. CHAPTER
Geometrical Optics

roduction ‘ A
hap. 1, we discussed the solution of the wave equation and devel-
echniques to atialyze different phenomena and devices based
ave aspects of light, such as reflection and refraction of light
and ‘optical interference coatings. We will use these techniques in
Ster chapters to investigate other important wave effects in photon-
cluding diffractive spreading of confined laser beams, light
agation in optical fibers, pulse broadening in dispersive media,
(onlinear coupling of waves, and so on. In fact, we can also employ
methods in the analysis of imaging systems. For example, sup-
hat we place a candle in front of a converging lens and want to
he location and magnification of the image. After all, light
ating from each point of the candle can be described by elec-
magnetic waves and Maxwell’s equations give us the full recipe
'%dfé,&:l:inine how light will propagate through the optical system.
5 approach falls within the scope of diffraction theory which we
ot discuss here. In such a case, keeping track of the electromag-
ic field distribution between the object and its image can turn out
te a difficult task and often requires nurnerical computation.
Wever, if the wavelength of light is much smaller than the charac-
ystem dimensions, such as the length of the candle or the
tuxe of the lens, as in this particular example, the location and the
ification of the image can be determined by using a much sim-
proach based on geometrical optics. This is what we will be
(ploring in this chapter.

In geometrical optics, wave aspects of light such as wavelength,
ctric field distribution, and polarization are not taken into account.
ht is simply modeled as consisting of rays. As such, it is assumed
oitravel in a straight line without spreading as long as propagation
place in a homogeneous medium. The direction of the ray is the
elas the direction of the Poynting vector for the corresponding
ve. The ray direction will change only when a discontinuity
as a dielectric interface or a lens is encountered. In this case,

law [see Eq. (1.209)] can be used to find the new direction of
4y. Alternatively, ray trajectories can also be computed by
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application of the Fermat principle which states that ligh
the specific trajectory along which the transit time is minigus
approach will not be discussed here. Let us emphasize-once 2z
how simplified the geometrical optic approach is: we -
reference to the wavelength, electric field strength, or the' pola
of light waves, and simply keep track of the direction of th
vector. The method works especially well in the calculati
position and magnification so long as the wavelength is muc
than the system dimensions. :
In this chapter, we will develop the methods of geo
and apply them to the analysis of common opiical sys ,
the components of an optical system are centered on an 6itics =fyt =hH
the light ray coincides with the optical axis, it goes through -

T

without an offset or deflection. As an arbitrary light ray mov
the optical system, its height r and angle of inclination @will'ch
respect to the optical axs. In this chapter, we will concentra
Wwhere 8 is very small so that the approximation sif#
always valid. This regime is commonly referred toas
metrical optics. In this case, nonlinear terms involving the
ric functions of 8 are negligible and the effect of the optical’
be described by linear transformations on 7 and 6. S
optical component can be modeled by a 2 x 2 matrix alsé efe
the ABCD matrix. In Sec. 2.2, we will introduce the
and describe how the matrix elements can be deter
then discuss how the image location and magnification
mined in the paraxial limit. By using the concepts
planes, we will also show in Sec. 2.5 that a general p
system can be represented in terms of displacements;
The general representation of a paraxial system de
chapter will be used later in Sec. 3.3 to derive the trand
for a Gaussian light beam. Ray tracing in conti
Eikonal equation, graded-index rods, and stability criteria for
resonators will also be discussed. Further discussion
Optics can be found in Refs. 1 to 8 listed at the erid of th

'general optical system. The incident ray has the
angle 8, at the input plane z = z. The ray emerging at
has the height r, and the slope angle 6,.

ameters are required to completely describe
ight (shown as 7, on the input side of Fig. 2.1)

ut side of Fig. 2.1) with respect to the optical
onvenient to describe this ray as a 2 x 1 column

e Z @2.1)

in'general modify thesé ray parameters so that
the output plane will have a different height 7

Our goal is to determine how the optical sys-
put ray to:the output ray. Hence, we will represent
L set of transformation rules which, given an
Ope; produces the final height and slope.
int the paraxial optics regime, where the rays

inclination with the optical axis, this trans-

2.2

resented by a 2 x 2 matrix M, with elements that
ay height and slope. The parameters of the
ice related to those of the input ray according to

Matrix Formulation of Paraxial Optics.

Let us consider a general optical system sketched
z axds corresponds to the optical axis. The input and-outpt
the optical system are located at z = z;and z=2z, resp
example, we may have a telescope between z= z,and’
in Fig. 2.1. In this particular case, the telescope consists e o . A . .
of focal lengths f, and f, separated by a distance d: e : Hmwwmanm final and initial ray vectors given by

ray enters the system at z =z, and exists at z= z. We are'in|
developing a simple method to determine how the ¢ ]
the light ray will be modified by the optical system.

T =My (2.2)

and NHE 2.3)
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Let us first consider the ray p, which has a finite height and zero slope
8,=0). In this case, the output ray has a height of 7, and a slope angle
f 8. Since 8;=0, Eqgs. (2.5) and (2.6} reduce to

In Eq. (2.2), M is a 2 x 2 matrix conventionally expressed as

A B
H(HH “ﬁo UH— mN.ﬁv
We will refer to M. as the ray transformation matrix or simpl g
ABCD matrix. 7 e Sply he ;
How ﬁ.mo we determine the ray transfer matrix of a given optical -
wa.u\mwmgw mE.nm M., is a 2 x 2 matrix, it turns out that use of two special
input rays is mﬁ.ﬁ&mﬁ to fully determine the four elements of M.
Hﬂmmm rays, designated as p, and p,, are shown in Fig. 2.2. Ray I3
me.. 2.2a) is parallel to the optical axis at a finite offset of 7, from the
optical axis, whereas the second ray p, (Fig. 2.2b) goes through the
o%nnm_ axis at the input plane z = z, with zero initial height and finite
slope angle 8. In general, the parameters of the emerging ray are dif-
ferent for these two cases. Fre Ty
m%mﬁmgm the ray transformation given in Eq. (2.2), we get the
following explicit expressions for teand 6 -

T e
A=-LL apnd C= tmw (27)
&

immediately, giving the elements A and C of M. Similarly, the initial
eight is zero for the second ray p, , in which case, Egs. (2.5) and (2.6)
can be used to determine B and D from

7 2]
B=Z% and D=- , (2.8)
Qo Qo

By using the special rays p;, and p, , the four elements of the ray
ansformation matrix M are determined. Once M is known, the
effect of the optical system on any arbitrary ray can be calculated by
using Eq. (2.2). Note that the choice of the reference plane locations is
critical. If z, and z, are changed, the elements of M, will change.

H

Below, we provide several examples to demonstrate the application

r = A+ B8, 2.5)
8,=Cr+D§, (2.6)

Example The ray transformation matrix for a displacement of length d
We start with the simplest possible example and use the above method to deter-
mine the ray transformation matrix corresponding to a displacement of length
- shown in Fig. 2.3. Here, the optical system which is located between the input
z=z) and output (z =2 planes is simply a segment of space of length d.
First, consider the ray vector p, which corresponds to a parallel ray incident
. ata height of r, (see Fig. 2.44). Since there is only free space, the ray will emerge
parallel to the optical axis at the same height, so that 7, =1, and 6, =0. This gives
A=1and C = 0 using Eq. (2.7). In the case of 5,, where the incident ray has an
arbitrary slope of §, and an initial height of 7, = 0 (Fig. 2.4b), the emerging ray will
have the same slope (6,,= 8,) and the ray height will be r,, =dtan 6, = d6, Note
that here, we have used the paraxial approximation by assuming that tang, = ,.

) b
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Fieure 2.2  Sketch of the special incident rays (a) m» and (b) p, which are
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Ficure 2.4 Use of the special rays (8} p, and (b} 5, in the determination of
the ray transformation matrix for a displacement of d.

ens emerges without any deflection (see Fig. 2.5b). In this case, we have =0
~and mb = ¢, Hence, B=0and D=1 from Eq. (2.8). Hence, the overall ray transfer

By using Eq. (2.8), this gives B =4 and D = 1. Therefore, the ray transfer matrix At moH the thin lens becomes

of a displacement of length d is given by

EﬂuﬁH ﬁ 29 My=|_1 (2.10)

01

Note that the determinant of this matrix is unity. We will find that if the index
of refraction of the medium on both sides of the optical system is the same, the.
determinant will always be unity. This is a useful fact to check whether or not
you have calculated the ray transfer matrix properly.

Another important optical system is the spherical refracting surface shown in
igs. 2.6a and b, Here, the two sides of the curved interface have different indices
f refraction and this Jeads to bending of the light rays. The procedure outlined
above can also be used in this case to derive the ray transformation matrix. We
eave it as an exercise for the reader (Prob. 2.1) to show that M, has the form

Example The ray transformation matrix for a thin lens of focal length f

As a second example, let us derive the ray transformation matrix for a thin lens 1 0
of focal length f. Under the thin-lens aproximation, we simply neglect the finite- M,=|m~n, n (2.11)
thickness of the lens. The input and output reference planes are chosen to coin-. nR  n

cide with the front and back surfaces, respectively: Figures 2.5z and b show the
action of the thin lens on the rays p, and ;.

First, consider the incident ray vector p;. It is well known from elementary
optics that a parallel ray of light passing through a thin lens of focal length fis
bent to cross the optical axis at the focal point (shown as F in Fig. 2.5a), which is
at a distance of f from the lens. Since the thin lens has a negligible thickness, the
ray height remains essentially the same, so 1, =7, On the other hand, the ray is
bent downward and the new slope becomes 8, =tané,, =—7,/ f. This gives
A=1and C=-1/fusing Eq. (2.7). Similarly, Emmmmﬁ o:m_m thinlenson p, can
be analyzed by using the fact that a light ray going through the center of a thin

where R is the radius of curvature of the interface, and n, and 7, are the indices
f refraction on the input and output sides. Here, it is also necessary to establish
ign convention for the radius of the surface. For a ray propagating in the posi-
ive z-direction, we take the radius of curvature R to be positive if the center of
curvature is to the right of the curved surface as in Fig. 2.62, and negative other-
wise (Fig. 2.6k). When R is negative as in Fig. 2.6b, an incident parallel ray will
diverge for n,> n,. This can be easily verified by the application of Snell’s law.
Also note that when the refractive index before and after the optical system is
not the same, the determinant of the corresponding ray transformation matrix
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Figure 2.6 Effect of m.w curved refracting surface wi iti
€ : e with a (&) positi
{(b) negative radius on a paralle! ray of light. For both ommﬁmw.o:n > ,M.m:a

Is no longer unity. In genera], the determinant AD-BC becomes (n

index of the lens material.

n, and n, are the indices of refraction on the input and output anmmﬁﬂmwﬂw M.. mmw
cal system, respectively. In the mext section, we will use the ray _Hmbmmoaﬁmwoa
matrix of the curved refracting surface to obtain an expression for the focal
length of a thin lens in terms of the radii of curved surfaces and the refractive

2.3 Cascaded Optical Systems

QEUIHELIIVALI UPLILD

matrix M, of the composite system is the product of the transforma-
tion matrices representing the individual optical elements. The order
in which the matrices are multiplied is particularly important. To see
this better, let us refer to Fig. 2.7 and assume that the light ray is prop-
agating in the positive z-direction. The incident ray represented by 7,
will first encounter the optical element with the ray transformation
matrix M. The emerging ray 7, will be given by 7, =M% Now, 7, is
incident on the second optical element, and the output ray 7, will
become 7, =M% =M M7 It is clear that the ray 7, emerging
from the nth element will be related to the incident ray through

7, =M, (2.12)

where

: 1

My =M My, My = H.l‘_”g.m (2.13)
© Hence, this analysis shows that we can describe the entire parax-
ial optical system with one 2 x 2 matrix. When several matrices are
involved, it is always a good strategy to check the determinant of the
‘overall matrix. This should be unity if the refractive index before and
after the optical system is the same. The next two examples illustrate
the use of Eq. (213} in the.analysis of cascaded optical systems.

Example  Consider the optical system consisting of two thin lenses L, and L, and
_adisplacement of 4 in between, as shown in Fig. 2.8. f, =10 cm, f,=20 cm, and
"d =8 cm. The ray incident on L, has a height of 3 mm and a slope angle of 1°,
Calculate the height and the slope angle of the output ray immediately after L,

_Solutlon The input and output planes of the cascaded optical system are located
* at L and L, First, note that we need to express the incidence angle in radians so
that the approximation sin6 = tan@ ~ 8 applies. A slope angle of 1° corresponds

1

A general optical system such as a telesco i

. pe may consist of several
curved .mchmmnmmq &mﬁmnmﬂmﬁ? and so on. This is represented as a
block diagram in Fig. 2.7. In such a case, the overall ray transfer

to 0.017 radian. Expressing lengths in cm and angles in radians, the incident ray
vector becomes :

- _[ o3
~ 0T 0.017

! My Mp, My, |
t ﬁ 7
_ 3 ;
adl P d 28 e —
! w ‘Example involving I !
; _ >, ~a cascaded optical
“ __ . - systermn, “ “
1 ” |
UL i m _
z t
1 Z __ M
Fieure 2.7 Block diagram of a cascaded optical _ /
; . 3 systemn. The ray transformation
M__B:x for the composite system is the product of the matrices for the individual o "
ements. The correct ordering of matrix multiplication is shown in Eg. (2.13). m N_
; &y
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Chapter Two
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Fisure 2.16 General representation of -a paraxial optical system,

By using Eqgs. (2.27) and (2.28), M, can be expressed as

: 10
(A B)_(1 &)1 0 16,
MT_(C D]‘(o 1]((: 1)0 :;'—*(o 1} (2:30)
2

{(2.31)

8, = D-(aD-BO) (Ag —BS) (2.32)

In other words, a general paraxial optical system can always be
represented as a cascaded system consisting of a displacement (3,), a
dielectric interface, a thin lens of focal length f=-1/C, and a second
displacernent (8,). This is schematically shown in Fig. 2.16, In the next
chapter, we will use this result to derive the general transformation
rtile for the g-parameter of Gaussian beams.

2.6

T 2T e T

Geometri;:al Optics in Continuou;l\-llédia

In the previous sections, we analyzed the effect of discrete optical
systems on the propagation of light rays. Here, we will consider opti-
cal systems where the refractive index changes continuously in space.
We will assume during the analysis that, as before, the z-axis defines
the optical axis and the change in the refractive index occurs in the
radial direction as shown in Fig. 2.17. As can be seen from Fig. 2.17,
the ray makes an angle of 8 with the optical axis at the point A which
is at a distance of r from the optical axis, The refractive index at A is
n(r). After propagating an infinitesimal distance dz along the optical
axis, the ray moves to point B which is r + dr away from the axis and
the angle made with the optical axis becomes 0 + d6. Because #
changes continuously with r, the ray will in general follow a curved
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