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We consider a firm that produces multiple variants of a product. Products are assembled using a combi-
nation of common and dedicated components. We characterize the optimal assortment and derive the

optimal inventory levels for the common and dedicated components under various bill-of-material configura-
tions. We investigate the effect of commonality on product variety and compare its benefits under different
demand characteristics. Commonality always leads to increased profits, but its effect on the level of product
variety depends on the type of commonality. If all common components are used for the production of the entire
set of products, then the optimal variety level increases relative to the system with no commonality. However, if
the common components are used by a subset of the final products, then the optimal variety level may decrease
with commonality. We find that the effects of commonality on profit and variety level are stronger under a
demand model in which product demands are more variable and exhibit pairwise negative correlation relative
to a model with independent demands.
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1. Introduction
Providing a wide assortment of variants in a product
category is critical for most manufacturers. A higher
variety level tends to attract more customers, espe-
cially in a competitive environment, as it allows them
to find items that more closely match their preferences.
In turn, this helps retain customers for future pur-
chases. However, variety is costly from an operational
perspective. Higher variety leads to increased manu-
facturing complexity, for example, in the form of more
frequent switch-overs in production, and to a more
fragmented product line. That is, adding more vari-
ants to the assortment tends to reduce the demand for
individual products and, at the same time, increase
their relative demand variability. This reduces the
extent to which companies can take advantage of
economies of scale. Thus, higher inventory levels are
required to maintain the same service level.
Companies employ different strategies to sup-

port a high level of variety, such as using com-
mon components, investing in flexible capacity, and
redesigning products and processes to benefit from
delayed differentiation—all of these are different
forms of operational flexibility. This generates a
higher demand volume for the common parts and
therefore results in lower operational costs. The ben-
efits of implementing some form of flexibility for a

given line of products are well documented in the lit-
erature; this paper explores the effect of commonality
on assortment decisions. There are three forces at play
in our model: (1) Higher variety leads to increased
total demand; (2) this also leads to a higher rela-
tive demand variability for each product; and (3) at
the same time, the demand aggregation effect for the
common components mitigates the increased costs
associated with higher demand variability. In view of
these three effects, we investigate how the choice of
an assembly configuration (or bill of materials) affects
a firm’s assortment and stocking decisions.
In particular, we consider an assemble-to-order

system in which a manufacturer produces a num-
ber of variants in one product category. Each vari-
ant is assembled from several components. There
are product-specific (i.e., dedicated) components and
components that are common to a subset of (or all)
the product variants. We consider two demand mod-
els, both introduced in van Ryzin and Mahajan (1999).
Under the independent population (IP) model, all
consumers make purchasing decisions independently
of each other. Under the trend-following (TF) demand
model, consumers follow the choice made by the
early buyers, which leads to a higher demand vari-
ance for each product and to negative correlation
between products, yielding the largest risk pooling
benefit from a common component. In these settings,
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we characterize the optimal component inventory lev-
els and the structure of the optimal assortment for
some special cases of the bill of materials. Based on
these results, we compare a system in which all vari-
ants are produced using only dedicated components
to systems that incorporate flexibility in the form of
component commonality.
We find that the effect of commonality on prod-

uct assortment decisions depends on how these com-
ponents are integrated in the bill of materials. If
each common component used in manufacturing is
shared by all product variants, then the optimal level
of variety increases with commonality. In this case,
the demand pooling effect results in high enough
savings that the firm can introduce more variants.
However, this result does not necessarily hold for
more general bills of materials. In fact, when some
of the common components are shared by a subset
of the product variants, the optimal assortment may
decrease relative to that in a setting without common-
ality. This reduction in the optimal assortment occurs
when removing a variant that does not use the com-
mon component leads to a sufficiently increased scale
effect on the variants that do share that component,
making it more attractive to reduce the assortment in
a way that maximizes the demand pooling effect. In
these cases, it may be optimal to rationalize the prod-
uct line to shift demand to products that share com-
mon resources. In this respect, we explore conditions
that lead to increased or reduced assortment offerings
in general systems. When commonality does increase
the depth of the optimal product assortment, we find
that the extent of this increase depends on the charac-
teristics of market demand. Specifically, the TF model,
which exhibits higher demand variance and pair-wise
negative correlation between products, leads to higher
increases in the set of products offered relative to the
IP model.
Our results are relevant for product line managers

(who decide which products to offer) and supply
chain managers and product designers (who make
procurement or design decisions that affect the bill-
of-material configuration). If common components are
used to produce all (or most of) the products, then
a wide range of variants can be offered. If design
limitations preclude the use of common components
across the entire product line, then it may be opti-
mal to restrict the product offering to benefit from
an increased scale effect for the products that use
the common components, leading to the exclusion of
some products that do not share those common com-
ponents. Hence, although introducing commonality
between a given set of products increases profitability,
the resulting optimal assortment may be smaller, lead-
ing to a lower level of variety and market share. Our
results also suggest that there may be opportunities

to increase variety inexpensively by exploring new
product designs that utilize as much component com-
monality as feasible with the most popular products.
This paper builds on two streams of research:

retail assortment planning and component com-
monality/resource flexibility. The literature on retail
assortment planning generally focuses on the con-
sumer choice aspect of assortment decisions and
works with the simplest production structure, in
which each variant is produced using a dedicated
component. Van Ryzin and Mahajan (1999) consider
such a model and demonstrate that the optimal
assortment consists of a certain number of the most
popular products. Other papers in this area include
Smith and Agrawal (2000), Cachon et al. (2005), Gaur
and Honhon (2006), and Kök and Fisher (2007); see
Kök et al. (2008) for a detailed review of this stream
of work. The literature on component commonal-
ity (e.g., van Mieghem 1998, 2004; Bernstein et al.
2007) and other forms of operational flexibility (e.g.,
Fine and Freund 1990, Lee and Tang 1997) studies
inventory and common-component allocation deci-
sions and explores the resulting value of flexibility
for a given fixed assortment of products. Similarly,
the literature on assemble-to-order systems investi-
gates optimal inventory policies for a given assort-
ment of products (Song and Zipkin 2003, Song and
Zhao 2009). In this paper, we consider a setting
in which the set of products offered is an endoge-
nous decision based on the structure of the bill of
materials that includes flexible resources in the form
of common components and on a consumer choice
model like those considered in the assortment plan-
ning literature.
Product variety has also been widely investigated

in the marketing literature. For example, Kahn (1998)
provides a review of papers that explore how product
variety influences the revenue potential of a product
line. The use of common components in manufactur-
ing may lead to lower costs, but also a to lower degree
of product differentiation from the consumers’ per-
spective. This trade-off is investigated in the product
line design literature (e.g., Desai et al. 2001, Heese
and Swaminathan 2006). A number of papers focus on
how to create and implement product variety in man-
ufacturing settings (e.g., Ramdas et al. 2003). Hopp
and Xu (2005) consider a product selection problem
and show that modularity always leads to higher
variety.
The rest of the paper is organized as follows.

Section 2 describes the model set-up and §3 presents
the results for the dedicated system. Section 4 presents
the analysis of systems with common and dedicated
components, but in which the common components
are used in the production of all product variants.
Section 5 contains an analysis of systems with more
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general bills of materials. Section 6 concludes the
paper. All proofs and supplementary material are pro-
vided in an electronic companion (Appendix A) and
in Appendices B and C, which are available from the
authors upon request (Appendices B and C are also
available at the authors’ websites).

2. The Model
We consider a manufacturer that makes product line
decisions regarding the set of product variants to
offer in the market. The manufacturer also decides
the capacity or inventory levels for the components
used in production. Each product variant may rep-
resent, for example, a color/size/design combination
of a garment or a specific configuration of a per-
sonal computer. The set of all variants is denoted
by � = �1�2� � � � �N �, and the firm offers a subset
S ⊂� . Each variant is produced according to a bill
of materials that dictates the components used in its
fabrication. There are product-specific (or dedicated)
components and components that are common to a
subset of (or all) the variants. For example, Nike’s
recently designed “LunarLite” foam is used in sev-
eral of the company’s shoes, while a specific color
may be common to a subset of the sneakers, and a
certain pattern may be specific to one product vari-
ant. Similar examples apply to apparel and modu-
lar products, such as a personal computer. The firm
holds inventory of components, and final produc-
tion/assembly time is negligible. This model structure
applies to assemble-to-order systems, such as Dell’s
personal computers, where the final step of produc-
tion takes place after customers place their orders for
specific product configurations. In the case of Nike,
the company has recently introduced an online sys-
tem that links Nike manufacturing partners to reduce
lead times and reduce the percentage of shoes it
orders on speculation from 30% to 3%, essentially cre-
ating a make-to-order system for the manufacturers
(Holmes 2003). The model may also apply to settings
in which the manufacturer produces according to
orders from retailers, provided that final production
or assembly takes place after the retailers’ orders are
received.
We model demand using a consumer choice model

similar to that in van Ryzin and Mahajan (1999). The
choice of a product variant within the offered assort-
ment is based on the multinomial logit model. A con-
sumer chooses a product in the assortment or selects
the no-purchase option (denoted by 0) to maximize
her utility. The expected utility derived from option
i ∈ S ∪ �0� is given by ui. The probability of a customer
choosing option i is given by

qS
i = �i∑

j∈S �j + �0
� i ∈ S ∪ �0��

where �i = eui � (We refer to van Ryzin and Mahajan
(1999) for details on the multinomial logit model.) For
simplicity, we refer to �i as the utility for variant i and
let � denote the vector ��1� �2� � � � � �N 	. We assume
that products are indexed in descending order of their
popularity (as measured by their utility parameters),
i.e., �1 ≥ �2 · · · ≥ �N .

We assume that consumers choose a variant based
on the offered assortment S and that if the selected
product is not available, then the sale is back-
ordered or lost.1 This assumption implies a static or
assortment-based substitution, therefore ignoring the
dynamics of product substitution that are based on
the availability of products at the time of the customer
arrival. This model is particularly suitable for cata-
log retailers and for manufacturers selling customized
products. In those settings, consumers choose from
a menu of products in a catalog or on a website.
Depending on the availability of components, the firm
delivers that product immediately or the sale is back-
ordered or lost. The same is the case with apparel
manufacturers that receive orders from retailers based
on the offered assortment.
Demand arrives over a single selling season.We con-

sider two models of consumer demand, both intro-
duced in van Ryzin and Mahajan (1999). Under the IP
model, the total number of customers interested in the
product category follows a Poisson distribution with
rate 
, and each customer selects a variant indepen-
dently of the choices that all other customers make.
Thus, demand for variant i follows a Poisson distri-
bution process, with rate 
i = qS

i 
. We approximate
this distributionwith a Normal distributionwithmean

i and standard deviation �i = �
�

i , with � > 0 and
0< � < 1.
We also consider the TF model. The TF model is

a stylized model construct that describes a rather
extreme representation of customer behavior for prod-
ucts where the trend is established by the leader (early
buyers, buyers with influence, reputable consumer
reports, etc.), and all other customers follow the trend.
This model is appropriate for fashion goods, where
customers tend to follow trends set early in the sea-
son. Thus, for each variant i, demand Di is either
zero (with probability 1− qS

i ) or equal to total market
demand (with probability qS

i ). Total market demand
is itself a Normal random variable with mean 
 and
standard deviation � . We assume that 
 is sufficiently
larger than � so that the probability of a negative
demand realization is negligible. The trend-following

1 Because we consider a single-period setting, backorders and lost
sales are equivalent from a modeling point of view and would lead
to the same profit expression (except for a constant) if the backorder
penalty cost equals the profit margin. It is possible to include a
salvage value and a shortage penalty cost by a simple redefinition
of parameters.
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model exhibits pair-wise negative correlation between
product demands and a higher demand variance at
the individual product level relative to the IP model.2

In our setting, demand variance and correlation influ-
ence not only the capacity decisions and the system’s
profit, but also the assortment decision.
The bill of materials consists of a set of compo-

nents �= �1�2� � � � �M� and a production matrix that
matches components with end products. We assume,
without loss of generality, that a finished product
requires one unit of each of its components. We inves-
tigate special forms of the production matrix. In a
dedicated system (denoted D), all components are
product specific. We then study a setting (denoted C)
in which each variant is produced using a dedicated
component and a component that is common to all
products. (Although we assume that every product
requires two components—dedicated or common—
any one of these components may represent a kit of
parts or sub-assemblies.) We finally consider settings
with more general bills of materials.
As in van Ryzin and Mahajan (1999), we assume

identical total production costs and prices across all
variants for tractability. The selling price of each vari-
ant is p. In system D, the costs of the two dedicated
components for each product are kd and kc, respec-
tively. In system C, the cost of each dedicated com-
ponent is kd and the cost of the common component
is kc (this component replaces all the dedicated com-
ponents with cost kc in system D). Under other bills
of material, the cost of components is set so that the
total unit production cost is kd + kc for all products.

The firm’s objective is to determine the assortment
(which products to offer) and the stocking levels of
all components to maximize profit. We define a popu-
lar set as the set of the n most popular products and
denote it by An = �1�2� � � � �n�. We denote the optimal
profit of the firm when it offers assortment S by S

and define n

def= An
. We denote the structure of the

bill of materials (D or C) and the demand model (IP
or TF) in the superscript of the relevant variables.

3. Preliminaries
We first explore the optimal assortment structure in
the dedicated system. In this setting, each product
is manufactured using only dedicated components.
Because a product requires one unit of each compo-
nent, the results here essentially assume a single ded-
icated component per product, with an aggregate cost
of k = kd + kc per unit.

2 Consider an assortment S. Under the TF model, Cov�Di�Dj 	 =
−
2qS

i qS
j < 0. Also, setting � = 1 and � = 1/2 in the IP model

and � = 
1/2 in the TF model (both corresponding to the Normal
approximation to a Poisson random variable), var�Di	 = 
qS

i under
the IP model and var�Di	 = 
qS

i + 
2qS
i �1− qS

i 	 under the TF model.

Given an assortment S, we let S��	 = S ∪ �m� denote
the set of variants in S plus an additional variant
m �∈ S with utility �. The resulting optimal profit is
D

S ��	
def= D

S��	. Van Ryzin and Mahajan (1999) show
that D

S ��	 is a quasi-convex function of � (implying
that, given an assortment S, it is optimal to either add
the next most popular product not in S or not add
any other variant). The paper also shows that the opti-
mal assortment is a popular set. (We actually prove
the result for a more general formulation of the TF
model, in which the total market demand is random,
whereas this is a constant in van Ryzin and Mahajan
1999. A detailed analysis of this case and the proofs
of these results are presented in Appendix A.) This
result provides a useful characterization of the opti-
mal assortment, as it reduces the number of sets to
be considered for optimization from 2N to N . Note
that the optimal assortment is not necessarily equal to
the set of all possible products � . Although adding a
variant increases total demand, the relative demand
variability for each variant in the assortment also
increases, leading to higher inventory costs.
We next present and discuss two technical condi-

tions that we impose throughout the rest of the paper.
Because D

S ��	 first decreases and then increases in �,
let �n denote the value of � > 0 such that D

n �0	 =
D

n ��n	. If the utility of the next most popular product
is greater than �n (i.e., �n+1 > �n), then it is profitable
to include variant n + 1 in the assortment. The quan-
tity �n is a function of the utility vector and of the
cost and price parameters. If D

n ��	 is increasing, then
we let �n = 0. If D

n ��	 < D
n �0	 for all �, then we let

�n = �. The conditions are as follows.

Condition 1. Given a set of utilities ��1� � � � � �N �, the
following holds for all n = 1� � � � �N − 1: If �n ≤ �n, then
�n−1 − �n ≤ �n − �n+1.

Condition 2. �n is increasing in k as long as �n < �n.

Condition 1 implies that the profit function in
the dedicated system is quasi-concave in n (see
Theorem A.1 in Appendix A). This result, together
with the optimality of a popular set, implies that
the optimal assortment can be found iteratively by
adding one product variant at a time (in a sequence
given by their popularity), starting with the empty
set. Condition 2 implies that adding a product to
the assortment becomes less attractive as production
costs increase. Both conditions depend only on the
parameters of the model. In our numerical experi-
ments, covering a wide range of parameter values,
these conditions are always satisfied. The conditions
enable us to compare the size of the optimal assort-
ment across various bill-of-material configurations,
but they are not required for the results on the struc-
ture of the optimal assortment under any of the sys-
tem configurations.
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4. Systems with Component
Commonality

In this section we explore settings in which the bill
of materials includes dedicated as well as common
components and in which the common component
is shared by all offered product variants. This pro-
duction structure features what we call universal
commonality. In its more general form, this system
consists of a common component, which can rep-
resent a kit of common components, with cost kc,
and a set of dedicated components, such that each
product variant is produced using the common com-
ponent and a dedicated component (possibly repre-
senting a kit of dedicated components), with cost kd.
This setting is comparable to the dedicated system,
in the sense that the total cost associated with the
production of a variant is equal to k = kc + kd. Fig-
ure 1(a) illustrates a system with this bill-of-material
configuration.

4.1. IP Model
We begin with the IP demand model. For a given
assortment S, let yi be the stocking level for the dedi-
cated component corresponding to variant i, i ∈ S, and
yc the stocking level for the common component. The
corresponding profit is

C� IP
S ��yi�i∈S� yc	 = pE

[
min

{
yc�

∑
i∈S

min�yi�Di�

}]

−∑
i∈S

kdyi − kcyc�

As demonstrated in Van Mieghem (1998), C� IP
S is

jointly concave in ��yi�i∈S� yc	.
It is difficult to analytically compare the size of

the optimal assortment between systems D and C
under the IP demand model, primarily because of
the lack of closed-form expressions for the optimal
stocking levels in system C. In the dedicated sys-
tem, each component experiences the same demand
as its corresponding finished product. In contrast,

Figure 1 Sample Structures of the Bill of Materials Involving Commonality
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in system C, the dedicated components face the
same demand stream as in system D, whereas the
common component faces a demand stream that
is equal to the aggregate demand for all variants.
As a result, the profit function is not separable
in the stocking quantities. By considering a simpli-
fied version of the demand distribution under the
IP model, the following result shows that univer-
sal commonality increases the size of the optimal
assortment.

Theorem 1. Consider a setting with N identical prod-
ucts (i.e., �i = � for i = 1� � � � �N and, for any assort-
ment S with n = �S�, qS

i = qS = �/�n� + �0	 for any i ∈ S)
for sufficiently large N . Furthermore, consider the follow-
ing two-point demand distribution, defined for a given
assortment S:

DS
i =

⎧⎪⎪⎨
⎪⎪⎩


qS + �2 with probability

qS


qS + �2
�

0 otherwise.

(This distribution preserves the mean and standard devi-
ation of the original Normal distribution, with � = 1/2.)
Then D� IP

n+1 − D� IP
n ≤ C� IP

n+1 − C� IP
n , which implies that

the optimal assortment in the system with universal com-
monality contains at least as many variants as the optimal
assortment in the dedicated system.

Theorem 1 states that if the marginal gain from
adding a new variant in the dedicated system is pos-
itive, then that new variant should be included in the
system with commonality as well. This, together with
the quasi-concavity of the profit function in the ded-
icated system as a function of n (see Theorem A.1 in
Appendix A), allows us to conclude that replacing a
set of dedicated components with a component that is
common to all product variants results in an increase
in the size of the optimal assortment. Universal com-
monality leads to a broader product offering because
pooling resources for one component of each product
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reduces the realized overage and underage costs for
all products. This mitigates the cost of having a high
level of product variety.
For the original model with Normal demand dis-

tributions, an extensive numerical study suggests that
the optimal assortment in the system with common-
ality is a popular set and that it is indeed no smaller
than the optimal assortment in the dedicated system.
The study consists of 360 experiments, all with 10 pos-
sible variants and considering two possible demand
rates, 
 = 200 and 
 = 400 (further details are pre-
sented in Appendix A). Comparing the number of
variants in the optimal assortments in systems D
and C, we find that component commonality leads
to an increase in the level of variety from an average
of 6.67 variants to an average of 7.81 variants when

 = 200 and from an average of 7.65 variants to an
average of 8.74 variants when 
 = 400. The impact of
commonality is larger at low demand levels (
 = 200)
because demand is more variable in those settings
and inventory costs represent a larger portion of total
profit. We also find that the effect of commonality on
the level of product variety is larger in settings with a
relatively high utility of the no-purchase option and in
settings in which product utilities have relatively sim-
ilar values.3 In all cases, universal component com-
monality effectively reduces inventory costs, leading
to higher variety levels. At the same time, in settings
with larger �0 or with similar values of the prod-
ucts’ utilities, the gains in market share from adding
another product to an existing assortment are rela-
tively larger. Hence, the firm has a stronger incentive
to increase variety in those settings, therefore ampli-
fying the effect of commonality on both variety level
and profit. Finally, we find that when the cost of the
common component is higher than the corresponding
cost in the dedicated system, the impact of common-
ality in the increase of product variety may be less
significant.

4.2. TF Demand Model
We now focus on the TF demand model. Under this
model, all customers purchase the product variant
selected by the first customer. (Recall that, at the
time of making assortment and component capac-
ity/stocking decisions, there is uncertainty regarding
which product variant will be the preferred choice

3 Consider the following example with 
 = 200, p = 10, kd = kc = 2,
� = 1, � = 0�5, and �0 = 10. For � = �20�18�16�14�12�10�8�6�4�2	,
the optimal variety level increases from 6 in the dedicated sys-
tem to 7 in the system with commonality, accompanied by a 1.7%
increase in optimal profit (from 953.9 to 970.1). In contrast, for
� = �20�19�18�17�16�15�14�13�12�11	, the optimal variety level
increases from 7 in the dedicated system to 9 in the system with
commonality, leading to a 2.1% increase in optimal profit (from
968.4 to 989.0).

in the market.) The profit function for the firm is
given by

C�TF
S ��yi�i∈S� yc	 = ∑

i∈S

qS
i pEmin�yc�min�yi�D��

−∑
i∈S

kdyi − kcyc�

Because it is optimal to stock fewer of the dedi-
cated components than of the common component,
that is, yi ≤ yc, we have that C�TF

S ��yi�i∈S� yc	 =∑
i∈S�q

S
i pEmin�yi�D� − kdyi	 − kcyc. This function is

jointly concave in ��yi�i∈S� yc	. Proposition A.1 in
Appendix A derives the optimal stocking quantities
and the resulting optimal profit in this setting. The
result indicates that it is optimal to stock an equal
amount of the dedicated components corresponding
to a subset of the most popular variants and that this
amount is itself equal to the stocking quantity of the
common component. The stocking quantities of the
remaining variants decrease in order of their popular-
ity. Using the form of the optimal profit function and
optimal stocking levels, we characterize the effect of
adding one more variant to an existing assortment,
which leads to the following result.

Theorem 2. (1) The function C�TF
S ��	 is quasi-convex

in �. Therefore, the optimal assortment is a popular set.
(2) Moreover, D�TF

n+1 − D�TF
n ≤ C�TF

n+1 − C�TF
n � which

implies that the optimal assortment in the system with uni-
versal commonality is no smaller than that in the dedicated
system.

This result shows that, under the TF model, the
structure of the optimal assortment is preserved with
the introduction of universal commonality, but the
optimal level of product variety increases (weakly)
relative to the dedicated system.

4.3. Comparison of IP and TF Models
We have shown that, under both demand models,
replacing a set of dedicated components with a com-
mon component shared by all product variants results
in a larger optimal assortment. At the same time, for
a fixed set of products, the effect of commonality on
profit is more significant when the difference between
the sum of the individual products’ demand variabili-
ties and the aggregate demand variability is relatively
larger, as is the case under the TF model, compared
with the IP model. In our setting, however, changes
in the demand model affect not only the benefits of
risk pooling but also—possibly—the size of the opti-
mal assortment. In this section, we report the results
of a numerical study that examines the effect of com-
monality on the optimal variety level under the two
demand models.
The study for the TF model is based on the same

360 experiments reported in §4.1, with the exception
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that each of the 9 possible cost vectors is adjusted to
ensure that the average number of variants (across
all other 40 parameter combinations) in the dedi-
cated system is the same as that in the IP model.
For each instance, we compute the optimal assort-
ment and profit in system D and in system C. Table 2
in Appendix A summarizes the results. The increase
in the optimal level of variety is generally higher in
terms of frequency and average absolute magnitude
in the TF model than in the IP model. Under the IP
model, the level of variety increases by an average of
1.12 units. In contrast, in the TF model, the level of
variety increases by an average of 2.84 units. Similarly,
the percentage profit improvement due to common-
ality is higher in the TF model (4.15% versus 3.55%).
Based on these findings, we conclude that the effect
of commonality on the level of variety and on profit
is larger under the TF model, even when assortment
decisions are endogenous.

4.4. Effect of Cost of Common Component
We have so far assumed that the per unit cost of
a common component is the same as its dedicated-
component counterpart in the dedicated system (both
equal to kc). In many cases, designing or purchasing a
common component may be more costly than design-
ing or purchasing a dedicated component. Proposi-
tion B.2 in Appendix B shows that, in a system with
dedicated components, the level of variety decreases
as unit costs increase. Hence, the addition of common-
ality (weakly) increases the level of variety if the com-
mon component is equal in cost or somewhat more
expensive than the dedicated component it replaces.
However, the level of variety may decrease in the sys-
tem with commonality, relative to the dedicated sys-
tem, if the common component is significantly more
expensive. Based on our numerical study, we find that
the optimal number of product variants is larger with
commonality, even for increases of up to 30% in the
cost of the common components.

5. General Systems
In this section we explore systems with general bills of
materials. In particular, we consider systems in which
common components may be used to produce some,
but not all, of the finished products. We consider a
few representative structures of the bill of materials,
all of which are illustrated in Figure 1. The config-
uration in (a) represents the system with universal
commonality studied in §4. In (b) and (c), there is
only one common component shared by two prod-
ucts, whereas the other products are built using dedi-
cated components only. In (d), two products use both
dedicated and common components, and the other

two only use dedicated components. In (e), all prod-
ucts share a common component and require an addi-
tional component, which is a dedicated component
each for products 3 and 4 and a common compo-
nent for products 1 and 2. We refer to the systems
in (b)–(e) as systems with partial component com-
monality. The results obtained in this section for the
settings depicted in Figure 1(b)–(e) allow us to derive
insights regarding the effect of commonality in prod-
uct assortment decisions in systems with general bills
of materials.
We start by considering a simple setting with

N product variants and M = N − 1 components,
in which two variants, i and j , share a common
component and all other variants use dedicated com-
ponents (as illustrated in Figure 1(b) and (c)). We com-
pare the optimal assortment in this system with that
in the system with only dedicated components. To
make the comparison meaningful, we keep the cost of
producing each variant equal in both systems. That is,
in the system with dedicated components, the cost of
each dedicated component is given by kd +kc, whereas
in the system with partial commonality the cost of
the common component is kd +kc, and all other prod-
ucts continue to use the same dedicated components
as in the original system. (Recall that a popular set is
defined according to the order given by the utilities
in the vector �.)

Proposition 1. Consider a system with partial compo-
nent commonality in which variants i and j are produced
using a common component and all other variants use ded-
icated components. For both demand models, the optimal
assortment is either a popular set or it consists of variants i
and j plus a popular subset of the remaining variants.

Proposition 1 implies that in a system with a gen-
eral bill of materials, the optimal assortment may not
necessarily be a popular set. For example, in Fig-
ure 1(c), under the IP model with parameters p = 10,
kd = kc = 3, 
 = 150, � = 1, � = 0�5, �0 = 5, and � =
�16�15�8�1	, the optimal assortment is �1�2�4�. In
contrast, under the same parameter values, but in the
setting in which all variants use dedicated compo-
nents, the optimal assortment is �1�2�3�. That is, pool-
ing the resources used by products 1 and 4 makes it
more profitable to include the least popular variant
in the assortment, rather than keeping variant 3, to
benefit from the scale generated by aggregating the
demands for these products. We next analyze the size
of the optimal assortment in settings with commonal-
ity, relative to the dedicated system.

Proposition 2. Consider either the IP or the TF
demand models. Let Ai+j be the optimal assortment of a
system in which variants i and j �i < j	 are produced using
a common component and all other variants use dedicated
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components. Let An be the optimal assortment in the cor-
responding dedicated system in which all variants are pro-
duced using dedicated components.
(1) If i� j ≤ n, then there exists a threshold t1 such that

Ai+j is a strict subset of An containing variants i and j if
�n < t1, and Ai+j = An otherwise.
(2) If i < n and j > n� then there exists a threshold t2

such that Ai+j is a strict subset of An containing variants i
and j if �n < t2, and Ai+j = An ∪ �j� otherwise.
(3) If i� j > n, then, there exist thresholds t3 > t4

such that
(a) Ai+j = An ∪ �i� j�, if t3 < �i + �j ≤ �n or t4 ≤

�n < �i + �j ;
(b) Ai+j = An, if �i + �j <min�t3� �n	;
(c) Ai+j = A′ ∪ �i� j�, where A′ is a strict subset of

An, if �n <min�t4� �i + �j	.

This result provides a complete characterization of
the optimal assortment in the system with a common
component for variants i and j . The optimal assort-
ment actually depends on the relative “popularity”
of variants i and j (given that i < j). In particular, if
either variant i or both variants i and j are in the opti-
mal assortment of the original dedicated system, then
both variants are in the optimal assortment in the sys-
tem with partial commonality as well (Proposition 2,
parts 1 and 2). However, in this setting, the optimal
assortment may be smaller than that in the dedicated
system. If neither variant i nor variant j is in the opti-
mal assortment of the dedicated system, then it is
optimal to offer these two variants in the system with
commonality only if the sum of their utilities is large

Figure 2 Profit of Variants in the Dedicated and Partial-Commonality Systems

Profit of variant i Profit of variant j Profit of variant 

qn

n

qi

i

qi qj

j

qj

Profit of variants i and j

qi+qj

Profit of variant n

qn

n

qi+qj

(a)

(b)
ij

n

enough (Proposition 2, part 3). At the same time, if
that is the case, then one or more variants from the
optimal assortment of the dedicated system may be
dropped in the optimal assortment of the system with
partial commonality (Proposition 2, part 3�c	).
Along the lines of the system studied in Proposi-

tion 2, if a product designer had the liberty to choose
the two products that should share a common com-
ponent, then the profit-maximizing solution would be
achieved by pooling the components of the two most
popular products (see Proposition B.6 in Appendix B).
At the same time, Proposition 2 suggests that this
may result in a smaller optimal assortment. With par-
tial commonality, the extent of product variety can
only increase if commonality is used with at least
one product outside the optimal assortment in the
dedicated system. In this way, new variants may be
introduced to the assortment at a relatively low cost,
benefiting from the operational scale of the products
already in the assortment.
We conclude that, in sharp contrast to the results

in §4, replacing a strict subset of dedicated compo-
nents with a common component may result in a
reduced number of variants in the optimal assort-
ment, and this set may no longer be a popular set.
To understand why partial commonality may reduce
the optimal assortment, let us consider the case with
i < j < n. A setting with n = 3, i = 1, and j = 2 is illus-
trated in Figure 2. The graphs in (a) show the profit
of each variant in the dedicated system, whereas the
graphs in (b) show the combined profit associated
with variants i and j and the profit for variant n in the
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system with partial commonality. Variant n is in the
optimal assortment of the dedicated system because
the profit associated with this variant is higher than
the aggregate increase in profit that the other products
in the assortment would experience without variant n
(recall that the choice probabilities—and therefore the
expected demand rates—of the other products in
the assortment increase if variant n is removed from
the assortment, in this case from qi to q̂i and from qj

to q̂j ). That is, �n > �i + �j in Figure 2(a). In contrast,
in the system with partial commonality, the common
component shared by variants i and j experiences a
larger demand rate (and therefore a more pronounced
scale effect) than the dedicated component for vari-
ant i does in the dedicated system. Note that the
profit function of an individual product variant is
convex increasing in its demand rate (because of the
economies of scale associated with inventory costs).
Hence, in the system with partial commonality, the
profit that variant n generates may no longer be larger
than the profit impact of the demand spillover effect
(in particular, onto the common component for vari-
ants i and j) that occurs in the absence of variant n.
In reference to Figure 2(b), we may have that �n < �ij .
In that case, variant n would be excluded from the
assortment.
We next consider two generalizations of the system,

represented in Figures 1(d) and (e). In Figure 1(d),
variants i and j are assembled from one common
component and one dedicated component each (with
costs kc and kd, respectively); in the corresponding
dedicated system, these variants are assembled using
only dedicated components (each with cost kd + kc).
In Figure 1(e), there is a component common to all
products and another component that is just common
products i and j . All other variants require, in addi-
tion, a dedicated component. The results for the sys-
tem in Figure 1(d) are similar to those in Proposition 2.
That is, the optimal assortment in this setting is either

Figure 3 Role of Component Commonality in Optimal Assortment

1

2

3

1

2

3

1

2

3

{1,2} {1,2}{1,2,3}Optimal assortment:

(a) (c)(b)

1,050 1,1411,096Optimal profit:

a popular set or a popular set plus variants �i� j�. Also,
the number of variants in the optimal assortment asso-
ciated with the system with partial commonality may
decrease, remain the same, or increase relative to the
dedicated system. Regarding the system in Figure 1(e),
we compare it to the system in Figure 1(a) to examine
the effect of introducing an additional common com-
ponent to a subset of the variants in a system with
universal commonality. The optimal assortment in the
system shown in Figure 1(a) is itself no smaller than
that in the related system with only dedicated compo-
nents. Here too, the optimal assortment in the system
with partial commonality shown in Figure 1(e) may
be larger, equal to, or smaller than that in the system
with universal commonality. The existence of a com-
mon component shared by a strict subset of the prod-
uct variants again creates an imbalance in terms of the
scale advantage generated by demand aggregation—
this benefit is higher for those products that use a
larger number of common components. As a result, it
may be optimal to exclude a product that makes less
use of commonality to drive more demand to those
that use more common components and therefore
increase the benefits associated with demand pool-
ing. (Propositions B.7 and B.8 in Appendix B contain
formal statements and proofs of these results.)
To close, although introducing commonality to a

manufacturing system always increases total profit
(as long as the costs of the components do not
change), the effect on the optimal variety level is not
necessarily monotone in the amount of commonality.
Figure 3 shows an example based on the TF model
with p = 10� kd = kc = 0�3�
 = 150� �0 = 5, and � =
�12�11�5�8	.

6. Conclusion
This paper considers the role of component common-
ality in product assortment and component inventory
decisions in assemble-to-order systems. We character-
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ize and compare the structure of the optimal assort-
ment and the optimal inventory levels for various
bill-of-material configurations. Although component
commonality increases total system profit, we find
that the effect of commonality on the optimal assort-
ment depends on the specific configuration of the
bill of materials. With universal commonality (a com-
mon component is shared by all variants), the opti-
mal assortment is (weakly) larger than that in the sys-
tem without commonality. Furthermore, the assort-
ment consists of a subset of the most popular variants
(as in the case without commonality). However, these
results do not hold for more general bill-of-material
configurations. If the common component is shared by
a strict subset of the variants, then the optimal assort-
ment may no longer be a popular set, and the optimal
level of variety may increase or decrease relative to the
system without commonality. In particular, the level of
product variety (weakly) decreaseswhen commonality
is introduced for products that are already in the opti-
mal assortment corresponding to the dedicated sys-
tem (i.e., products with high demand volumes). This
result may hold even when commonality is introduced
in a system that already involves other components
shared by all product variants. These findings indicate
that product line and supply chain managers must be
aware of the effect that introducing commonality in
manufacturingmay have on optimal product line deci-
sions, such as the removal of products with relatively
small demand. This is particularly important if market
share and market coverage (level of product variety)
are critical to the competitive position of a firm. Finally,
we find that the effect of commonality on both profit
and variety level is more pronounced when demands
are more variable and exhibit pair-wise negative cor-
relation. In an alternative interpretation of our model,
the results apply to the use of flexible resources and the
related capacity decisions (rather than common com-
ponents and the corresponding inventory decisions).

Electronic Companion
An electronic companion to this paper is available on
the Manufacturing & Service Operations Management website
(http://msom.pubs.informs.org/ecompanion.html).
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