Norms on R™" (matrix norms)



Induced Matrix Norms

Given a norm || - || on R",
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Induced Matrix Norms

Given a norm || - || on R",
the corresponding induced (or subordinate) matrix norm

AV
1A = AWl
veR" v£0 ||V/| WER”, [|w|=T1
Matrix p-norm
[Alp = max [|Aw|p,

weR”, [[wl|p=1

where |W|p = ¢/IW1[P + [WalP + - + [Wp[P



Characterizations of the 1-norm, co-norm

1-norm is the maximal column sum

|l = max Awly = max Z|a,k\ max_lall
weRn, |l =1

oo-norm is the maximal row sum

n
Al = max |AW[loo = max > |ay]
WER", [|W||oo=T1 j=1,...,n P



Characterization of the 2-norm (the spectral norm)

Theorem
For every A € R™", we have

1Al = VAn

where )\, denotes the largest eigenvalue of AT A.
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Theorem
For every A € R™", we have

1Al = VAn

where )\, denotes the largest eigenvalue of AT A.
Example.

o[ 23] ez 0] 28] 4]

Characteristic polynomial of ATA

p(\) = det(ATA—\I) = (40— ))(26—\)— 16 = A2 — 661+ 1024



Characterization of the 2-norm (the spectral norm)

Theorem
For every A € R™", we have

1Al = VAn

where )\, denotes the largest eigenvalue of AT A.

Example.

o[ 23] ez 0] 28] 4]

Characteristic polynomial of ATA
p(\) = det(ATA—\I) = (40— ))(26—\)— 16 = A2 — 661+ 1024

Eigenvalues of ATA: 33 + /65, |All2 = v/33 + /65



Characterization of the 2-norm (the spectral norm)

First observe that AT A has real nonnegative eigenvalues
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Characterization of the 2-norm (the spectral norm)

First observe that A" A has real nonnegative eigenvalues , as

q"ATAq _ |IAql

ATAg=Ng = )= = >
q’q 19115

» Sort them from smallest to largest, i.e.,

A <A <<

» Denote with g; the eigenvector corresponding to ); s.t.
{a1,.-.,qn} is orthonormal.



Characterization of the 2-norm (the spectral norm)

Expand any w € R”, ||w|l2 = 1 interms of {q1,...,qn}, thatis
W = o1Qy + Q2 + -+ anqn

for some aq,a0,...,an € R



Characterization of the 2-norm (the spectral norm)

Expand any w € R”, ||w|, = 1 in terms of {qgy, . ..
W = a1qr +az2Q2 + -+ anQn

for some a1, an,...,an € RS

af+as+-+af =1

» (1) follows from
T=w'w = (1qr + -+ andn) (11 +

SN SN 3

,Qn}, thatis

..._|_anqn)
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Consequently,
|Aw|o = VwTAT Aw

= \/((11 g1 + -+ anGn) (a4 X1q1 + - - - + anAnqn)




Characterization of the 2-norm (the spectral norm)

Consequently,

| Aw |l

vVwTAT Aw

\/(a1Q1 + o4 angn) T (1A qs + -+ annGn)

Vaix -+ a2, < Jad+ o+ ad),

Vn.



Characterization of the 2-norm (the spectral norm)

Consequently,
|Aw|o = VwTAT Aw
= \/(a1 Q1 + -+ anQn) T (1A G1 + -+ - + @nAnQn)

= o2+t aBAn < (@3- +ad)An = Vin

Specifically, for w = g, we have

|Agalle = \/aTATAGh = /aF (AnGn) = v/n

hence the result.



