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Example.

A =
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Example.

A =

 1 −2 1

−4 1 2

−1 4 1

 7→(S1) r1↔r2

 −4 1 2

1 −2 1

−1 4 1

 7→
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7→(S2) r2↔r3
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−1/4 −7/4 3/2

 7→

 −4 1 2

1/4 15/4 1/2

−1/4 −7/15 26/15



3



Permutation Matrices

(S1), r1 ↔ r2 P1 =

 0 1 0

1 0 0
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 , (S2), r2 ↔ r3 P2 =

 1 0 0
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Permutation Matrices

(S1), r1 ↔ r2 P1 =

 0 1 0

1 0 0

0 0 1

 , (S2), r2 ↔ r3 P2 =

 1 0 0

0 0 1

0 1 0
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Permutation Matrices

(S1), r1 ↔ r2 P1 =

 0 1 0

1 0 0

0 0 1

 , (S2), r2 ↔ r3 P2 =

 1 0 0

0 0 1

0 1 0


LU Factorization Computed 1 0 0

0 0 1

0 1 0


︸ ︷︷ ︸

P2

 0 1 0

1 0 0

0 0 1


︸ ︷︷ ︸

P1

 1 −2 1

−4 1 2

−1 4 1


︸ ︷︷ ︸

A

=

 −4 1 2

−1 4 1

1 −2 1



=

 1 0 0

1/4 1 0

−1/4 −7/15 1


 −4 1 2

0 15/4 1/2

0 0 26/15
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Given A ∈ Rn×n form L,U ∈ Rn×n, and p a vector of size n− 1

1: L←− In
2: for k = 1, . . . , n− 1 do
3: Find j such that |ajk| = max`=k,...,n |a`k|
4: p(k)← j

5: % Swap rows j and k, also the multipliers
6: A(k, k : n)←→ A(j, k : n), L(k, 1 : k − 1)←→ L(j, 1 : k − 1)

7: for j = k + 1, . . . , n do
8: ljk ←− ajk/akk
9: A(j, k : n)←− A(j, k : n)− ljkA(k, k : n)

10: end for
11: end for
12: U ←− A
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Given A ∈ Rn×n form L,U ∈ Rn×n, and p a vector of size n− 1

1: L←− In
2: for k = 1, . . . , n− 1 do
3: Find j such that |ajk| = max`=k,...,n |a`k|
4: p(k)← j

5: % Swap rows j and k, also the multipliers
6: A(k, k : n)←→ A(j, k : n), L(k, 1 : k − 1)←→ L(j, 1 : k − 1)

7: for j = k + 1, . . . , n do
8: ljk ←− ajk/akk
9: A(j, k : n)←− A(j, k : n)− ljkA(k, k : n)

10: end for
11: end for
12: U ←− A

• |ljk| ≤ 1

• p(k) = j means Pk is the permutation matrix
permuting rows k and j.
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Given A ∈ Rn×n form L,U ∈ Rn×n, and p a vector of size n− 1

1: L←− In
2: for k = 1, . . . , n− 1 do
3: Find j such that |ajk| = max`=k,...,n |a`k|
4: p(k)← j

5: % Swap rows j and k, also the multipliers
6: A(k, k : n)←→ A(j, k : n), L(k, 1 : k − 1)←→ L(j, 1 : k − 1)

7: for j = k + 1, . . . , n do
8: ljk ←− ajk/akk
9: A(j, k : n)←− A(j, k : n)− ljkA(k, k : n)

10: end for
11: end for
12: U ←− A

• Computed factorization

Pn−1 . . . P2P1A = LU

• # of flops∼ 2n3/3
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Forward Substitution
l11 0 0

l21 l22 0
... . . .

ln1 ln2 lnn




x1
x2
...
xn

 =


b1
b2
...
bn
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Forward Substitution
l11 0 0

l21 l22 0
... . . .

ln1 ln2 lnn




x1
x2
...
xn

 =


b1
b2
...
bn



x1 = b1/l11
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Forward Substitution
l11 0 0

l21 l22 0
... . . .

ln1 ln2 lnn




x1
x2
...
xn

 =


b1
b2
...
bn



x1 = b1/l11

x2 = {b2 − l21x1}/l22
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Forward Substitution
l11 0 0

l21 l22 0
... . . .

ln1 ln2 lnn




x1
x2
...
xn

 =


b1
b2
...
bn



x1 = b1/l11

x2 = {b2 − l21x1}/l22
xj = {bj − lj1x1 − · · · − lj(j−1)xj−1}/ljj j = 3, . . . , n
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Pseudocode

1: for j = 1, . . . , n do
2: xj ← bj
3: for k = 1, . . . , j − 1 do
4: xj ← xj − ljkxk

5: end for
6: xj ← xj/ljj
7: end for
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