SOIUL-J:EOVL 05:_ rmn_,,in_aar" QO(uo._:J:_"lar\_S

P(x) — azl+5x % &

Y, = b+ Jb*4ac xz.:l—'?—#lbl'é“f_. -

—

Lo ‘ Lo

P(K,) = ?)(x'z) J— O ,
NO _Su.r_jm jvr‘mu,pa iJE }o 1S a )’Dc)j_jndml‘aj_
of c(ajree > 5. |

jimf/a\rlj 7C0f' -HLe, roo:l..s OJ maon y rLon_/i/LQm-
qur’LC’:"_ioy\sf

Root —chnc[in_ﬂ ?)raioz_a_m (QFP)

-f 312-—3'12 continuousS  on Ea, E:}

Find « €fab] st 7[()4) = 0.

THM | |
Lek 53[2—9]2 Jpe Car:_'LInuouS on. fé, J:]
such. that Dc(a) -f (L) < 0.

Then thare exists x € (a bl such that jp[,c)-_-O(

(D



Proog
'/;_ rjc(a)=0 or jc(b)r—O/ rLbJ:}«.inj lo prove .

SuPPO.SQ.
JC(a).fﬁ) <0 =  FlOL7 §(B70
or
5(&))0, JC(IO)<O

T either case, jcf)c) =0 Ax Efa,L] b 4 IVT:Er

Esx

e
————

jC(x:) — e¥-x-2

jC”) == @."3 < 0
£ (2) =e*-4 70
£ has o rost on fl/.lj.

Henca,

‘F'ixec[-Eoin:l: ,Prol:(im (FPP)
o _C]ZTR"DTE condinuous  on fa,l:]_

T:inr{ Kéfa,k] s.JL_, j(x) = ¥

QFP a.nc( FP? anNe_ re_ﬁa-’):*?cl |

5(:(\ =0 &= X = E(d-r 3¢
_a(x)



.THH (Brouwer‘s Fixed Point ’l'h.m\
Lex g° s be condinuous on fa,l::] such. thal

3(:4)6[&,19:] for o x€fa k).

Then  dthore exisks x ELab) such that gld=x.

E.x
56& = ex"x -1 ( t 8 e_x._x'-z. = {)
_ﬂ(-‘a — In (x+2) &E %= x17
= X = In(x+2)
() =In3 7 | add;tionall y
() = b b € 2 9 =1/ () 70
ST Vx e [1,2]

(.e., q is monotone
jn.creéasihg on ﬁl,2:) a

Henco __q‘_(x;) €ls In4] C fI,QJ

Vi € L1 2]
By Brounss's j:xal ponk P, q(x)=x Ax€(),2]).

Proo g
Lek j(: (x) = X-‘_ﬂ(l) observg

7c(a)-—-arj(rﬂ <0 anc( 7(09) L—jﬂ:))/
— jcfa JC(L) L0

(1, premurqu
PTIEST 400 =0 k€ Lot)
= gle)=x Ax &€ [q,b] .



% 4

S 1) =eX-x-2
hix) = -2
h(2) =e>27) 2

BFP is inconclusice reﬁ“f‘('hfl

whother hx)=x  Ax € [1,2],

Simp o, [|teradion

——

——— ‘________—-_-\

SuF- _ﬂ(x)éfa,b] or all <« €La,b]).

[«) st Kery =9 0%) 50;,&5%:15)

Suppose () s conurgent

with Ky &= lim X, Than
k.—e0 .
= l[m Kice | E—2 /lhrrL ﬂ()(k)
¥ s k—eco

= q (jll’fL )(k) ‘—“‘—-j(}c*) |

le—>00

[.e. Ky IS aJC?Xe‘c{—IDOWL’L aj[ 7

£
£ =e"-x-1 i % = ¥,
9(x) = In(x+2) fir R
W 7
Mgy =2 In (et 2) e*-x,-2=20

o,



THH  ( Condraction Hagvpirg)
5&19?05@ gl € [a,b]) for all XE[QIJJ:]‘. Norecmr/

q is .Lif)sckj}.z contincuous with a ]_":Fsckilz
constant L. <} on fq} b]/ 1':14411': iS

| alc) = gl & Llx-yl YryeElab]

Tha DOuancJ-_iorL q hos  a um“cf'ua. JC?&QC( /Doim.L o fa,éj,

Furtharmore,, the Sequinc (x K, Kpuy = 9 (x) conlerge s
+o :Ux_is quu‘riuuL 571{4&( ’:owd_. |

Proog .
Lot 1% € Lab] be preed poinis.
I"!"le = |4qlu) “ﬁ(’@)l < L ]x,——XJ_}

—= (/-L) Ix,-%| € 0.
Sinc 1——< (/ We }ml(,& )(I.:.xza

As for 4he conlarqena of (Kk\, Lot Ky be
Lho un_'iqua :([*?\CQC( Pof'hé S Cq,b],

i~ x| = a0 -9l < L bg-x |,
Bj mclucdion

]Kk""x*l \< /_k [Xo,_x*}
fmplym q

i v ]=0 = k/'_g"-oo K = Xy -

/5)



() =In (x+2) Xeog = In (Kk+.?_)

Ob.ser\ca_' _ﬂ%ﬁ) = ]/(x_+g_)
'——ﬁl_ﬂ([x)l < [1/4/,/3] VX&E},Q:]

Henca, by MVT  por all yq€[],2]

A -sl) e 36 e ()
X -4

= latd-aly)| =[q7€)[(x-y)]

= gl -glyd] < ’é | x4

Conclusions, |
4 g(x) =|n (x+2) has a unigue j/(ﬁd/omhfan [),2)

X {Xk), Ky =In(x+2)  convarges 4o s jC?Xec/ Pa*hj}_.

Remark

17(: jﬁfE*—J}E F;f cl?gfje»efdfauﬂ on (a,b) st .
]_q’/KH L

| q(x) —_gf_vl)‘ L L [ x-y |

| WE (a,b) Jor Some L <], then
Vi,y € [q,b].

(&



) = x=-2 — 2”47';:
jfx) — 2_;)(2. 2 —4& X = X
2,
Xes) = 2 - X + X on [I,ZJ
4 k.

q(l) = 2/ q0) = 37/2
and __9'//»() = -+ & LO,’/ZJ Vxéfl,l:].

Hence, qld) € [%%4,34] < [1,2] VYx€L[),2],

90| L1y Wxell 2],
[ 900 -39(4) | " -yl Wy,yell,2].

We Coru:[LI([_Q

(E) _j(x) = _2—_:_{(_2 X Aﬂ.f ol Dael- ot
Z + a urig 5 an PEJ,2_'},

(ii) kk“-'—"-(a?.’xkz)/é t X conarges 4o Hhis
unique j?ud ?o'yv}.



[cHo 1 - P2

Qa—]:e : O:,c Coere_r‘ﬂErLce

5“‘?POSQ /H’YL Lie = Xg , _ﬂ(}(ﬂ") = X,

k= o

q'(x) s conkinuous in on open naighborhond
of Xy.
o - Xal = | q(x.) - q(m)

(b_jﬂ\/‘]‘) (g )l’xk,x*{

Jor sSome Ek (n of)efl. H’L‘Lel"\/a, UJI'U'L Q!’\LI“FOI)'\-B K'k’}(rk

Henc ,
o A P
ij-—X*l. k-—ﬁw
)_ﬂ'(mdé}[
— g'x)

JC(’A::X—Q'P_ 9" (%) ““""{l-f-J
j(x)—— 2;;( X ﬁ/(‘/i)‘—’\/z-a—[
Xer) = %+xk = |-z




hix) = x*+ 2 =2 =0 <=
A xz"'i-——-‘lxg"@)
Xy = X:-*- - % =X
2xk k'{x):“?x._l_ __..Kﬂ
p 2% -ZXZ‘
im  x, = o
k—>o¢> k Jz- — Ijﬂﬁw lxlc-u"‘x*! _ 0
lx,(.-,gk{
Degn
5:}?}3058 Zlgté X = Xi, ond  thare exisis (Ek)
SLLCLL '}:)’la'):

l)ﬁk—-x*J NS é'k as well as

l:m ,ék.,.g! _
k = o0 ,é-,k’ /UI

(1) };C M E (0,!)/ the sequenc () convarges
to X, at loast ,@:’Mar/_\j-

and ME (0//)
(2) ))c & = }xk—- x#l Vk//ikg sequnce (%)

Conxerqes 1o Ky ﬁiruzarij,

(3) )} /‘4-—:0/ tha 5e7uo_n& (Xk) Conaerges to K,y
SuPer/iMarf_l. G = ka’ X,pl vy

(4) J}‘ /V/.::}// 'f:}\ﬂ_ 5uiuanaz (Kk) (on\a_fjg_, ,l_o X*

Squ)JMarl_uj .

(2



Stable and unstable jCTXec(-Poinis

THH (Skable  Fived- Poinks)
Let K o !Q-—a P be condinuous on Eq/ A]I

X, be a acixec(—,oom{ or 9 such that q'fx)

IS cor\:}.iﬂudu_s . an oParL Mi“_qhbor}qooc[ a:(‘ )(*
and [j’fxﬂ}( [ .

There exists an ope? Miﬂ}‘l"’r}wocll—%f Xk
such  that lim X, =k, Jor (Y, Ky, =90%)

k-6
for Al x, &L,
Proo [

Lot L be such that ]_g,’/x,,,)f<L <l

There exists lf/'——— (X*—”Sj X,+ 8) SuC}L thak
| gl <L Vx T (due Lo conkinuily of 97x)
n  a Mij}\barhcmg[ g x*).

SULPFOSQ X, L. Than by HVT A€ €L

,Kk.-u - Ky ‘ = !j{xk) -_j[’(;#)} =j_ﬂ,[ék)l l)(k-—)(*l

< Llxg- x|

= X, €L
that for‘dﬂ x,,el‘/

P )COHOLUS J:_J—l:! ]flc{u.c{:?‘on

xk€I Wk and /Xk,, 2] < Lkixo—x,,‘)@



tMP]_H?fl_'c, L’:’-;Loo X e = X, as c(asfr-ec[, I

THM (Unstable Fixed —Poind)
]__ej: 9 ancL X* Lbe as in Lha Pre\/:‘aus Fhom
with the on{j exca}p}:fon }_9!/9(*” 7 ]

For ol K, st- X, =X, We how that +the

Sequnce (%), %p,, =alx.) does not conarge
to k.

Proog
AS in ;U\.Q Fre\/,'oug }Dmoj[ L s.d. Iﬁ/[xﬂjl 7 L—>’

and an intervel L =(x-§, Xy t$) Sakisfying
| g6 » L Yx € T,

cT. But then agan HVT :'m?:h‘e_s

511)9/@052 Ky
tho exiskena of on @,ffjuck Hhat
]Kkﬂ‘“x*l — 19 16] |xe-x,]
>/ Lo Txp = x|

ya

Emp’_j"”_\_q -%‘k-rm & T —Am E Z’r.

'r/'\_i_s shows +hat no mod:—ker }‘lau) ,fm_-_qe k is
I -xe| y 5 Ak,

50 (x.) dses not concerge o x,. =

&



'Ex

h(x) = x+2 W(Z) =0

2 x
VI is a stable _jEFXec(-Poim{.

_ﬂ(}() = XL—Z = XX _91(\/2) = I+,2Jj_

\[i is an wunstable jiucl,.j)oirk{

(}ﬂ "~2))=I-2v7 | ) |

_‘[Z is  also mns',;q.LLQ)



Newtons metho d

Camsic(e_r-
__q()d = X% - }\(K);{x)

wl‘\.ﬂ.re. )\(k) i s continuows en « rl.al'711.bar)w<‘t( a} K*

(Kk\/ Fieg) = X — X(&)}(Xky

5u.?f>ose k“ﬂft Kp = Xy, then 9 (k4) = Xt and
—eb

=9 () = % = M) £lx,)
= j'.'(x,,..) =( lorovirlac( Mx,)) = 0.

Choose A so as to mininmuze \373@)\ /
|afxl =\l - A(xed 515, |
F-c-gr" instonce, choose
X(xﬂb = l/_;_'(sc)

ﬁeadmﬂ to
_ﬂ“ﬁ) = X - ;(K) /Jffx)

Nowkon's mekhed generates the sequence (%)

oy == e - §[KQ/;,{XQ

0,



GeoeriCaMﬁ )
} (qu.i‘ = O/ uuke,re. f{\d =7C()<k) +J\’/¥k) rX"}Ck)

L)

Ex
Flx) = x-2
Xie ~
Nowkon sequanca Xy, = X — k
i aZxk
= Xk ‘l'.z
2x, .
Desm ( Highar Order CorL\Cﬂ.r_ﬂQf\Cﬂ—\
Sw?Pose_ ‘]:}\.a:l‘- lime X = Xy y &YLCL
k—0&
.‘:L\_Qre_ Q,\{.'I.SLS (elc\ such Jr_lf\a"l: I)(k"‘x*\ \< Ek
\trv\ Ek-’rl = M
le—> o E..:‘
gor soma q)\ ond M70.

qes o Xy with. ot feast order q -

(i) (\dk) Cone
({i) \5‘., additionally E. = "‘k”%k\, X Conxerqes Lo %y
wikh ordar q, . Potr-l;i(u,o,ar qua.cha.‘l:iCu.ﬂ-Q_\-j ‘15 C‘=‘-2 @



Ex

m—

{loﬂlk} conargqes to O quac(La}—l:fcqu "
gkt | )
e 107w A0 o
koo (102%) ke [0

{lO"Pk} ; P>I Con @ rqes o 0 with order P.

THM

e

Let )(,KEIE be such that 5:(.&*)-?0 anc(
+5 ], Furthermore,

j—’”(x') is continuous on EQ’S, Xy
s uppose _5’(}(*)750/ 5"(}(*)7&0/ and

I :f"(“)\ < A Y,y € l:x,.,-*S,xpS].
£/

Tha Newten Sequ.a_ncﬂ- (Kk\
§0T o&—Q_ X, € C%*—k, x,..ﬂn.]/ o= prunNn. {S, l/A} ,

conxarges to Xy Clﬂa.di‘aiTCa}_l_q

Proﬂg—
Suppose K € Cxw~h Q—‘"—] B_‘_’l To__.jfor.s thm ZFEC

= §x,) = 9:(&3-*35'(&) (x4~ %) +f:2f_§) ()ck—x,,jL

= 0 = £, (e~ Xse) +j”{@ (e %)

; —
J (K-k.) -2.7C'/Kk)
Xig = Xpery 2,
;:-__--9 [xk“ - x*) —_— j—i(é) (Xkﬁi,f)
—ZDCI{X-[J
— ’ xk_,” —X*l \S —Z—I——A- =  Kg+i E [X.*--)\, )(*H'\._]/

whore 6‘ is in te o?an. indervedl  with epA—Poi:d:_s X, X‘*,
B_'—j induction XKe,CX.*"'L/ x,,m] Y.



HOFG.O\(_QF/

}Xk-u”xxl S - ) "C”(&

|, - ~
T X% | Ix X#[
;,,&_. \U/A
S A
\g l/l !X.k—)ﬁ*] i

B_j induckion [y - | < 2" [x,s- 1) imglymq

k—%oo —

/im /xku"x*/

ksoe T e = lim / # 16,)
k Kd‘l JC—)ao Qj&k)
F Ty)
Proving quac(ra{:'c conce "qenca./ */:F /"C»- { /|

5@6&&’& Method (0L quast-~ Nowton nuzJ:}\ac()

A_PPr—oz?makeS DCYZ.&) i MNawton s wphhad soidk
Mn) ro F00 =Pl

Xk = Xy

F

Secant method qenerates a sequena (k) s.L
Kigy = Ko = DC(Kk) (x'k"xk—l)
RISl

(aican X, ¥,)

¥ Does not DCH—‘ inde oy :_ﬂ(xk)

e Ir\.sieqc( JC:‘J..S 7"L£° Kk—l—l =4 {xk/ "‘k-u % xk-n.\

with L=1. %)



£ x

7qux.) = x>2
.SQCIMI’LCQ ‘c_ﬂ xk-l—! - Xk (X-k '"2.) (Kk"‘ Xk_,l'
.Se.c:cur\_'l: M.Q.-!:l'\ocl xkz—"::,
= )C’< - Xé"‘l
e+ ¥er)
Geomn- Ericuﬂg_ﬂ o
s(xey) =0 where  slx) =4 () + ?f—)’%ﬁﬂ) (kg
2

N e

e

Let x, R be such that _5:(&,,):0 orne Dc'(sc) s condinuous
i o Miﬁkborkoocl of K- Furtharmore, suppose jcrfx*);éﬂ

{Z) The .SGC{WQ'ICL {Xk) ,o_\_.; .Seccm.i m.a.—l:l'noc(

sazl;ls:qrias khm. K = X, _for all Xo, ¥,
S eob

.SMDCJ‘[cfen.U_L, close 1o X,

(i) The ordar of this conxaraenc 1S SuPerfiMar/
Pro;/ic(atl j'fx) is Li})sc}miiz condinuous n o
1Ri ghborhos d of X .

S



pfooi (u) 106 assuma  £1x) 20 )
(1) Letding aé:-r-:fl[-‘-‘i*) 70, 28§20 such 1hakt

0 < __3_2_6_\< 76(”) W22 Yx € [:X,,;S/ X 4 3],

Lf.
By +the secant u.Pa(aJce radlo , assuning K % ,EIK*-EK**Q,
( X~ xk-ﬂ (X*"‘ xk) + DC[MQ (x4 xkr)
70('"13 jfﬁdk:
= (%%~ %) + £ 1) (x-x,)
F&)
for Seme. Ay, & € (x,,,-S/ K*+5). Henca,

[K*‘Xkﬂl == IK*‘XkJ ’ l—i’(“k)
SUEY
\< -2.(3 ,x.* _X'k}

implying K € [x~§, %, +8]. LTncoad

k"“
L= S (24) Ixy-X | = lim X, =x,.
ko0

(u.) By FTC

f = £ (x,) {{xk —f-f-JC/x

Xk/
= £l + {,c Tyt Loy x,)) (%) dt
Letting __‘T(”“ Kiay) = {J“‘Q“J("k ) /{Kk"‘k } /
D o i rxk) / / 7C ()(_k-}-l:.{&p)(k)) (X,;'Xt) C(i

7 Ik 2
,crxé Sl 9

©)



g }[ch) [xk‘){ } + ( v
9 ka/xk—l) ,{K"C) _?ka/xkd) T -k)

/{f %(k 't'nl.f)c,;)lk)) —J//Xk)} (K*— Xk) dL

X = Xics

7( If Xk)

(X* X‘k-!]) L 7[:[)(}(){ /Xk) jkaxk;\}

I[l(k) f{af /Xk -:F—J.l.f)gL Xk) -—_.fﬁqc)} (){* )-(k

USEVE_C; [a+b] NS [q]-HH, we.  haxe

I"ﬂc’xku/ NN ]flfélk)}lk*"xk/ / qka/"k: :f,/"k)(

/ /fka)/ /jka 2 )’
+ -1 / Y [xy-x | 44
[ £1)] 7 il d
whe re E is in tha opon inderved)  with end-pondts
X, X l—/ )
ok \’and efynf:i}\z LPSCLIE;L cmstand 50';99‘) (\}C’Q ;ylﬁgngﬁ)“*\

/H’)’L }K* ka} == [im /jc /Ek) lj[xkxxk:) :f@f
‘(—? o0 /X*—Kk l k—> o0 I;/&k) /j[xbx&..,)/

N lim —____. Y/ —X
k— ot /;/Xk)/ x,,, 3 :0

as Aaslhec[, 1)



