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Intro: Capacitated Vehicle Routing
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'HOLYHU\ YHKLFOHV �KRPRJHQHRXV RU KHWHURJHQHRXV IOHHW�

KDYH D OLPLWHG FDSDFLW\�

2QH RU PRUH QRGHV LQ WKH JUDSK �VLQJOH GHSRW YV� PXOWL�

GHSRWV� DUH GHVLJQDWHG DV RULJLQV RI URXWHV� (DFK URXWH

VKRXOG HPDQDWH IURP VXFK DQ RULJLQ QRGH� 7KH UHVW RI WKH

QRGHV DUH LGHQWLILHG DV FXVWRPHU QRGHV�

(DFK URXWH WHUPLQDWHV DW LWV RZQ RULJLQ �FORVHG URXWH�� RU

HLWKHU DW D GLIIHUHQW RULJLQ �GHSRW� RU DW D FXVWRPHU QRGH

�RSHQ URXWH��
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Intro: Capacitated Vehicle Routing (cont.)
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$OO FXVWRPHU QRGHV VKRXOG EH YLVLWHG H[DFWO\ RQFH�

&XVWRPHU QRGHV KDYH HDFK HLWKHU D NQRZQ GHPDQG WKDW

KDV WR EH GHOLYHUHG �OLQHKDXO FXVWRPHUV� RU D NQRZQ

VXSSO\ WKDW KDV WR EH SLFNHG XS �EDFNKDXO FXVWRPHUV DV LQ

953 ZLWK %DFNKDXOV��

$ 4R6 �TXDOLW\ RI VHUYLFH� JXDUDQWHH LQ WKH URXWLQJ SODQ

FDQ DULVH LQ WKH IRUP RI WZR�VLGHG WLPH ZLQGRZV �7:��

WLPH GHDGOLQHV �7'�� PD[LPXP URXWH GXUDWLRQ RU

PD[LPXP URXWH OHQJWK�
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Intro: Capacitated Vehicle Routing (cont.)
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7KH YHKLFOH IOHHW VL]H FDQ EH IL[HG �QR FRVWV DVVRFLDWHG

ZLWK YHKLFOHV� RU «

$ YHKLFOH DFTXLVLWLRQ FRVW �GDLO\ UHQWDO FRVW RU GLVFRXQWHG

YHKLFOH SXUFKDVLQJ SULFH� FDQ EH LQFXUUHG�

2%-(&7,9(6 VXEMHFW WR V\VWHP FRQVWUDLQWV DQG 4R6 JXDUDQWHHV

z 0LQLPL]DWLRQ RI WRWDO URXWH OHQJWK�

z 0LQLPL]DWLRQ RI WRWDO RSHUDWLRQDO FRVWV ZKLFK FDQ EH D IXQFWLRQ

RI ERWK URXWH OHQJWKV� URXWH GXUDWLRQV� DQG QXPEHU RI YHKLFOHV

HPSOR\HG�
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CVRP Applications

$ ZLGH YDULHW\ RI UHDO�ZRUOG DSSOLFDWLRQV VLQFH LWV ILUVW

LQWURGXFWLRQ LQ ���� �*�%� 'DQW]LJ DQG -�+� 5DPVHU LQ

0JPW 6FL� DQG VLQFH LWV PRVW FRPPRQ VROXWLRQ PHWKRG SURSRVHG

LQ ���� �*� &ODUNH DQG -�9� :ULJKW LQ 2SHU 5HV�«

'HPDQG RI FXVWRPHUV FDQ EH SUREDELOLVWLF�

WUDYHO WLPHV FDQ EH SUREDELOLVWLF� DUULYDO RI FXVWRPHU RUGHUV FDQ

EH G\QDPLF �UHDO�WLPH YHKLFOH URXWLQJ�«

5RXWLQJ GHFLVLRQV FDQ EH ERXQG XS ZLWK VFKHGXOLQJ SODQV�

5RXWLQJ GHFLVLRQV �VKRUW�WHUP WDFWLFDO� FDQ EH LQFRUSRUDWHG LQWR

IDFLOLW\ ORFDWLRQ GHFLVLRQV �ORQJ�WHUP VWUDWHJLF��
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CVRP Applications (cont.)

A quality of service

guarantee is time 

deadline restricted 

deliveries to online 

customers’ residences.

: Physical store serving also online customers

: Online (delivery) customer

tour 2

tour 3tour 4

tour 1
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WKH H�IXOILOOPHQW RI RQOLQH RUGHUV IRU SHULVKDEOH JRRGV

WKH UHDOL]DWLRQ RI WKH ODVW PLOH RI GHOLYHU\
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CVRP Literature

 ��������	
��
������
����
��

���

���������	������"�
	���������
�

1. Computers & Operations Research
The entire Volume 10, No. 2, 1983 special issue:
Routing and Scheduling of Vehicles and Crews – The State 
of the Art by Lawrence Bodin, Bruce L. Golden, Arjang Assad and 
Michael Ball

2. American Journal of Mathematical and Management 
Sciences, the entire Volume 13, No. 3 and No. 4, 1993
Bruce L. Golden, Ulrich Derigs, Gregor Grabenbauer,  Julien Bramel, 
Chung-Lun Li, David Simchi-Levi, Sam R. Thangiah, Ibrahim H. Osman,
Rajini Vinayagamoorthy, Tong Sun, I-Ming Chao, Bruce L. Golden and 
Edward Wasil DPRQJ PDQ\�

8

Banff, 16th May 2004

Aksen

CVRP Literature (cont.)

3. “Algorithms for the vehicle routing and scheduling 
problems with time window constraints”
by Marius M. Solomon, 
Operations Research, Vol. 35, No. 2, March-April 1987

4. “Fleet Management and Logistics”
by Teodor Gabriel Crainic and Gilbert Laporte (eds), 
Centre for Research on Transportation, 
Copyright © 1998 by Kluwer Academic Publishers.

5. “A Computational Study of Vehicle Routing Applications”
doctoral thesis by Jennifer L. Rich, RICE UNIVERSITY, 
Houston, May 1999, USA (Advisor: William J. Cook)
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CVRP Literature (cont.)

6. “The Dynamic Vehicle Routing Problem” IMM-PHD-2000-73,
doctoral thesis by Allan Larsen,Department of Mathematical
Modelling (IMM) at the TECHNICAL UNIVERSITY OF 
DENMARK (DTU), Lyngby June 2000, Denmark
(Advisor: Oli B.G. Madsen)

7. “A heuristic method for the open vehicle routing problem”
by Sariklis D and  S Powell in Journal of the Operational 
Research Society, Vol. 51, No. 5, May 2000

8. “The Vehicle Routing Problem” by Paolo Toth and Daniele Vigo
(eds), SIAM Monographs on Discrete Mathematics and 
Applications, Copyright © 2002, SIAM Publishing.
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CVRP Literature (cont.)

9. “A guide to vehicle routing heuristics”
by Jean-Françoise Cordeau, Michel Gendreau, Gilbert Laporte, 
Jean-Yves Potvin, Frédéric Semet in Journal of the Operational 
Research Society, Vol. 53, No. 5, May 2002

10. “Real-time vehicle routing: Solution concepts, algorithms 
and parallel computing strategies” by Ghiani G, Guerriero F,
Laporte G, Musmanno R in European Journal of Operational 
Research, Vol. 151, No. 1, November 2003

11. The Ultimate List of Vehicle Routing References at the 
Center for Traffic and Transport Research (CTT) of the 
Technical University of Denmark
http://www.imm.dtu.dk/or/vrp_ref/vrp.html
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CVRP Literature (cont.)

12. The VRP Web and the Networking and Emerging 
Optimization Group at the University of Málaga in Spain
http://neo.lcc.uma.es/radi-aeb/WebVRP/

13. Branch Cut and Price Applications : Vehicle Routing Links
maintained by Ted Ralphs (ted@branchandcut.org) at 
http://branchandcut.org/VRP/

14. Canada Research Chair in Distribution Management with a 
collection of standard benchmark problems 
http://www.hec.ca/chairedistributique/
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TSP: Profit Maximization Case

15. “A tabu search heuristic for the undirected selective
travelling salesman problem” by Michel Gendreau, Gilbert
Laporte, Frédéric Semet in European Journal of Operational 
Research, Vol. 106, No. 2-3, April 1998

16. “A branch-and-cut algorithm for the undirected selective 
traveling salesman problem” by Michel Gendreau, Gilbert
Laporte, Frédéric Semet in NETWORKS, Vol. 32, No. 4, 
December 1998

17. “Traveling salesman problems with profits”
by Dominique Feillet, Pierre Dejax and Michel Gendreau,
unpublished paper - 2003
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TSP: Profit Maximization Case (cont.)
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7UDYHOLQJ 6DOHVPDQ 3UREOHPV ZLWK 3URILWV �763V ZLWK 3URILWV� DUH D JHQHUDOL]DWLRQ RI

WKH 7UDYHOLQJ 6DOHVPDQ 3UREOHP �763� ZKHUH LW LV QRW QHFHVVDU\ WR YLVLW DOO YHUWLFHV�

:LWK HDFK YHUWH[ LV DVVRFLDWHG D SURILW� 7KH RYHUDOO JRDO SXUVXHG LV WKH VLPXOWDQHRXV

RSWLPL]DWLRQ RI WKH FROOHFWHG SURILW DQG WKH WUDYHO FRVWV� 7KHVH WZR RSWLPL]DWLRQ

FULWHULD DSSHDU HLWKHU LQ WKH REMHFWLYH IXQFWLRQ RU DV D FRQVWUDLQW� ,Q WKLV SDSHU� D

FODVVLILFDWLRQ RI 763V ZLWK 3URILWV LV SURSRVHG DQG WKH H[LVWLQJ OLWHUDWXUH LV VXUYH\HG�

'LIIHUHQW FODVVHV RI DSSOLFDWLRQV� PRGHOLQJ DSSURDFKHV DQG H[DFW RU KHXULVWLF VROXWLRQ

WHFKQLTXHV DUH LGHQWLILHG DQG FRPSDUHG� &RQFOXVLRQV HPSKDVL]H WKH LQWHUHVW RI WKLV

FODVV RI SUREOHPV� ZLWK UHVSHFW WR DSSOLFDWLRQV DV ZHOO DV WKHRUHWLFDO UHVXOWV�
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VRPTW : Profit Maximization Case
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0LQLPL]H WRWDO YHKLFOH GLVWDQFH ZKLOVW FROOHFWLQJ D VSHFLILHG PLQLPXP

DPRXQW RI WRWDO SURILW IURP YLVLWHG FXVWRPHUV�

0LQLPL]H WRWDO YHKLFOH GLVWDQFH ZKLOVW VHUYLQJ D VSHFLILHG PLQLPXP

QXPEHU RI FXVWRPHUV�

0D[LPL]H WRWDO SURILW FROOHFWHG IURP FXVWRPHUV ZKLOVW D VSHFLILHG

PD[LPXP WRWDO GLVWDQFH LV WUDYHOHG�

-2,17 2%-(&7,9( )81&7,21

0$;,0,=( 1HW 3URILW  7RWDO 3URILW &ROOHFWHG ³ 7RWDO &RVW RI 7UDYHOLQJ
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VRPTW: Profit Maximization Case (cont.)
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6LQJOH�GHSRW FDSDFLWDWHG YHKLFOH URXWLQJ SUREOHP ZLWK D IOH[LEOH VL]H

IOHHW RI KRPRJHQHRXV YHKLFOHV�

'HPDQG RI DOO FXVWRPHUV � 3URILW IURP DOO FXVWRPHUV � FRRUGLQDWHV RI

DOO FXVWRPHUV DQG WKH GHSRW NQRZQ LQ DGYDQFH ZLWK FHUWDLQW\�

3URILW IURP HDFK FXVWRPHU LV OLQHDUO\ SURSRUWLRQDO WR WKDW FXVWRPHU·V

GHPDQG YROXPH�

7LPH ZLQGRZ RU WLPH GHDGOLQH � PD[LPXP URXWH GXUDWLRQ�OHQJWK

FRQVWUDLQWV DUH WR EH VDWLVILHG�

-2,17 2%-(&7,9( )81&7,21

0$;,0,=( 1HW 3URILW  7RWDO 3URILW &ROOHFWHG ³ 7RWDO &RVW RI 'HOLYHULHV
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VRPTW: Maximize the NET PROFIT
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�3DUDOOHO� 6DYLQJV $OJRULWKP E\ &ODUNH DQG :ULJKW ������

6ZHHS $OJRULWKP E\ *LOOHWW DQG 0LOOHU ������

3XVK�)RUZDUG�,QVHUWLRQ E\ 6RORPRQ ������� E\ 7KDQJLDK HW DO� ������

1HDUHVW 1HLJKERXUKRRG 6HDUFK E\ 5RVHQNUDW]� 6WHDUQV DQG /HZLV

������� 6RORPRQ ������� )LVKHU �������
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VRPTW: Maximize the NET PROFIT (cont.)
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��� H[FKDQJH RI *ROGHQ� 0DJQDQWL DQG 1JX\HQ ������

��� H[FKDQJH RI :DWHUV ������

��RSW RI &URHV ������� /LQ ������

��RSW RI /LQ ������� RI /LQ DQG .HUQLJKDQ ������

��RSW
 RI 5HQDXG� /DSRUWH DQG %RFWRU ������

2U�RSW RI 2U ������
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VRPTW: Maximize the NET PROFIT (cont.)
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$SSOLFDEOH ZLWK FRQVWUXFWLYH

KHXULVWLFV VXFK DV QHDUHVW LQVHUWLRQ�

QHDUHVW QHLJKERXUKRRG VHDUFK� DQG

SXVK�IRUZDUG LQVHUWLRQ KHXULVWLFV

$SSOLFDEOH $/62 ZLWK WKH

&ODUNH�:ULJKW 6DYLQJV 0HWKRG LQ

DGGLWLRQ WR RWKHU FRQVWUXFWLYH

KHXULVWLFV

,V FXVWRPHU L ZRUWK NHHSLQJ �LQVHUWLQJ�

EHWZHHQ QRGHV N DQG O "
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VRPTW: Maximize the NET PROFIT (cont.)

,V FXVWRPHU L ZRUWK NHHSLQJ �LQVHUWLQJ� EHWZHHQ QRGHV N DQG O "

7ULDQJXODU ,QHTXDOLW\ KROGV WUXH HYHQ LI GLVWDQFHV DUH QRW SHUIHFWO\ (XFOLGHDQ�

dkl
k

i

l

R
ou

te
 r

Route r
dki

d
il

Marginal Profit 
of customer i = πi × Demi − Unit_Travel_Cost × (dki + dil − dkl)

Predecessor of customer node i :  node k
Successor of customer node i    :  node l
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Algorithm 
Discard_Nonpositive_Marginal_Profits

,QLWLDOL]DWLRQ

6ROYH WKH JLYHQ SUREOHP LQVWDQFH LQFOXGLQJ WKH ORFDO SRVW RSWLPL]DWLRQ SURFHGXUH� ,Q

WKH UHVXOWLQJ VROXWLRQ DOO FXVWRPHUV DUH YLVLWHG�

6WHS �

)RU WKH FXUUHQW VHW RI URXWHV 5 FRPSXWH HDFK FXVWRPHU¶V PDUJLQDO SURILW YDOXH 0πL�

6RUW WKH 0πL YDOXHV LQ QRQGHFUHDVLQJ RUGHU DQG REWDLQ D VRUWHG VWDFN 0π>L@�

6WHS �

,I 0π>�@� WKH �VW PDUJLQDO SURILW LQ WKH VWDFN ZKLFK EHORQJV WR FXVWRPHU L>�@ LV

SRVLWLYH WKHQ VWRS� 2�Z JR WR 6WHS ��

6WHS �

/HW VXFFL DQG SUHGL EH WKH VXFFHVVRU DQG SUHGHFHVVRU QRGHV RI FXVWRPHU L>�@ RQ LWV

FXUUHQW URXWH UL� UHVS� 'HOHWH L>�@ IURP UL� 8SGDWH WKH 0π YDOXHV RI VXFFL DQG SUHGL LI

WKH\ DUH FXVWRPHU QRGHV� &DQFHO URXWH UL LI L>�@ ZDV WKH RQO\ FXVWRPHU RQ LW�

6WHS �

6HW 0π YDOXH IRU L>�@ WR ,1),1,7< VXFK WKDW LW LV SXW DW WKH HQG RI WKH VWDFN�

5HVWRUH WKH QRQGHFUHDVLQJ RUGHU RI 0π YDOXHV LQ WKH VWDFN DQG JR WR 6WHS ��
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A Numerical Example solved: test0.txt
CUST#  XCOORD. YCOORD. DEMAND READY     DUE    SERVICE UNIT PROFIT
0 0 0 0 0 100000 0 0
1 8 6       1 0 100000 3 20
2 16 12 1 0 100000 3 20
3 24 18 1 0 100000 3 20
4 -8 6       1 0 100000 3 20
5 -16 12 1 0 100000 3 20
6 -24 18 1 0 100000 3 20
7 -8 -6      1 0 100000 3 20
8 -16 -12 1 0 100000 3 20
9 -24 -18 1 0 100000 3 20
10 8 -6  1 0 100000 3 20
11 16 -12 1 0 100000 3 20
12 24 -18 1 0 100000 3 20
13 40 30 1 0 100000 3 45
14 -40 30 1 0 100000 3 45
15 -40 -30 1 0 100000 3 45
16 40 -30 1 0 100000 3 45
17 0 30 1 0 100000 3 15
18 0 -30 1 0 100000 3 15
19 30 0 1 0 100000 3 15
20 -30 0 1 0 100000 3 15

Uniform Vehicle Capacity: 6
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A Numerical Example: test0.txt (cont.)
Co or d inate s  o f  no d e s

1

2

3

4

5

6

7

8

9

10

11

12

1314

15 16

17

18

1920

-36

-30

-24

-18

-12

-6

0

6

12

18

24

30

36

-40 -32 -24 -16 -8 0 8 16 24 32 40
x

y

Cus tomers

Depot
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20 19
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1615

14 13

12

11
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9

8

7

6

5

4

3

2

1

Before the Marginal Profit Analysis

5RXWH �

5RXWH �

5RXWH �

No customers lost  : (0)  
No.required veh’s : 4
Total Distance     : |485.25|
Total Gross Profit : <480.00>            
Total Net Profit   : <-5.25>

5RXWH �
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20 19

18

17

1615

14 13

12

11

10

9

8

7

6

5

4

3

2

1

After the Marginal Profit Analysis

5RXWH �

5RXWH �

No customers lost  : (2)  
No.required veh’s : 4
Total Distance     : |434.49|
Total Gross Profit : <450.00>            
Total Net Profit   : <15.51>

5RXWH �

5RXWH �
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Questions & comments?

,VWDQEXO

%D
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I

&K
LF
DJ
R

:� /DID\HWWH

733 � WUDYHOLQJ SURIHVVRU SUREOHP

13�KDUG LQ WKH VWURQJ VHQVH


