (7) with � = 0.5, T = G and the
probability distribution function of the Weibull distribution with the given parameters.
The expected profit and the probability of loss are determined from the Weibull dis-
tribution for the given energy savings level set by the distribution-free simple contract
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Figure 7. Weibull probability density functions for µ = 1 and � = 0.5 for ⌘ 2 {0, 0.3, 0.4, 0.5}
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and the balanced contract with the full distributional information.
Figure 8 depicts the average guaranteed savings level resulting from the distribution-

free simple contract and the guaranteed saving level determined from the optimal
balanced contract with the full distributional information for di↵erent standard
deviation of the energy saving. The figure supports the following observation:

Observation 6.1. The distribution-free simple contract sets the guaranteed savings
level lower compared to the level resulting from the full information solution.

As described in proof of Proposition 5.2, when the exact distribution of the energy
saving is not available, upper-bounds for the expected profits are used as an approx-
imation to determine the guaranteed savings level. Consequently, the approximate
expected profit will be higher than the actual profit for a given guaranteed savings
level. Equivalently, the approximate profit with a lower guaranteed savings level can be
equal to the exact expected profit with a higher guaranteed savings level. As a result,
optimizing the approximate profit leads to a lower guaranteed savings level compared
to the level that is obtained with the exact distribution.

Table 1 shows the percentage di↵erence of the guaranteed saving level resulting
from the distribution-free simple contract compared to its value determined from the
optimal balanced contract with the full distributional information. The table shows
that the distribution-free simple contract yields a guaranteed saving level that is on
average 8% lower than the guaranteed saving level resulting from the exact valuation
of the optimal balanced contract with the full distributional information.

Setting the guaranteed saving level lower compared to the value resulting from the
exact distribution yields a higher expected profit for the energy user when the fee that
will be paid to the ESCO does not change with the guaranteed savings levels and a
lower probability of losing money below the predetermined level for the ESCO.

Table 2 gives the percentage di↵erence of the user’s expected profit resulting from
the distribution-free simple contract compared to the user’s expected profit from the
optimal balanced contract with the full distributional information. Table 2 supports
the following observation:
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Figure 8. Average guaranteed savings level determined by using the simple contract and the optimal balanced

contract
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Table 1. Percentage di↵erence of the guaranteed savings level resulting from the distribution-free simple

contract compared to its value determined from the optimal balanced contract with the full distributional

information

�\⌘ 0.0 0.3 0.4 0.5 Avg.
0.1 �0.7% �0.7% �0.7% �0.7% �0.7%
0.3 �2.4% �2.6% �2.7% �2.9% �2.6%
0.5 �4.8% �5.6% �6.1% �6.6% �5.8%
0.8 �10.4% �12.3% �13.2% �14.2% �12.5%
1.0 �15.4% �17.9% �19.0% �20.5% �18.2%

Avg. �6.7% �7.8% �8.3% �9.0% �7.8%
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Table 2. Percentage di↵erence of the energy user’s expected profit resulting from the distribution-free simple

contract compared to the energy user’s expected profit from the optimal balanced contract with the full

distributional information

�\⌘ 0.0 0.3 0.4 0.5 Avg.
0.1 8.5% 8.3% 8.3% 8.2% 8.3%
0.3 8.2% 8.5% 8.9% 9.5% 8.8%
0.5 8.9% 10.3% 11.3% 12.6% 10.8%
0.8 11.0% 13.8% 15.5% 18.2% 14.6%
1.0 12.6% 16.4% 18.9% 23.1% 17.8%

Avg. 9.8% 11.5% 11.5% 12.6% 12.1%

Observation 6.2. Using the distribution-free simple contract yields a higher expected
profit for the energy user.

Since the distribution-free simple contract sets the guaranteed savings level lower
compared to the optimal savings level with the full information, the resulting contract
is not completely balanced. Using a lower guaranteed savings level for the same fee
increases the expected profit of the energy user as indicated by Equation (5).

The average percentage di↵erence of the expected profit of the energy user resulting
from the distribution-free contract and the full-information contract is around 12%.
Namely, the distribution-free simple contract yields 12% higher profit for the energy
user compared to its profit if the guaranteed savings level is set by using the full
distributional information on the energy cost savings.

Table 3 gives the percentage di↵erence between the probability that the ESCO’s
total profit is lower than the upfront payment, prob(⇧C  0), when it is determined
by using the distribution-free simple contract and its value when it is determined with
the full distributional information. Table 3 yields the following observation:

Observation 6.3. The distribution-free simple contract yields a lower probability of
losing money for the ESCO.

The probability of losing money for the ESCO depends on the distribution of the
energy savings as given in Equation (19): prob(⇧U  0) = F (G). As a result, when
the guaranteed savings level is set to a lower level as given in Observation 6.1, the
probability of losing money for the ESCO also decreases.

The average percentage di↵erence of the probability of losing money compared to
the pre-determined fee, for the ESCO resulting from the distribution-free contract
and the full-information contract is around -11%. That is, using the distribution-free
simple contract yields 11% lower probability of getting a profit that is lower than the
pre-determined fee for the ESCO.

6.3. Performance of the Distribution-Free Simple Contract with the

Estimated Mean and the Standard Deviation of the Energy Saving

We now investigate the performance of the distribution-free simple contract when the
expectation and the variance of the energy savings are estimated with error.
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Table 3. Percentage di↵erence between the probability that the ESCO’s total profit is less than or equal to

the upfront payment (prob(⇧C  0) when it is determined by using the distribution-free simple contract and

its value when it is determined with the full distributional information.

�\⌘ 0.0 0.3 0.4 0.5 Avg.
0.1 �7.0% �6.9% �6.9% �6.8% �6.9%
0.3 �6.8% �7.2% �7.5% �8.0% �7.4%
0.5 �7.5% �8.8% �9.6% �10.9% �9.2%
0.8 �9.4% �12.0% �13.7% �16.7% 12.9%
1.0 �10.9% �14.7% �17.5% �22.9% �16.5%

Avg. �8.3% �9.9% �11.0% �13.1% �10.6%

We consider di↵erent cases depending on how much the estimates of the expectation
and the standard deviation, µ̂ and �̂ di↵er from the exact values of E[S] = µ and
V ar[S] = �2. We set µ̂ = µ(1± ✏µ) and �̂ = µ(1± ✏�) for ✏µ 2 {0, 0.05, 0.10, 0.15, 0.20}
and ✏� 2 {0, 0.05, 0.10, 0.15, 0.20}.

We construct the balanced contract by using Proposition 4 and the estimated values
of the expectation and the standard deviation of the energy saving. Accordingly, we

set � = ↵p = 0.5, and G = T = µ̂�
p
2

4
�̂.

With this contract, for a total of 1620 di↵erent cases for di↵erent values of ⌘, �, ✏µ,
and ✏�, we determine the guaranteed energy savings level set by the distribution-free
simple contract with µ̂ and �̂ and the resulting the expected profit for the energy user,
and the probability of getting a profit below the pre-determined fee for the ESCO by
using the exact distribution with the actual values of µ and �. For each case, we also
determine the performance of the simple contract with the correct values of µ and �
and the performance of the balanced contract with the correct values of µ and � and
also the exact distribution of the energy savings.

Table 4 shows the percentage di↵erence of the guaranteed saving level resulting from
the distribution-free simple contract with the estimated values of the mean and the
standard deviation of the energy savings compared to its value determined from the
optimal balanced contract with the full distributional information. The table shows
that the distribution-free simple contract yields a guaranteed saving level that is on
average 8% lower than the guaranteed saving level resulting from the exact valuation
of the optimal balanced contract with the full distributional information. This shows
that Observation 6.1 is still valid when the mean and standard deviation are estimated
with error. Table 4 yields the following observation:

Observation 6.4. Underestimating the expectation and overestimating the standard
deviation of the energy saving have more e↵ect on the guaranteed savings level com-
pared to overestimating the expectation and underestimating the standard deviation.

The simple contract sets a lower guaranteed savings level compared to the level with
the full information when the mean and the standard deviation of the energy savings
are known exactly as discussed in Observation 6.1. When the mean is underestimated
and the standard deviation of the energy savings is overestimated, the guaranteed

savings level set by the simple contract, G = T = µ̂�
p
2

4
�̂ will be even lower than the

level with the full information. However, overestimating the mean and underestimating
the standard deviation make the level set by the simple contract closer to the level with
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the full information. As a result, underestimating the expectation and overestimating
the standard deviation of the energy saving have more e↵ect on the guaranteed savings
level.

If the distribution of the energy saving is known but its mean and the expectation
are estimated with an error and the guaranteed saving level is determined with the
estimates from the distribution, the average percentage di↵erence between the guaran-
teed energy saving level between the estimated contract and the exact contract will be
close to zero. This shows that the distribution of the energy saving has an important
e↵ect on the guaranteed savings level.

Table 4. Percentage di↵erence of the guaranteed savings level resulting from the distribution-free simple

contract with the estimated mean and the standard deviation compared to its value determined from the

optimal balanced contract with the full distributional information

✏µ\✏� �0.20 �0.15 �0.10 �0.05 0.00 0.05 0.10 0.15 0.20 Avg.
�0.20 �26% �28% �29% �30% �31% �32% �33% �34% �36% �31%
�0.15 �21% �22% �23% �24% �25% �26% �28% �29% �30% �25%
�0.10 �15% �16% �17% �18% �19% �21% �22% �23% �24% �19%
�0.05 �9% �10% �11% �13% �14% �15% �16% �17% �18% �14%
0.00 �3% �5% �6% �7% �8% �9% �10% �11% �13% �8%
0.05 2% 1% 0% �1% �2% �3% �5% �6% �7% �2%
0.10 8% 7% 6% 5% 4% 2% 1% 0% �1% 4%
0.15 14% 13% 12% 10% 9% 8% 7% 6% 5% 9%
0.20 20% 18% 17% 16% 15% 14% 13% 12% 10% 15%
Avg. �3% �5% �6% �7% �8% �9% �10% �11% �13% �8%

Table 5 gives the percentage di↵erence of the energy user’s expected profit resulting
from the distribution-free simple contract with the estimated values of the mean and
the standard deviation of the energy savings compared to the user’s expected profit
from the optimal balanced contract with the full distributional information. Table 5
shows that using the distribution-free simple contract yields a higher expected profit
for the energy user. This shows that Observation 6.2 is still valid when the expectation
and the variance of the energy saving are estimated with error. The average percentage
di↵erence of the expected profit of the energy user resulting from the distribution-
free contract and the full-information contract is around 24%. Table 5 supports the
following observation:

Observation 6.5. Underestimating the expectation and overestimating the standard
deviation of the energy saving yield a much higher deviation for the expected profit for
the energy user compared to the e↵ect of overestimating the expectation and underes-
timating the standard deviation.

Since underestimating the expectation and overestimating the standard deviation
of the energy saving yield a higher deviation for the guaranteed savings level com-
pared to overestimating the expectation and underestimating the standard deviation
as discussed in Observation 6.4, the expected profits obtained with these levels will
deviate from the expected profit with the full information in a similar way.

If the distribution of the energy saving is known but its mean and the expectation
are estimated with an error and the guaranteed saving level is determined with the
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estimates from the distribution, the expected profit of the user resulting from the
balanced contract constructed with the estimates will di↵er from the exact level by
11% for these cases. So, when the distribution of the energy saving is not known
and the expectation and the standard deviation of the energy saving are estimated
with error, more than half of the deviation is due to not having the distributional
information.

Table 5. Percentage di↵erence of the user’s expected profit resulting from the distribution-free simple contract

with the estimated mean and the standard deviation compared to the user’s expected profit from the optimal

balanced contract with the full distributional information

✏µ\✏� �0.20 �0.15 �0.10 �0.05 0.00 0.05 0.10 0.15 0.20 Avg.
�0.20 105% 108% 111% 114% 117% 120% 123% 127% 130% 117%
�0.15 77% 79% 82% 85% 88% 90% 93% 96% 100% 88%
�0.10 50% 52% 55% 57% 60% 63% 65% 68% 71% 60%
�0.05 25% 28% 30% 32% 35% 37% 39% 42% 44% 35%
0.00 4% 6% 8% 10% 12% 14% 16% 19% 21% 12%
0.05 �14% �12% �10% �8% �7% �5% �3% �1% 1% �6%
0.10 �27% �26% �24% �23% �21% �19% �18% �16% �14% �21%
0.15 �36% �35% �34% �33% �31% �30% �28% �27% �25% �31%
0.20 �43% �42% �41% �40% �39% �37% �36% �35% �34% �39%
Avg. 16% 18% 20% 22% 24% 26% 28% 30% 33% 24%

Table 6 gives the percentage di↵erence between the probability that the ESCO’s
total profit is lower than its upfront payment, prob(⇧C  0), when it is determined
by using the distribution-free simple contract with the estimated values of the mean
and the standard deviation of the energy savings and its value when it is determined
with the full distributional information. Table 3 shows that the distribution-free simple
contract yields a lower probability of losing money for the ESCO. On average the
probability of losing money for the ESCO resulting from the distribution-free contract
is 8% lower than the full-information contract.

If the distribution of the energy saving is known but its mean and the standard
deviation are estimated with error and the guaranteed savings level is determined
with the estimates from the distribution, the probability of getting a total profit for the
ESCO that is less than or equal to the upfront payment from the contract constructed
with the estimates will di↵er from the exact level by 4% for these cases. Therefore,
not having the distributional information adds another 4% deviation compared to the
full information case.

These numerical experiments show that the distribution-free simple contract yields
a lower guaranteed savings level compared to the level resulting from the balanced
contract with full distributional information. However, setting the guaranteed savings
level lower for the same fee that will be paid to the ESCO yields a higher expected
profit to the energy user and a lower probability of getting a profit that is lower
than the predetermined fee for the ESCO which shows that Observation 6.3 is still
valid when the mean and the standard deviation are estimated with error and the
distribution is not known. Since both of these outcomes are preferable for the energy
user and the ESCO, our results support our last observation:
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Table 6. Percentage di↵erence between the probability that the ESCO’s Profit is non-positive (prob(⇧C  0)

when it is determined by using the distribution-free simple contract with the estimated mean and the standard

deviation and its value when it is determined with the full distributional information.

✏µ\✏� �0.20 �0.15 �0.10 �0.05 0.00 0.05 0.10 0.15 0.20 Avg.
�0.20 �55% �58% �60% �62% �64% �66% �69% �71% �73% �64%
�0.15 �44% �46% �48% �50% �54% �56% �57% �60% �62% �53%
�0.10 �32% �34% �36% �38% �40% �42% �45% �48% �50% �41%
�0.05 �19% �21% �23% �25% �27% �29% �31% �33% �35% �27%
0.00 �3% �5% �7% �9% �11% �12% �14% �16% �19% �11%
0.05 15% 13% 11% 9% 8% 6% 4% 2% 0% 7%
0.10 32% 31% 29% 28% 26% 24% 23% 21% 19% 26%
0.15 47% 46% 45% 43% 42% 40% 39% 37% 36% 42%
0.20 57% 56% 55% 54% 53% 51% 50% 49% 48% 53%
Avg. 0% �2% �4% �6% �7% �9% �11% �13% �15% �8%

Observation 6.6. The distribution-free simple contract performs satisfactorily for
the energy user and the ESCO even when the distribution of the energy savings is not
known and its mean and the standard deviation are estimated with error.

7. Conclusions

In this study, we presented an analytical model to analyze the energy savings perfor-
mance contracts and determine their parameters. We considered a general contract
structure that includes guaranteed and target levels and also penalties and rewards
that depend on realization of the energy savings with respect to the guaranteed and
target levels.

As opposed to the previous studies that focus on determining some of the contract
parameters when the others are set to specific values, this study focuses on the inter-
relationship among the contract parameters and shows how these parameters a↵ect
the risks of overestimating or underestimating the cost savings for the energy user and
the ESCO.

By using the concept of a balanced contract, we derived the conditions that yield
a feasible contract between the energy user and the ESCO. By using the statistical
information available for the cost savings, we derived the equations that relate the
contract parameters with each other when the cost saving distribution is uniform and
normal. These conditions relate the parameters of the contract to each other and
decrease the number of parameters that need to be considered when a contract is
constructed.

In order to address the di�culty of estimating the energy savings that will be
obtained from energy e�ciency measures applied to a particular building or a manu-
facturing plant, we developed a distribution-free contract that yields the best-balanced
contract for the worst savings distribution.

By analyzing the risk implications of a given contract on the ESCO and the energy
user, we propose using a simple distribution-free contract that sets the guaranteed
savings level at 0.35 standard deviation below the expected cost savings level and
allocates the savings above this guaranteed level equally between the energy user and
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the ESCO.
Through a set of numerical experiments, we showed that this simple contract per-

forms satisfactorily for the ESCO and for the energy user. This simple rule of thumb
to set the guaranteed energy savings level is based on a rigorous analytical analysis to
construct an energy savings performance contract. This result can be of interest to the
practitioners especially if the statistical information about energy savings is limited.

Finally, our results show that the energy savings contracts with the right param-
eters can mitigate the risks related to realization of the anticipated energy savings.
Therefore, we present the distribution-free balanced contract as a useful tool to set the
right parameters of the energy savings contracts and mitigate the risks in an e↵ective
way.

This research can be extended in di↵erent ways. An economic model that incorpo-
rates moral hazard on part of the energy user and also the ESCO can be developed.
This model can be used to determine why an energy user may not be able to invest in
energy e�ciency projects on its own. Furthermore, information asymmetry between
the ESCO and the energy user on the cost of the project and the energy savings can be
introduced. The fee negotiation based on the cost savings expected from the project
can be incorporated directly to the model.

In this study, we incorporate the e↵ect of the project length by defining the realized
energy saving, the guaranteed and target energy saving levels as the quantities for the
whole project duration. This approach assumes that the payments of the reward and
penalties are done at the end of the project duration. In certain contracts, the timing of
the payments can be di↵erent. Analysis of these variations can be performed by using
the approach presented in this study. The analytical results discussed in this study
can be combined with the computational approaches to determine the performance
of a given multi-period contract by using available data. These extensions are left for
future research.

Appendix

Proof of Proposition 4.1

In order to have a balanced contract, the expected gain from savings that exceed the
target level should be greater than the value of giving a guarantee to the energy user
for the amount of energy below the guaranteed level:

E[(G� S)+]  E[(S � T )+]. (29)

Equivalently,

G  µ� (E[(S �G)+]� E[(S � T )+)]. (30)

Since T = G + �, � � 0, the term in the parenthesis is non-negative. Therefore, G
must be less than or equal to µ. Furthermore, if G = T , the term in the parenthesis is
0, and G  µ.

The term E[(G�S)+] is non-decreasing with G and the term E[(S�T )+] = E[(S�
G� �)+] is non-increasing with G. Furthermore, at G = 0, E[(S� �)+] � E[(0�S)+].
Therefore, there exists a unique G⇤ where E[(G⇤ � S)+] = E[(S � G⇤ � �)+] and
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the contract is feasible for all values of G  G⇤. For a given G  G⇤, as � increases
E[(S � G � �)+] decreases. Since E[(S � G � �)+] � 0, there is an upper bound �⇤

that makes E[(S�G��⇤)+] arbitrarily close to 0. As a result, there exists a threshold
�⇤, 0  �  �⇤ that results in a balanced contract (G,G + �,↵l,�↵l) with 0  �  1.
Let �(G) be the function that gives the upper bound for � for a given value of G. �(G)
is non-increasing in G with �(µ) = 0 and �(0) ! 1. ⇤

Proof of Proposition 4.2

When prob(⇧U > ⇡U ) = prob(⇧C > ⇡C), prob(⇧U  ⇡U ) = prob(⇧C  ⇡C). Then
Equations (16) and (17) yield

F

✓
T +

⇡U
↵p

◆
= F

✓
T +

⇡C
1� ↵p

◆
. (31)

Accordingly,

↵p =
⇡U

⇡U + ⇡C
. (32)

⇤.

Proof of Proposition 5.1

Since both parties evaluate their benefits from the same realization of S, either (G�
S)+ � 0 and (S � T )+ = 0 or (G � S)+ = 0 and (S � T )+ � 0 for a given project.
Therefore, we can write

E[|(G� S)+ � �(S � T )+|] = E[(G� S)+] + �E[(S � T )+]. (33)

Since the distribution of S is not available, we can use the Cauchy-Schwarz inequal-
ity to relate the parameters of the contract:

E[(S � T )+]  1

2

⇣
(�2 + (T � µ)2)

1
2 � (T � µ)

⌘
. (34)

Similarly,

E[(G� S)+]  G� µ+
1

2

⇣
(�2 + (G� µ)2)

1
2 � (G� µ)

⌘
. (35)

Therefore,

E[|(G� S)+ � �(S � T )+|]  G� µ +1

2

⇣
(�2 + (G� µ)2)

1
2 � (G� µ)

⌘

+�
2

⇣
(�2 + (T � µ)2)

1
2 � (T � µ)

⌘
. (36)

If both parties want to make it sure that the resulting profits are as close as possible
to the balanced contract under the worst distribution of the cost saving, they can
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determine the G and T (T � G) to minimize the upper bound of the expected value
of the absolute di↵erence between E[(G� S)+] and �E[(S � T )+].

Note that minimizing the expected cost for the worst distribution of demand is used
as the main criterion to determine the distribution-free optimal order quantity in the
newsvendor problem (Gallego and Moon 1993).

Accordingly, the following optimization problem is solved to determine G and T for
a given value of �:

min
G,T

G� µ +1

2

⇣
(�2 + (G� µ)2)

1
2 � (G� µ)

⌘

+�
2

⇣
(�2 + (T � µ)2)

1
2 � (T � µ)

⌘
. (37)

The solution of the optimization problem given in Equation (37) subject to the
constraint T � G � 0 gives the guaranteed cost saving level for a given profit-sharing
ratio as

G⇤ = T ⇤ = µ� 1� �

2
p
�
�. (38)

⇤

Proof of Proposition 5.2

When prob(⇧U > ⇡U ) = prob(⇧C > ⇡C) and ⇡U = ⇡C , Proposition 2 yields ↵p =
⇡U

⇡U+⇡C
= 1

2
. Since ↵l = 1, � = ↵p = 1

2
. Then, according to Proposition 3, Equation

(38) gives 1��
2
p
�
=

p
2

4
and

G = µ�
p
2

4
�. (39)

⇤
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