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Problem 1

(a) (15 points) Derive a quadrature formula in the form

Q(f) := w0f(1) + w1f(2)

for the integral

I(f) =

∫ 3

0

f(x)dx (1)

such that Q(f) = I(f) whenever f : R → R is a polynomial of degree
at most one.

(b) (10 points) Now let f : R→ R be a function such that f ′′(x) exists and
continuous on R, and let M2 := max

x∈[0,3]
|f ′′(x)|.

Show that the quadrature formula that you derived in part (a) satisfies

|I(f)−Q(f)| ≤ 11M2

12
,

or otherwise a similar upper bound, where I(f) is the integral in (1).
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Problem 2 Consider the sequence {q(k)} defined by q(k+1) := Aq(k)/‖Aq(k)‖2
and q(0) := (1, 0)T for

A =

[
1 −8
−8 −11

]
.

(a) (13 points) Determine a unit vector v∗ such that ‖q(k) − ckv∗‖2 → 0 as
k →∞ for some sequence {ck} in R satisfying limk→∞ |ck| = 1.

(b) (12 points) Find the limit

lim
k→∞

‖q(k+1) − ck+1v∗‖2
‖q(k) − ckv∗‖2

,

where {ck}, {q(k)}, v∗ are as in part (a).
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Problem 3 Suppose g : R2 → R2 has continuous first derivatives, and x∗ is
a fixed point of g such that ∣∣∣∣∂gj(x∗)∂x`

∣∣∣∣ <
1

5

for j = 1, 2 and ` = 1, 2.

Show that there exists an ε > 0 such that for all x(0) ∈ Bε(x∗) the sequence
{x(k)}, x(k+1) = g(x(k)) converges to x∗ and satisfies

‖x(k+1) − x∗‖∞
‖x(k) − x∗‖∞

<
1

2

for all k.

( Recall that Bε(x∗) := {x ∈ R2 | ‖x− x∗‖∞ ≤ ε}. )
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Problem 4 A matrix H ∈ Rn×n is called Hessenberg if hjk = 0 whenever
j − k > 1. For instance the following 4× 4 matrix is Hessenberg.

2 1 1 3
1 4 5 2
0 −2 3 −1
0 0 −3 1

 .

For every Hessenberg matrix H ∈ Rn×n there exists an orthogonal matrix
Q ∈ Rn×n such that

QH = R (2)

for some upper triangular matrix R ∈ Rn×n.

Given a Hessenberg matrix H ∈ Rn×n, design an algorithm that computes
an upper triangular matrix R ∈ Rn×n satisfying (2) for some orthogonal
matrix Q ∈ Rn×n. Your algorithm must perform at most ∼ cn2 arithmetic
operations for some constant c (that is independent of n).
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