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Problem 1 Given a ∈ R, a 6= 0, one way of computing 1/awithout perform-
ing any division is the sequence {xk} in R defined by

xk+1 = (a+ 1)xk − 1

for a given x0 ∈ R.

(a) (13 points) Determine the values of a such that {xk} converges to 1/a
for all x0 ∈

(
1
a
− δ, 1

a
+ δ
)

for some δ > 0. Explain your reasoning.

(b) (12 points) Determine the values of a such that {xk} cannot converge
to 1/a unless x0 = 1/a. Explain why.
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Problem 2 Let f : R → R be a function such that f (4)(x) is continuous
on R. Furthermore, let x∗ ∈ R satisfy f(x∗) = f ′(x∗) = 0, f ′′(x∗) 6= 0,
f

′′′
(x∗) 6= f ′′(x∗).

Suppose that the sequence {xk} in R defined by

xk+1 = xk −
f ′(xk) + f(xk)

f ′′(xk)

for a given x0 ∈ R converges to x∗. Show that the order of this convergence
to x∗ is two.
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Problem 3 For a given invertible matrixA ∈ Rn×n, let us consider the func-
tion

A. : Rn → Rn, A.(b) := Ab.

(a) (15 points) Suppose that Rn is equipped with a norm ‖ · ‖. Denote
with ‖A‖, ‖A−1‖ the matrix norms of A,A−1, respectively, induced by
‖ · ‖ on Rn. Show that, at every b̂ ∈ Rn, the relative local condition
number of A. at b̂ (defined over D = Rn) satisfies

cond b̂ A. ≤ ‖A‖‖A−1‖.

(b) (10 points) Now consider part (a) with the particular choice of ‖ · ‖ =
‖ · ‖1 on Rn (that is, ‖ · ‖ is the 1-norm on Rn), and the corresponding
induced matrix norm on Rn×n, that is the matrix 1-norm on Rn×n.

Find a particular b̂ so that

cond b̂ A. = ‖A‖1‖A−1‖1.
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Problem 4 Show that every matrixA ∈ Rn×n has a factorization of the form

AP = LU

where P ∈ Rn×n is a permutation matrix, L ∈ Rn×n is a lower triangular
matrix, and U ∈ Rn×n is a unit upper triangular matrix (that is U is an
upper triangular matrix whose every diagonal entry is 1).


