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We consider the single period stochastic inventory (newsvendor) problem with
downside risk constraints. The aim in the classical newsvendor problem is maximizing
the expected profit. This formulation does not take into account the risk of earning less
than a desired target profit or losing more than an acceptable level due to the
randomness of demand. We utilize Value at Risk (VaR) as the risk measure in a
newsvendor framework and investigate the multi-product newsvendor problem under a
VaR constraint. To this end, we first derive the exact distribution function for the two-
product newsvendor problem and develop an approximation method for the profit
distribution of the N-product case (N>2). A mathematical programming approach is
used to determine the solution of the newsvendor problem with a VaR constraint. This
approach allows us to handle a wide range of cases including the correlated demand
case that yields new results and insights. The accuracy of the approximation method
and the effects of the system parameters on the solution are investigated numerically.

© 2008 Elsevier B.V. All rights reserved.

Keywords:

Multi-product newsvendor problem
Value-at-risk

Downside risk

maximum value of the random function or the variable in
a f confidence interval, see for example, Jorion (1997),

1. Introduction

In the vast literature of inventory control, most of the
models employ maximization of the expected profit as the
main optimality criterion. In recent studies, the financial
risk in management of inventory systems is considered
from various perspectives. There are many risk measures
that are used in risk management in stochastic inventory
models such as the satisficing probability maximization,
utility functions, Value at Risk (VaR) and conditional VaR
(CVaR).

In this study, we focus on VaR as a measure of
downside risk and incorporate this risk measure in the
multi-product newsvendor problem. VaR measures the
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Artzner et al. (2000), and Simons (1996). VaR is a measure
of the maximum potential change in the value of a
portfolio of financial instruments over a pre-set horizon.
VaR answers the question of how much one can lose with
x% probability over a given time horizon. If a portfolio is
expressed as a 95% one-day VaR of $100 million, this
means that there is only a 5% chance that the portfolio will
lose more than $100 million over the next day.
Multi-product newsvendor problem can also be con-
sidered as a problem of determining the best product
portfolio among all the possible alternatives. Similar to
the case of investing in a financial portfolio, a retailer faces
a substantial risk in its ordering decisions. In a multi-
product portfolio, if the retailer ends up with a high
number of unsold products at the end of the season, the
financial losses can be devastating. From this perspective,
the objective of the retailer is maximizing the expected
return while it takes calculated risks, e.g., the retailer
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knows in advance that the probability of losing more than
a pre-determined level is less than the desired probability.

In this paper, we present a mathematical programming
methodology to solve the multi-product newsvendor
problem with a VaR constraint. The VaR constraint is
expressed explicitly by using the probability distribution
of the total profit.

For the two-product case, we give a compact expres-
sion that yields the total profit distribution based on the
demand distributions. Once the VaR constraint can be
expressed explicitly, the resulting optimization problem
can be solved by a mathematical programming approach.
We illustrate our approach for the cases with independent
and bivariate exponential distributions.

For the multi-product case, we present an approximate
method that is based on approximating the distribution
of the total profit with a normal distribution following
the central limit theorem. Numerical comparisons with
simulation shows that this approximation is quite accu-
rate in representing downside risk constraints.

The organization of the remaining part of this paper is
as follows. In Section 2, we review the pertinent literature.
We introduce the model and summarize the results for
a single-product newsvendor problem with a VaR con-
straint in Section 3. In Section 4, the two-product news-
vendor problem with a VaR constraint is formulated as a
mathematical program by deriving the probability dis-
tribution of the total profit. Results for two products with
independent and correlated demands are also given in this
section. Section 5 extends this approach to multi-product
case by approximating the probability distribution of the
total profit with a normal distribution. Finally, conclusions
are given in Section 6.

2. Literature review

Incorporating risk in inventory management decisions
received some attention in recent years. Sankarasubra-
manian and Kumarasamy (1983) consider a single-period
stochastic inventory problem in which it is required to
determine the product order quantity which maximizes
the probability of realizing a predetermined level of profit.
A condition for deciding the optimal order quantity is
found and explicit expressions for the optimal order
quantities in three special cases are given. Schweitzer
and Cachon (2000) investigate the decision bias in the
newsvendor problem with a known demand distribution.

The satisfaction probability is used as an objective
function in a number of studies (Lau, 1980; Lau and Lau,
1988; Li et al, 1990, 1991; Parlar and Weng, 2003).
Satisficing probability is defined as the probability of
exceeding a prespecified fixed target profit level. The aim
is to maximize the satisfaction probability function in
terms of the product order quantity. Lau (1980) solves the
satisfaction probability maximization problem for a single
product under the assumption of zero salvage value.

Lau and Lau (1988) consider the maximization of the
probability of achieving a target profit in a two-product
newsvendor problem. Solution procedures are developed
to find the optimal order quantities of each product that

will maximize the probability of achieving the target
profit value. Li et al. (1990, 1991) present an analytical
solution procedure to maximize the probability of achiev-
ing a target profit in a two-product newsvendor problem
for uniformly and exponentially distributed demands
respectively. Some analytical results are presented for
these restrictive cases.

Parlar and Weng (2003) investigate the satisfaction
probability value maximization objective in the classical
newsvendor problem. They also develop a model that
integrates this objective with the standard expected profit
maximization objective. In our setting, the satisfaction
probability function is used as a constraint of the classical
newsvendor problem and the aim is to solve this model
for N product case.

An alternative approach for modeling risk preferences
in inventory management, has been using utility func-
tions. Lau (1980) maximizes the expected utility of the
newsvendor problem. The utility function is defined in
terms of the expected value of the random profit and its
standard deviation. This corresponds to the well-known
mean-standard deviation trade-off approach. Eeckhoudt
et al. (1995) and Bouakiz and Sobel (1992) examine the
risk aversion in the newsvendor problem with an
exponential utility function and show that a base-stock
policy is optimal when a dynamic version of the news-
vendor model is optimized with respect to an exponential
utility criterion. In a recent paper, Chen et al. (2007)
incorporate risk aversion through utility maximization in
multiperiod inventory models involving pricing strategies.

There is a huge interest in hedging operational risks
using financial instruments. Anvari (1987) uses the well-
known capital asset pricing model (CAPM) in finance to
investigate a newsvendor problem. Gaur and Seshadri
(2005) investigate the impact of financial hedging on
operational decisions in the framework of the newsvendor
problem. They develop optimal hedging transactions that
minimize the variance of profit and increase the expected
utility for a risk-averse decision maker.

Luciano et al. (2003) investigate VaR as a risk measure
in the context of a single-product multi-period Economic
Order Quantity type inventory model. They present an
exact analysis to obtain the VaR and also establish useful
bounds. In contrast, we investigate a single-period
problem but focus on the interaction of multiple products
that are related through the VaR constraint.

In Tapiero (2005), an asymmetric valuation between
ex-ante expected costs above and below an appropriate
target cost, provides an explanation for the VaR criterion
when it is used as a tool for design. This approach gives
some insights regarding the selection of the VaR prob-
ability that turns out to be the ratio of the asymmetric
linear cost parameters in this case. In this setting, it is
proposed to optimize the planned (targeted cost) that is
defined as the sum of the expected newsvendor cost and
risk specification quantile (defined to be “index of risk
aversion”) times the standard deviation of the news-
vendor cost under the assumption of normally distributed
newsvendor cost function. We do not consider the design
problem here and assume that a desired profit level and a
corresponding level is specified exogenously. In particular,
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we deal with the multiple product newsvendor problem
with satisfaction probability constraint which enables us
to incorporate the VaR concept into a classical inventory
problem. Another difference in our model with respect to
Tapiero’s (2005) model is the uncertainty in our news-
vendor profit (cost) function is dependent on the demand
uncertainty. This implies that even if the probability
distribution of demand is specified and easy to handle, the
newsvendor cost function may have a much more
complicated probability distribution. This makes our
problem difficult.

Gan et al. (2004) incorporate the VaR concept to a
newsvendor problem with a downside risk constraint for a
single product. This is a decision making problem of a risk-
averse newsvendor subject to a downside risk constraint
which is characterized as the probability that the news-
vendor’s realized profit is less than or equal to his
specified target profit. In this paper, we present results
for a similar problem in the multi-product case. What
makes the multi-product case considerably more difficult
is the nature of the downside risk constraint. Because this
constraint creates a dependency between each product,
we cannot solve multi-product problem separately for
each product.

Finally, Gotoh and Takano (2007) and Zhou et al.
(2008) independently consider the CVaR minimization
in a multi-product newsvendor setting. It is shown that
the CVaR minimization problem in this setting can be
represented as a linear program. From an optimization
point of view, the CVaR formulation has certain nice
features (see for example Artzner et al. 1999) whereas the
VaR problem appears to be more challenging. We are
nevertheless able to develop a non-linear mathematical
programming formulation which is tractable for a small
number of products and an effective approximation that is
appropriate when the number of products is large.

In light of the related literature, the contribution of our
study is two-fold. First, we present a compact representa-
tion of the total profit distribution for the two-product
newsvendor problem. This derivation yields the total
profit distribution based on the given demand distribu-
tions. This approach allows us to handle a wide range
of cases including the correlated demand case. Conse-
quently, the optimal order quantities are determined by
using a mathematical program that incorporates the profit
distribution. Second, we present an approximation meth-
od for the multi-product case and evaluate the accuracy of
this approximation numerically. Since the numerical
results show that this approximation is quite accurate,
the proposed method can be used effectively to analyze
multi-product newsvendor problems.

3. Model

We consider a single-period multi-product stochastic
inventory control problem where a retailer determines the
optimal order quantities for N different products that have
stochastic demand with the objective of maximizing the
expected profit subject to a downside risk constraint.
The downside risk constraint is defined as the probability

of earning less than the target profit value nq is less than
or equal to the threshold probability value 5. The demand
for product i, D;, is a random variable with a distribution
function Fyx;) and density fi(x;). The joint distribution
function of D;, Dy,...,Dy is F(xy, X2,...,Xy) and the joint
density is f{x1, Xa,...,Xn). The sales price of product i is p;,
purchasing cost is ¢;, and the salvage value is s, We
assume that the natural relationship between the cost and
revenue parameters p; >c;>s; holds. The order quantity
for product i is Q;. The profit obtained from the sales of
product i is 7r; and the total profit obtained from the sales
of all the products is 7.

Our main interest is integrating risk considerations
into the single-period multi-product stochastic inventory
problem through a VaR approach. This could be performed
in several ways but our main focus is on the following
formulation which parallels the single-product formula-
tion of Gan et al. (2004). Consider the problem of
determining the order quantities that maximize the
expected total profit while satisfying a VaR constraint.

N
MaxE[r] = " E[n] (1)
i=1
subject to
N
P{an@o} <p (2)
i=1

The objective function of the above optimization
problem maximizes the total expected profit just like in
the standard formulation of the newsvendor problem.
The VaR constraint turns out to be the main challenge in
the above formulation since it is expressed in terms of the
probability distribution of the profit. For this reason, we
first turn our attention to obtaining or approximating this
probability distribution and then determine the solution
by using a mathematical programming approach.

3.1. Results for the single-product newsvendor problem with
a VaR constraint

In order to illustrate the approach, we first summarize
the results for the case with a single product. When there
is only one product, the profit can be expressed as

7y = (p; — Qi — (p; — sHIQ; — DiI* (3)

The distribution of 7; has a probability mass at the
maximum possible profit of (p; —¢;)Q; with probability
P[Ql<Dl]v i'eu

P[m; = (p; — c)Qi] = 1 — Fi(Qy) (4)
When Q;>D;, equivalently when m; <(p; — ¢;)Q;

P[rt; <x] = P[(s; — ¢)Q; + (p; — sp)D; <x]
X—(5i—c)Q;

=P D,‘<
pi —Ssi
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Since D;>0, Eq. (5) can be summarized as

(X=Gi— QY o o 0
Pl <X] = ’( pi—Ssi ) G = Q<x=< - )Y

0 xX<(s;i — ¢)Q;
(6)

Eqgs. (4) and (6) completely define the distribution of the
profit for one product. Then the newsvendor problem with
a VaR constraint can be written in terms of the probability
density and distribution function of the demand as

Max E[7;] = (p; — ¢)Q; — (p; — spQiF(Qy)

Q;
+i=s) [ dfidx (7)
subject to
To — (Si — €)Q;
A = ®

where (s; — ¢)Q; <o <(p; — ¢)Q;.
The unconstrained solution of (7) is determined by the
critical ratio

-1(Pi —Gi
G=F <Pi - Si)' ®)
If the above quantity satisfies the condition (8), then the
solution of the problem given in (7) subject to (8) is the
same. Otherwise, the VaR constraint must be binding.
Note that if Fij(mo/p; —s;)>p, or equivalently, if
n0>F’1([f)(p,- —s;) the above problem is infeasible.

Given that the problem is feasible, the optimal order
quantity is

_F'(BPpi —s) — o
- Ci— S

Q; (10)

as given in Gan et al. (2004).

4. Two-product newsvendor problem with a VaR
constraint

When there are two products, the solution cannot be
determined easily as the single product case. Similar to
the one-product newsvendor problem with a VaR con-
straint, the multi-product newsvendor problem with a
VaR constraint can be infeasible depending on the
problem parameters.

Given that there is a feasible solution, if the VaR
constraint is not binding at the unconstrained solution,
the optimal values are obtained by the critical ratios for
both products as given in Eq. (9). However, if it is binding,
there are infinitely many Q; and Q, values that satisfy the
VaR constraint and the ones that maximize the objective
function need to be determined.

In order to utilize a mathematical programming
approach, the VaR constraint needs to be derived
explicitly in terms of the decision variables Q; and Q.
We first derive the distribution of profit for two products
with a joint demand distribution and then analyze the
conditions for the feasibility of the problem. Finally, we
present a mathematical programming formulation that
yields the optimal order quantities.

4.1. Distribution of the profit for two products with a joint
demand distribution

The total profit for two product, @ = my+7, can be

written as:

(p1 —c1)Q1 + (P2 — 2)Q2
(P1 — Q1 + (52 — 2)Q2

Q<D Q<D

+(py — $2)D2 Qi<D1 Qy;>Dy
=4 (51 —¢c1)Q1 +(p; —sDD;
+(py — €2)Q2 Qi1>Dy Qy<Ds

(51 —€c1)Qq + (1 — 51Dy
+(s2 —€2)Q2 + (P, —52)D2 Q1 >Dy Q>Ds
(11)

The distribution of 7 has a probability mass at the
maximum possible profit given below:

Plrt = (p1 — ¢1)Q1 + (P2 — €2)Q2]1 = P[Q; <D1,Q2<Ds]
(12)

When n<(p; — ¢1)Q1 + (P, — €2)Q2

P[r<Xx|Dy, D3]
P{D2<x7m1 —c)Qy *(SZ*CZ)Qz] Q,<D; Q,>D,
Dy — 52
P{D1<X*@2*C2p)Q2;(S1 *Cl)Q1] Q,>Dy Q,<D,
1= 51

P[(py —51)D1 + (p — S2)D2 <x
—(s1 = €1)Qq — (52 — €2)Q2] Qi>D1 Q2>D;

Equivalently, the above equation can be written as

P[n<x]:P{D1>Q1,D2<X_9“}
D2 — 52
x—()b
+P|Di<—>.D2>Q| +8() (13)

where  g(x) = P[(p1 — s1)D1 + (P — 52)D2<x = 0c, Q1 > D,
Q2>D3), 0 = (p1 — €1)Q1 + (52 — €2)Q2, Oy = (P2 — €2)Q2 +
(s1 —¢1)Qq and Oc = (s1 — €1)Qq + (52 — €2)Qo.

Note that condition Dy <(x —04)/(p, —S2) implies
Q,>D, and condition D;<(x—0)/(p; —S1) implies
Q,>D;.

Let Products 1 and 2 be indexed such a way that
D1 —51)Q1=(py —$2)Q3, ie, 0,=0,. Since D;>0 and
D, >0, Eq. (13) can be expressed as

P[r<Xx]
Ja, o P f(xy, %) dxp g

+ o PP [ fo, X) dxo dxy + 8(X) Om>X>0

= P S fa ) dx +8(X) Oa>x>0,
g(x) Op=x=0
0 O0c>x
(14)

where 0 = (p1 — €1)Q1 + (P2 — €2)Qa.

The function g(x)=Pl(p; —S1)D1+ (py —S2)Da2<x —
0:,Q;>D1,Q,>D;] is determined by integrating the
probability density functions of Products 1 and 2 in an
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(Py= 5D +(py=5)D,=x=0.  py=>s,

Ve 1D1
P1— 95

(p1 =)D +(py=5)Dy=x—0,.  py=s,

P1=sPD+(py= 5Dy =x -0,

Q1 x—% D]

5 P1=51

Fig. 1. Different cases for g(x).

appropriate region depending on the system parameters.
Fig. 1 depicts these different regions.

Consequently, when Q;>(x — 6.)/(p; — $1), or equiva-
lently when 6,>x and Q; >(x — 0.)/(p, — s2) that is when
0p =x, g(x) is evaluated as

X—=0c/P1—S1  pX—0c—(P1—S1)X1/DP2—$2
g(x) = /0 /0 f(x1,%2) dx; dxy.

(15)
When 60,>x and 0, <x, g(x) is evaluated as
X—0c—(p;—52)Q2/P1—51 Q2
g(x) = / fx1,%) dx dxq
x—0c/p1—s1 X—0c—(py—S1)X1 /P2 —$2
+ [ /
X—0c—(p;—52)Q2/p1—51 /O
x f(x1,%2) dxp dx;. (16)
Similarly, when 0, <x and 0, <x, g(x) is evaluated as
X—0c—(p2—52)Q2/P1—51 Q
g(x) = /0 f(x1,%2) dx dx4
Q, X—0c—(py—S1)X1 /P2 —$2
g J
JX—0c—(p;—52)Q2/p1—51 /0O
Xf(X],Xz)ddeX]. (]7)

Since 0. + (p, — $2)Q> = 0, g(x) is completely defined by

g(x)
X—0) /D1 —51 o y
Jo TP [ fx, xa) dxa dxy + [,

« 16(70:7(171 —$1)X1/P2 =52 f(%1,%2) dx dx; Om=x=0q

X—0 —s1 Q: X—0, -5

=3 P fER foa, ) dxg dxy + x,(;;//gl',sl'
x Jarlr s bs f xo) dxy dxg 0a>x>0p

X—0c/p1—S1 (X—0c—(P1—51)X1 /D2 —S:
Jy s el s R £y xp)dxp dxy O >X>0c

(18)

Now Egs. (14) and (18) allow one to evaluate the
probability distribution of the total profit by using the
joint demand distribution. If the integrals in Eqgs. (14) and
(18) can be evaluated in closed form, the distribution
of the total profit can be written in closed form. For
example, when the demands for Products 1 and 2 are
independent exponential random variables with averages
A1 and /,, the distribution of the total profit is given in
closed form in Appendix B.

1

0.8
0.6

ﬁmin

0.4

0.21

0 = . . .
-3 -1 1 3 5
k

Fig. 2. Minimum S values for the feasibility of the 2-product VaR
problem x = E[mtyc] + ko[mycl, pi=1,¢;=0.5,5=03, ;= 1,i=1:2.

4.2. Feasibility of the two-product newsvendor problem
with a VaR constraint

As in the single-product case, there may not be a
feasible solution in the multi-product case. More specifi-
cally, if ming, o,P[r<x]>pf, there will be no feasible
solution to this problem.

For two products, the minimum f value that ensures
the feasibility of the problem can be determined by
minimizing the probability distribution function derived
in Egs. (14) and (18) for a given value of m,. Fig. 2 depicts
the minimum f value for different values of ny for a
system with two identical products and exponential
demand distribution where E[m,] and o[m,] are the
expectation and the standard deviation of the total profit
without a VaR constraint and k is a constant that shows
how many a[m,]'s x is away from E[7,].

4.3. A mathematical programming approach for the
newsvendor problem with a VaR constraint

In the two-product case, the probability distribution
function is determined by Eq. (14). Since the distribution
function is different depending on the region, the problem
can be written as:

2
MaxE[n] = > (p; — c)Q; — (p; — sHQF(Qy)

i=1

Qi
+(p; — ) /O Xf (%) dx (19)
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subject to
fg: . 3‘0“/”2‘52 f(x1,x2) dxz dxy
4 fy P o, x0) Ao dxy + 8(M0)< B if O > 110> O

fgiob/plfsl fé‘jf(xl,Xz) dx; dxq + g(mo)<f
g(mo)<f

if 04>m9>0,
if Op>mo >0,
(20)

where g(x) was given in Eq. (18). Since 6=
(P1 —c)Q1 + (52 —2)Q2,  Op = (P — €2)Qz + (51 — c1Qy,
and 0. = (51 — ¢1)Qq + (52 — €2)Q;, the regions also depend
on the decision variables.

It is possible to include the boundary constraints of the
type if flx)<0 then g(x)<O0 by adding two different
constraints g(x)<M(1-I) and f(x)<M(1-I) where M is a
big number and I is binary decision variable in the
formulation.

Combining all the definitions in the formulation yields

2
MaxE[n] = > (p; — c)Qi — (0 — sHQiF(Qy)
i=1

Q
+(p; — Si)/o xfi(x) dx (21)
subject to

7o — (P1 — c1)Q1 + (P2 — ©2)Q <M1 — I1)(1 — I)(1 — I3),
(P1 — €1)Q1 + (52 — €2)Q2 — Mo <M(1 - Iy)

7o — (P1 — €1)Q1 — (S2 — 2)Q <M(1 — [)(1 - I5)

(P2 = €2)Qz + (51 — €1)Q1 — Mo <M(1 - I)

7o — (P2 — €2)Q2 — (51 — Q1 <M(1 - I5)

(52 —€2)Q2 + (51 — Q1 — e <M(1 - I3)

oo px—0a/py—52
/ / Jx1,%2) dx, dx;
Q JO
x=0p/p1—s1  poo
+/ / fx1,%2) dx; dx;
0 Q
x=0p/p1—s1 Q2
+ / f(X1 ,Xz) dXz dX1
0 0

Q X—bc—(p1—51)X1/P2—$2
+ / / f(x1,%2) dxa dxq
x=0p/p1—51 /O

- B<M1 - 1)

x—0p/P1—51 B
/ / f(x1,%) dx dxy
Jo Ja,
x—0y/p1—51 Q2
+ / f(x1,%2) dx; dx4
0 0

X—0c/p1—s1  X—0c—(p1—51)X1/P2—S2
+ / / F(x1,%2) dx, dxq
x=0p/p1—s1 JO

— A<M - Ip)

/Xfoc/lﬁ —$1 /X*Oc*(lh —$1)X1/P2—S2
0 0

x f(x1,%2)dxy dxq — B<M(1 - I3)

(P1 —51)Q1 — (P2 —52)Q2>0
L+L+I3=1

Q:120, Q;>0, I1,15,13 {0, 1) (22)

Note that the above formulation is a mixed-integer
programming formulation with a nonlinear objective
function and mixed linear and nonlinear constraints.
Alternatively, it is also possible to solve a number of
different problems assuming a certain region in each of
them. Then the feasible results obtained for each sub-
problem can be compared to determine the global optimal
of the problem.

4.4. Results for independent exponential demand
distribution

Appendix A gives the distribution of the total profit
when the demands for Products 1 and 2 are independent
exponential random variables. Using this distribution and
solving the resulting mathematical program yield the
optimal order quantities as shown in Fig. 3. The dotted
lines show the unconstrained solutions that follow Eq. (9).
Similarly Fig. 4 shows the optimal expected total profit for
the same case.

4.5. Results for a bivariate exponential demand distribution
Since the distribution of the total profit is derived by

using a joint demand distribution, our methodology

allows us to analyze two-product newsvendor problem
30+

254 9"

20 1

*61 154 // "

0% 2% 4% 6% 8% 10%
B
Fig. 3. Optimal order quantity for the two-product VaR problem with

exponential demand p; =2, po =1, ¢; =0.5, c; =0.5, s =04, s, =04,
A1 =10, 2 =10, 1o = 0.

E 7]

0% 2% 4% 6% 8% 10%
B
Fig. 4. Optimal expected total profit for the two-product VaR problem

with exponential demand. p; =2, p» =1, ¢; =0.5, ¢ =0.5, s; =04,
sy =04, 21 =10, 1, =10, 1o = 0.
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with a VaR constraint and with correlated demand
distributions.

For example, let us consider a case where the demands
for Products 1 and 2 have a bivariate exponential
distribution. That is

P[D; <x1,D3 <Xx,]
= F1(x1)F2(x2)(1 + o1 — F1(x)][1 — F2(x2)]) | <1

and Fi(x;) =1 —e~1/%%_The correlation coefficient of D,
and D, is p = /4. There are many forms of bivariate
exponential distributions in the literature. We use this
particular form Gumbel (1960) because it is especially
convenient to model correlated exponential random
variables and experimenting by varying the correlation
coefficient systematically. This particular form has the
limitation that the correlation coefficient is restricted
|pl<1/4 which is sufficient for illustration purposes. Of
course, similar results can be generated for other tractable
bivariate forms using the results in Section 4.1. For this
setting, the probability distribution function for the
demand is derived in closed form in Appendix B. Figs. 5
and 6 show the cumulative distribution and probability
density function of the total profit for different values of p
for a specific case.

Once the probability function is available, the solution
of the VaR problem is obtained by using the mathematical
programming approach. Fig. 7 shows the optimal order
quantities for different values of p and f for a specific case.
Fig. 8 shows the optimal expected profit and Fig. 9 shows

[ p=-025 —p=-010——p=0 ——p=0.10—p=0.25]

Fig. 5. Cumulative distribution function of the profit p; =5, p, =5,
c1=3,0=3,5=2,5=2,A41=52=5Q=7Q0=7
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Fig. 6. Probability density function of the profit p; =5, p, =5, ¢ =3,
=3,51=2,5=21=571=5Q=70=7
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Fig. 7. Optimal order quantity for the VaR problem with bivariate
exponential demand p; =5,p>=5,¢1=3,62=3,51=2,5=2, 41 =5,
/2 =5, Q" = Q" = Q" no = E[n] — a[n].
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Fig. 8. Optimal expected total profit for the VaR problem with bivariate
exponential demand p; =5,p>=5,¢1=3,6=3,51=2,5=2, /1 =5,
Ja =5, o = E[n] — a[n].
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Fig. 9. Effect of the correlation coefficient on the optimal expected total
profit with respect to the independent demand case for the VaR Problem
with bivariate exponential demand p; =5, p, =5,¢1 =3, =3, 51 =2,
Sy =2,4 =5, A=5,Q =7 Q=7 ny = E[n] — o[n].

the percentage change in the expected total profit with
respect to the independent demand, i.e., p = 0 case for the
same example. As the figures show, when two products
are negatively correlated, it is possible to increase the
expected profit up to 25% with respect to the independent
case. This is due to the reduction in variability when the
demands are negatively correlated. Similarly, when the
demands are positively correlated, the expected profit is
lower.
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5. Multi-product newsvendor problem with a VaR
constraint

If the order quantities that are obtained by the critical
ratios given in Eq. (9) for all products satisfy the VaR
constraint, in other words, if the VaR constraint is not
binding at the unconstrained solution, then these order
quantities will be the optimal order quantities for the
multi-product newsvendor problem with a VaR con-
straint.

However, if this is not the case, extending the
procedure outlined for the two product case in Section 3
to determine the distribution of 7 with more than two
products is challenging due to the difficulty of determin-
ing the probability distribution of the total profit.
Furthermore, the multi-product newsvendor problem
with a VaR constraint may be infeasible for given system
parameters.

This section presents a simple approximation in the
case when there are N products with independent
demands. Since the total profit is the sum of the profits
of individual products that are random with independent
distributions, we can utilize the central limit theorem to
determine the distribution of the profit approximately.

Once the VaR constraint is expressed by using the
normal approximation, we can analyze the feasibility
conditions and determine the optimal order quantities by
using the mathematical programming approach.

5.1. Approximate distribution of the profit for N products

Under the assumption that the conditions for Central
Limit Theorem are satisfied, the distribution of the profit
function approaches to a normal distribution in a large
product portfolio. Practically, we can write the approx-
imate probability as

a[n]

P(n<x)=¢ (x — Em) (23)

where ¢(x) is the standard normal density function.

Since the demands are independent, E[r] = ELE[ni]
and Var(r] = E?’: ;Var[n;] where the expectation and
the variance of the profit for a single product can be
determined by using the probability distribution of the
profit given in Eq. (6). Appendix A presents E[r;] and
Var[r;] explicitly for exponential demand.

In this section, we evaluate the accuracy of this
approximation by comparing the approximate distribu-
tion with simulation results. Fig. 10 depicts the distribu-
tion of the total profit as the number of products, N
increases from 1 to 20 for a specific case with identical
product parameters with p=1, c=0.5, s=0.3, 1 =10,
Q = 12. As the figure shows, the distribution of the total
profit approaches the normal distribution quite fast. Since
the probability mass is at the right tail, using the normal
approximation for the probability values closer to the
probability mass will be valid when N is large. However,
probabilities concerning the left tail, i.e., the downside
risk, such as the VaR values can be approximated quite
well even when N is small.

Table 1 compares the exact probability obtained by
simulation and the normal approximation for a specific
system with identical products with exponential demand
in a wide range of x values as N increases from 5 to 50. As
the table indicates the normal approximation performs
quite well especially when x is less than the expected total
profit. It is also observed that the average error is very
small as the number of products is large. Table 2 presents
the same comparison for non-identical products with
uniformly distributed price, cost, and salvage values.

These results assure us that the normal approximation
can be used to describe the VaR constraint in the multi-
product newsvendor problem. Therefore, the same math-
ematical programming approach will be used to deter-
mine the order quantities for the multi-product
newsvendor problem with independent demands.

5.2. Feasibility of the multi-product newsvendor problem
with a VaR constraint

Similar to the two-product case, multi-product news-
vendor problem with a VaR constraint can be infeasible if
lTliHQ] """" QNP[E <X]>ﬁ.

Fig. 11 shows how the distribution function, deter-
mined by using the normal approximation, changes as
order quantities change for a system with identical
products. As the figure shows, for a given value of x,
P[7<x] has a minimum for a specific value of Q.

In this case, the condition for the existence of a feasible
solution can be determined by finding the values of order
quantities Q; i=1,...,N that minimize the probability
function for a given value of ny given in Eq. (23). These
order quantities can be determined from the derivative of
Eq. (23) with respect to Q; that yields

E 1 OE[r?
- ey + mofie)) = 5 g o — El,
i=1,...,N

where E[] = N | E[n;] and E[r?] = Var[n] + E*[n].

Fig. 12 shows the minimum f values that ensure
feasibility of the multi-product VaR problem with iden-
tical products with exponential demand distribution.

5.3. Solution of the multi-product newsvendor problem with
a VaR constraint

By using the normal approximation for the probability
distribution of the total profit as described in Section 4.1,
the VaR problem for N products is written as

N
Max E[n] = > (p; — )Qi — (p; — s)QiF(Q)
i=1

Qi
+ (i — ) /0 Xf() dx (24)

Subject to:

o[n]

P(t<mo) = ¢><LE[”]) <p (25)
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Fig. 10. Distribution of total profit with N products p; =1, ¢; = 0.5, 5; = 0.3, 4; = 10, Q; = 12.

The above constraint can be rewritten as:

o — E[nl< ¢ (Byaln]

(26)

where qﬁ”(x) is the inverse of the standard normal

distribution function.

For each product with possibly different demand
distribution, E[m;] and Var[r;] are determined by using
the probability distribution of the profit given in Eq. (6).
Using these probability distributions in Eqs. (24) and (26)
yield a nonlinear optimization problem that can be solved
by using standard nonlinear solvers such as BARON in
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Table 1

253

Accuracy of the normal approximation for the total profit |P(n <E[n] + ka[n]) — P(m <E[n] + ko[n])\ pi=1¢=0.5,s,=0.2, 2;=10, Q; : optimal for the

unconstrained problem, i = 1:N.

k N
5(%) 10 (%) 15 (%) 20 (%) 25 (%) 30 (%) 35 (%) 40 (%) 45 (%) 50 (%)
—3.00 0.03 0.01 0.02 0.02 0.02 0.02 0.02 0.02 0.01 0.00
-2.40 0.06 0.13 0.10 0.09 0.10 0.11 0.06 0.06 0.05 0.04
-1.80 0.51 0.30 0.27 0.22 0.19 0.18 0.15 0.13 0.10 0.12
-1.20 0.62 0.38 0.26 0.19 0.19 0.17 0.08 0.12 013 0.19
—-0.60 0.27 0.07 0.06 0.17 0.16 0.10 0.02 0.11 0.01 0.05
0.00 1.28 0.71 0.60 0.41 0.44 0.35 0.28 0.34 0.32 0.25
0.60 1.15 0.84 0.60 0.46 0.39 0.28 033 0.28 0.32 0.30
1.20 0.16 0.10 0.02 0.04 0.02 0.01 0.01 0.06 0.05 0.02
1.80 0.53 0.39 0.35 0.27 0.22 0.19 0.19 0.15 0.14 0.15
2.40 0.82 0.32 0.24 0.19 0.17 0.15 0.11 0.12 0.11 0.12
3.00 0.13 0.11 0.08 0.07 0.05 0.06 0.05 0.04 0.04 0.05
AVG 0.51 0.31 0.24 0.19 0.18 0.15 0.12 0.13 0.12 0.12
Table 2

Accuracy of the normal approximation for the total profit |P(r < E[x] + ka[r]) — P( <E[®] + ka[r])| ¢ = uy, p;

uy~U(0,1) Q; : optimal for the unconstrained problem, i = 1:N.

=i (1+uz), si = i (1-u3), i = 10Uy, uy, Uy, Us,

K N
5 (%) 10 (%) 15 (%) 20 (%) 25 (%) 30 (%) 35 (%) 40 (%) 45 (%) 50 (%)
—-3.00 0.00 0.13 0.06 0.11 0.02 0.02 0.11 0.00 0.12 0.01
—2.40 0.74 0.80 0.16 0.46 0.21 0.08 0.42 0.06 0.62 0.02
—-1.80 1.85 1.95 1.25 0.45 0.77 0.62 0.92 0.29 1.42 0.16
-1.20 5.48 0.41 1.85 1.60 0.93 1.03 0.73 0.24 0.53 0.35
—0.60 0.17 513 0.27 3.36 0.22 0.19 0.51 0.16 2.26 0.23
0.00 8.41 2.83 2.46 0.50 1.41 1.48 1.83 0.62 2.85 0.50
0.60 17.42 424 4.39 455 2.85 1.62 2.00 0.45 0.14 0.77
1.20 11.51 3.46 0.80 1.36 0.45 0.03 0.06 0.03 1.2 0.14
1.80 3.59 0.80 3.16 1.92 1.56 0.96 0.93 0.34 0.74 0.33
2.40 0.82 0.82 0.82 0.82 0.76 0.62 0.81 0.28 0.20 0.30
3.00 0.13 0.13 0.13 013 0.13 0.12 0.32 0.10 0.00 0.10
AVG 456 1.88 1.40 1.39 0.85 0.62 0.79 0.23 0.92 0.26
1.2 1
1' 0.8
. 0.8
m . 061
% 0.6 é
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Fig. 11. Effect of the order quantity on P[r<x] p;=1, ¢; = 0.5, s;= 0.2,
2i=10,Q;=Q,i=1:10, x = 1.4983.

GAMS. Note that due to the simplicity of the approxi-
mate profit probability distribution, the mathematical
program for the multi-product case is much simpler than
the two-product case that has a mixed integer nonlinear
formulation.

Fig. 12. Minimum f values for the feasibility of the N-product VaR
problem x = E[ny.] + ko[my], pi=1 ¢ =0.5, s5;=03, 4i=1 i=1:N
(N =10).

5.4. Results for the multi-product case with exponential
demand

Fig. 13 shows the optimal order quantities obtained by
solving the above problem for a specific case with
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identical products. The dotted lines show the uncon-
strained solutions that follow Eq. (9). It is not possible to
obtain a feasible solution when f is below the minimum
value shown in the figure. Fig. 14 shows the optimal
expected total profit for the same case.

Table 3 shows the optimal order quantities with non-
identical products with average demand, uniformly dis-
tributed price, cost, and salvage values.

6. Conclusions

In this study, we present a mathematical programming
approach to solve a multi-product newsvendor problem
with a VaR constraint. We express the VaR constraint
by deriving the probability distribution of the total profit.
For the two-product case, a compact expression that
yields the total profit distribution based on the demand
distributions is given. This approach allows us to handle a

-3 - -3 --3--x--13

0.120.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23
B

Fig. 13. Optimal expected total profit for the N-Product VaR problem
pi=1¢=0515=03 4=1Q=0Q,i=1:10, 7y = E[n] — o[n].

2.52+
2.50
2.48-
2.46 1
2.44
2.42
2.40
2.38

E[x¥]

6 T T T T T T T T T T T |
0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23
B

Fig. 14. Optimal expected total profit for the N-Product VaR problem.
pi=1¢=05:5=034=1Q=Q,i=1:10, ny = E[n] — o[n].

Table 3

wide range of cases including the correlated demand case
that yields new results and insights.

The solution of the two-product newsvendor problem
with a VaR constraint and correlated demands illustrate
that the existence of the VaR constraint makes the product
portfolio selection an important decision. More specifi-
cally, we observed that when there is a VaR constraint, the
expected profit is higher when two products with
negatively correlated demands are used. In contrast, for
the multi-product newsvendor problem without a VaR
constraint, demand correlations do not affect the expected
profit.

We also present an approximation method that is based
on approximating the total profit from the sales of different
products with independent demand distributions with a
normal distribution following the central limit theorem.
Our numerical experiments assure us that this approxima-
tion is quite accurate and the normal distribution can be
used to measure the downside risk even for portfolios with
a relatively low number of products.

Extending the same approach to the case with
correlated demand structures is not straightforward. Even
for the case with multinomial normal distribution, the
total profit may not converge to a normal distribution
depending on the correlations. For example, if all the
products are perfectly correlated, then the total profit will
have a probability mass at the maximum profit and the
resulting distribution cannot be approximated with a
normal distribution. Analysis of the multi-product news-
vendor problem with a correlated demand structure is left
for future research.
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Appendix A. One product exponential demand case

When the demand for product i is an exponential
random variable with rate A;, the distribution of the profit
7; is given below:

Plm; = (p; — ¢)Qi] = e~ %/4,

1 — e~ 1/4x=(si—c)Qi/pi=si

P[m;<X] = { 0 (5i — cQi<x<(p; — c)Q;

X<(si —¢)Q;

Optimal order quantities as f§ changes ¢; = uy, p; = ¢; (1+u3), s; = S; (1—u3), A4; = 10uy, Uy, Uy, us, u4~U(0,1) Q; : optimal for the optimal for the unconstrained

problem, i = 1:10, g = 0.

B Q Q @ o) Qs Qs @ Qs Q Qo

0.01 17.835 1.859 0.350 3.880 0.139 4.538 14.901 6.809 0.182 12.157
0.02 17.870 1.863 0.351 4.302 0.139 5.133 16.096 8.414 0.183 15.193
0.03 17.908 1.866 0.335 4.579 0.139 5.580 17.013 9.786 0.183 17.360
0.04 17.918 1.867 0.352 4.857 0.139 5.845 17.441 11.073 0.185 19.146
0.05 17.918 1.867 0.352 4.904 0.139 5.897 17.447 11.205 0.185 19.170
0.06 17.918 1.867 0.352 4.904 0.139 5.897 17.447 11.205 0.185 19.170
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Accordingly, the expected profit is written as

s Pi—)Qi  @—1/2ix—(si=c)Qi/Pi—Si
E[m) = (p; — c)Qie~ ¥ + /( I e
(27)
which yields
E[mi] = (5; — c)Qi + Ai(pi — si)(1 — e”%/%) (28)
Similarly,

E[m?] = (51 — Qi + Ai(pi — $0))° + A7 (p; — 5i)°
+ (0 — )* QP e WM — ((p; — Qi
+ 2Dy = ) + A7 (p; — siyP)e” U/ (29)
and

Var[r] = 2i(p; — 5> (Ai(1 — e72/%) — 2Q;e~ /4,

Appendix B. Distribution of the profit with
exponential demand—two product case

When the demand for product i is an exponential
random variable with rate 4;, the distribution of the total
profit, m;+m; is given below:

1 — eX—0c/A(pr—s1) _ l(e*X*Hc/il(IH*SH
0q
_e—X—(')c/)~z(Pz—52)) 0q >9b2X
—X—0c/72(py—52)
1— e—x—()c//ll(pl—s]) _ € T
Pln<x] = 04
x (eX=0c/(P1=s0)la/21 _ @x=0p/(p1=s1)0a/’1)) 0a=x>0,
. X —X=0c/72(P2—52)
1 — e*~0a/22(P2=52)-Q1/A1 _ L
Od
x(eQ0a/21 _ ex=0s/(P1=51)0a/21)) x>0,>0,

where 04 = A1(p; — $1) — A2(Dy — S2)/42(p, —S2)  when
04#0 and
i —x—0c/22(p3=52) x _
1 — e=*—0c/A(py—s1) _ eAZ—XGC 04=0p=x
1 (P1—51)
) ~x—0c /22(P2~52) _
1 ex-0c/mm-sn _ & BT, 52)Q> 0s5x>6,
Plr<x] = 41 (P —S1)
- X0 /2P~
1 — e *0a/A2(Pp2—52)-Q1 /70 _ w
1
_c ) —x
X(Ql(pl S > x> 04> 0,
®1 —51)

when 04 = 0.
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