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Theorem 0.1. Let f := f(x, y) : R2 → R be three times differ-
entiable. Then

f(a+ hp, b+ hq) = f(a, b) + {fx(a, b)(hp) + fy(a, b)(hq)}

+
1

2

{
fxx(a, b)(hp)

2 + 2fxy(a, b)(hp)(hq) + fyy(a, b)(hq)
2
}

+O(h3).
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Proof. Let F (t) := f(a + thp, b + thq), and apply Taylor’s the-
orem to F to obtain

F (1) = F (0) + F ′(0) +
F ′′(0)

2
+

F ′′′(ε)

6
∃ε ∈ (0, 1)
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Proof. Let F (t) := f(a + thp, b + thq), and apply Taylor’s the-
orem to F to obtain

F (1) = F (0) + F ′(0) +
F ′′(0)

2
+

F ′′′(ε)

6
∃ε ∈ (0, 1)

leading us to

f(a+ hp, b+ hq)︸ ︷︷ ︸
F (1)

= f(a, b)︸ ︷︷ ︸
F (0)

+ {fx(a, b)(hp) + fy(a, b)(hq)}︸ ︷︷ ︸
F ′(0)

+
{
fxx(a, b)(hp)

2 + 2fxy(a, b)(hp)(hq) + fyy(a, b)(hq)
2
}︸ ︷︷ ︸

F ′′(0)

/2

+ O(h3)︸ ︷︷ ︸
F ′′′(ε)/6

.
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