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(1) A subset D of R" is open, if for every £ € D there exists an
¢ > 0 such that
Bff (5) g D)

where B.(§) :={z e R" | ||z — || < €}.

(2) A subset D of R" is closed if R"\ D is open.

(3) An open neighborhood N (&) of ¢ € R” is an open subset
of R" that contains &.



Definition 0.1. A function g : D — R" with D denoting a

nonempty subset of R" is continuous at ¢ € D if for every
e > 0 there exists aé > 0 such that

lg(z) —g(O)lle < &  VazeBs(E)ND,
where B.(§) :=={z € R" | ||z — {||lo < €}

The function g is said to be continuous on D if g is continuous
atevery( € D.



Theorem 0.2. Let

e the function g : D — R" with D denoting a nonempty
subset of R"™ be continuous on D, and

o the sequence {z} with 2*) € D for all k be convergent
with the limitin D.

Then
lim g(z®) = g(lim =®).

k—o0 k—o0



Definition 0.3. A sequence in R" is said to be Cauchy if for
everye > 0 there exists an integer K > 0 such that

|z — W), < e Vm, k> K.



Example.
The sequence {5} in R with

1 1
(F) — 14 = s
s -|—2+<2

is Cauchy.
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Example.
The sequence {5} in R with

1 1\?
(k) — 14 = -
S +2+<2>—|—

is Cauchy.

Indeed, for every m, k with m > k we have

k41 m
1 1 1
m_ . < (L (Y (1
|s s < <2> - —i—<2> (2)

B+l g (l)m*k
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Example.
The sequence {5} in R with

1 1\?
(k) — 14 = -
S +2+<2>—|—

is Cauchy.

Indeed, for every m, k with m > k we have

k+1 m k+1 1\m—k
1 1 1 1-(3)
(m)_ k) < (2 o 2) = (2 L VA
S (2) ' *(2) (2) 1—1/2

For every ¢ > 0, we can choose K € Z" so that (1/2)" <.
Then for every m, k > K we have

1 K
|S(m) _ 8(’<)| < <§> <e.



Theorem 0.4. The following are equivalent:
(i) The sequence {z*)} inR" is Cauchy.

(ii) The sequence {z*)} inR" is convergent.



Theorem 0.5. The following are equivalent:
(i) The sequence {z*)} inR" is Cauchy.
(ii) The sequence {z*)} inR" is convergent.
Proof of (ii) = (i)

Suppose limy._,., %) = &.
Then for every ¢ > 0 there exists a K such that

lz® —¢lle < £/2  VE>K.



Theorem 0.6. The following are equivalent:
(i) The sequence {z*)} inR" is Cauchy.
(ii) The sequence {z*)} inR" is convergent.
Proof of (ii) = (i)

Suppose limy._,., %) = &.
Then for every ¢ > 0 there exists a K such that

lo® — ¢l < e/2  Vk>K.

But then for every m, k > K, we have

|27 —2W o = 1z =€)+ (6= [l < 2 =¢flaot 12® —Ellwe <,

and the proofis complete.
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