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Problem 1. Let

A =

 1 0
2 2
0 1

 . (1)

(a) (20 points) Calculate a reduced singular value decomposition of A
given in (1).

(b) (10 points) For the matrix A in (1), write down a 3× 2 matrix B∗ such
that rank(B∗) = 1 and

‖B∗ − A‖2 ≤ ‖B − A‖2

for all B ∈ C3×2 with rank(B) = 1.
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Problem 2. Consider the 3× 3 matrix given below.
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 (2)

(a) (10 points) Is A in (2) positive semi-definite? If it is, explain why. If it
is not, provide a vector q ∈ R3 such that qTAq < 0.

(b) (15 points) Write down a full singular value decomposition ofA in (2).
Describe also what the set

{Av | v ∈ R3 such that ‖v‖2 = 1}

corresponds to geometrically.
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Problem 3. Suppose that P ∈ Cn×n is a projector, but P 6= In and P 6= 0.

(a) (9 points) Show that ‖P‖2 = 1.

(b) (8 points) Show that σn(P ) = 0,
that is show that the smallest singular value of P is 0.

(c) (8 points) Now suppose in particular that P is the orthogonal projec-
tor onto span{v}⊥ for a given nonzero vector v ∈ Cn. Give an expres-
sion for P in terms of v.
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Problem 4. (20 points) A matrix H ∈ Cn×n is called Hessenberg if hij = 0
for all i, j ∈ {1, . . . , n} such that i− j > 1. For instance, the matrix

3 −2 1 5
−4 1 2 1

0 −1 3 4
0 0 2 −5


is Hessenberg.

For every matrix A ∈ Cn×n, there exists a unitary matrix Q ∈ Cn×n and a
Hessenberg matrix H ∈ Cn×n such that

Q∗AQ = H. (3)

Given a matrix A ∈ Cn×n, design an efficient algorithm, in particular write
down a pseudocode, that computes a Hessenberg matrix H ∈ Cn×n satis-
fying (3) for some unitary matrix Q ∈ Cn×n. Your algorithm does not need
to form the unitary matrix Q explicitly, rather it suffices if it only returns
H. Count the number of flops required by your algorithm.
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