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Sequence {xk} by the secant method

xk+1 = xk − f(xk)
xk − xk−1

f(xk)− f(xk−1)
, k ≥ 2

given x0, x1 ∈ R.

Theorem 0.1. Let x∗ be s.t. f(x∗) = 0, and f ′(x) is continuous
in a neighborhood of x∗. Furthermore, suppose f ′(x∗) 6= 0.

(i) The sequence {xk} by the secant method converges to x∗
for all x0, x1 ∈ R, x0 6= x1 sufficiently close to x∗.

(ii) The order of this convergence is superlinear, provided f ′(x)
is Lipschitz continuous in a neighborhood of x∗.
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Proof of (ii)
By the fundamental theorem

0 = f(x∗) = f(xk) +

∫ x∗

xk

f ′(x) dx
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Now let γ be s.t.

|f ′(x)− f ′(y)| ≤ γ|x− y|

∀x, y in a neighborhood I = [x∗ − δ, x∗ + δ] of x∗.
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f ′(xk)
− 1

h(xk, xk−1)
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∣∣∣∣ 1

f ′(xk)

∣∣∣∣ ∫ 1

0

|f ′(xk + t(x∗ − xk))− f ′(xk)| |x∗ − xk| dt.

Now by the mean value theorem, as well as the Lipschitz con-
tinuity of f ′(x) in I,

|x∗ − xk+1| ≤ |f ′(ηk)| |x∗ − xk|
|h(xk, xk−1)− f ′(xk)|
|f ′(xk)| |h(xk, xk−1)|

+

∣∣∣∣ 1

f ′(xk)

∣∣∣∣ ∫ 1

0

γt |x∗ − xk|2 dt.

for some ηk ∈ I.
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Finally, divide both sides by |x∗ − xk|, take the limit as k →∞
to obtain

lim
k→∞

|x∗ − xk+1|
|x∗ − xk|

≤ lim
k→∞
|f ′(ηk)|

|h(xk, xk−1)− f ′(xk)|
|f ′(xk)| |h(xk, xk−1)|

+ lim
k→∞

∣∣∣∣ 1

f ′(xk)

∣∣∣∣ γ |x∗ − xk|2
dt = 0.
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Bisection Method.
Suppose a0, b0 ∈ R, a0 < b0 are s.t.

f(a0)f(b0) < 0.
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Convergence

|ck − x∗| ≤ (b0 − a0)2−(k+1) ∃x∗ ∈ [a0, b0] s.t. f(x∗) = 0.

• limk→∞ ck = x∗

• converges at least linearly
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