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Given f : R→ R, x, p ∈ R, define

φ(α) := f(x+ αp).

Fundamental theorem

φ(1) = φ(0) +

∫ 1

0

φ′(t) dt
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Given f : R→ R, x, p ∈ R, define

φ(α) := f(x+ αp).

Fundamental theorem

φ(1) = φ(0) +

∫ 1

0

φ′(t) dt

Taylor’s theorem with integral remainder

f(x+ p) = f(x) +

∫ 1

0

f ′(x+ tp)p dt
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Given f : Rn → Rn, x, p ∈ Rn, define

φj(α) := fj(x+ αp).

Fundamental theorem

φj(1) = φj(0) +

∫ 1

0

φ′j(t) dt

Equivalently,

fj(x+ p) = fj(x) +

∫ 1

0

∇fj(x+ tp)Tp dt
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Given f : Rn → Rn, x, p ∈ Rn, define

φj(α) := fj(x+ αp).

Fundamental theorem

φj(1) = φj(0) +

∫ 1

0

φ′j(t) dt

Equivalently,
f1(x+ p)

f2(x+ p)
...

fn(x+ p)

 =


f1(x)

f2(x)
...

fn(x)

+

∫ 1

0


∇f1(x+ tp)Tp

∇f2(x+ tp)Tp
...

∇fn(x+ tp)Tp

 dt
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Given f : Rn → Rn, x, p ∈ Rn, define

φj(α) := fj(x+ αp).

Fundamental theorem

φj(1) = φj(0) +

∫ 1

0

φ′j(t) dt

Equivalently,
f1(x+ p)

f2(x+ p)
...

fn(x+ p)

 =


f1(x)

f2(x)
...

fn(x)

+

∫ 1

0


∇f1(x+ tp)T

∇f2(x+ tp)T

...
∇fn(x+ tp)T

 p dt
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Given f : Rn → Rn, x, p ∈ Rn, define

φj(α) := fj(x+ αp).

Fundamental theorem

φj(1) = φj(0) +

∫ 1

0

φ′j(t) dt

Taylor’s theorem with integral remainder

f(x+ p) = f(x) +

∫ 1

0

Jf(x+ tp)p dt
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Definition 0.1 (Order of Convergence). Let {x(k)} be a sequence
in Rn that converges to x∗. Suppose also there exists a sequence
{εk} in R such that

• ‖x(k) − x∗‖∞ ≤ εk, and

• limk→∞ εk+1/ε
p
k = µ for some µ, p ∈ R, µ > 0, p > 1.

1. We say {x(k)} converges to x∗ with order at least p.

2. If εk = ‖x(k) − x∗‖∞, {x(k)} converges to x∗ with order p.

3. If p = 2, {x(k)} converges to x∗ at least quadratically.

4. If p = 2 and εk = ‖x(k) − x∗‖∞, {x(k)} converges to x∗
quadratically.
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