Math-106, Fall 2004. MT-2 (Type A) Problems and Solutions

Problem 1 (20 pts) Let [ K — R be the function defined by fila)

(1.a) Determine the intervals in B where [ is increasing and intervals where it
s decreasing.

fx)=4x° —4x=4x-(x2 —l):4x-(x—1)-(x+l)

For xe(-o,~1), f'(x)<0= f isdecreasing.
1

,0), ( )>0= f is increasing.
1), x) <0= f is decreasing.
,0), x) >(0= f isincreasing.

For x e
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For xe(
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For xe(

(1.b) Determine the local extremmum values of [

f'(x)=0=>x=00r x=1o0r x=—1.

: f' changes sign from —to + = It is local minimum with value f ( 1)
f" changes sign from +to — = Itis local maximum with value f O)
: /' changes sign from —to + = It is local minimum with value f ( )=

(1.c) Determine the intervals in B where [ is concave up and intervals where it
1s concave down.

f(x)=12x> —4=4-(3x* -1)

1
For xe|—-ow,——|, "(x)> 0= concave up.
\/§j f"(x) p

For xe —%,%} f"(x)< 0= concave down.

For xe L,oo} f"(x) > (0 = concave up.

zt — 2% 4+ 3.



(1.d) Determine the inflection points of f.

f'x)=0=>x= J_rL and when x = i% , f changes sign. In other words

3
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(—L 2} and (L,EJ are both inflection points.

(1.e) Plot the sraph of f
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Problem 2 (20 pts) Evaluate the following integrals.

o Tsina
(2.a) ——dx
J 3+ bcoszx

If we put u =3+ 5cosx, then du =—5sinx-dx and

Iﬂ-dx=.[ 7-=Ssinx -a’x=—Z @=—Zln|u|+C=—zln3+SCosx+C.
3+5c0sx 5-(3+5cosx) 50u 5 5

' g4 dr+ 5

I . dx =J dx —, if we put u = x+2, then du = dx and
X +4x+5 Y14+ (x+2)

dx du
I1+(x+2)2 ZJ 5 =Arctanu+C=Arctan(x+2)+C,

(2.c0) /L dx
J V1—a?

J' x+1

1
dxzjﬁdx+]‘ﬁ~dx

J. ! dx = Arcsinx +C,.
1-x7

To calculate I dx, we make the substitution # =1—x>. Then du = —2x-dx and

x
V1-x*

j_ j dx j SEW it 51;2 C,==u+C,=—1-x* +C,.

x+1
= Aresinx —+1-x* +C.
I\/l x?




(2.) /1;11111;2' el

If weputu=e"+e " then du = (e" —e’)‘)~ dx and

jtanhx-dx=j@ —Infu|+ C = In(e* + ¢ )+ C = In(cosh x)+ C".
u



Problem 3
(3.a) (15 pts) Let [ be a continnous function on an interval |a,b|. Prove that
. . 5 . .
the function [ f(f)di has a derivative at every = € [a, b] and

;_f Cf(t)dt = f(x).

dz [,

Solution

F'<x>=nml~<F<x+h>—F<x»=ygg%'[‘f’f@)-dt_jf(z).dt}=

h—0 h 0
= 171301%- ! f(t)-dt+xff(t)-dt—;f f(z)-dt}m%-xff(t)-dz.

By the Mean Value Theorem for Integrals, there exists ¢ € (x,x + /) such that

X+h

i [ 0-d= o)
=lim f(c) = /().

Since f is a continuous function, we have F'(x)= £1r13 flc)
— c—>x

(3.b) (5 pts) Evaluate
d [* dt

m Lysin? 2 111 L

' —sin(2x)

4 j- At _ -1 -(1+sin2x)=
, Int lnil+sin2xi lnil+sin2xi.

dt
I+sin” x



Problem 4 (15 pts) Caleulate the area of the region bounded by the graphs of the

. . v : q P a
functions f(z) = z* — 2% and g(z) = 2* — 2.

Solution:

fx)=glx)=>x" —x*=x"—x=x -2x" +x=0=x-(x -

1y
So, the graphs of these two functions intersect at (0,0) and (1,0).
When 0<x <1, f(x) > g(x) since f(x)— g( ) ( ) >

Therefore the area of the region in the question is

0 when x>0.

1

4 3 2

4 3 2
(x3—2x2+x)-dx= XX —l—z+—=iunitsq.
4 3 2 12
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Problem 5 (15 pts) Calenlate the length of the enrve defined by

B B T ‘
y(@) 21na l.I I -ll | <z <9.

Solution: We have L = I 1+[dy ) -dx .

dx
1 1
dy 2-;—2x ;_x_l—xz
dx 4 2 2x
dy 1-x? 1+1 2x? +x4=
dx 2x

: since x € [1,2],s0x>0.
x

2

1

. 2 2 2 2 2
.. L:J.x +1-dx:.|. £+L -dx:l-J‘ x+l -dx:l- x—+ln|x|
T 2x 2 2x 2 X 2|2

= l~(i+ln2—l—lnlj=l~(§+ln2j=§+ln\/5.
2 \2 2 2.\2 4



Problem 6 (10 pts) Knowing that sinh is a one-to-one function, its inverse sinh '

exlsts. Show that 1t satishies

. P i / : | y
sinh 'z) = In(z + Va2 + 1). for every real number .

First solution:

ln[erm) —ln(x+m)

—e

2

sinh [ln(x w41 )] _¢

el fe )|

_ 1 (x+\/x2+l)z—l 1 xP+x? +14+2x X7 +1 -1
2 x+1/x2+1 2 x+\1x2+1

:l. 2xt +2x-4xt +1
2 x+Uxr+1

= sinh lln(x +4x° + I)J = sinh[sinh’1 (x)]

] =x= sinh(sillh_1 (x))

= sinh™ (sinh lln(x +Vx* + I)Dz sinh™ [sinh (sinh - (x))]

M {
ln(x+\/x2 +1) = sinh ! (x).

Second solution:

4 Ginh (x) = 1 L -—— - =
dx cosh y| Jmsinh! (x) y1+sinh? y|y=im(x)  V1+x7

d
—sinh
dx Y

y:sinh_1 (x)

2x Vx? +1+x

p 1+ \/ ; \/ B 1
_ln[x+\/x2+1]= 2yx +1_ r 4l
dx x+4xr+1 x+dxi 4l Wxi+l




:disinhl(x):—ln[x+\/x +1 ]:>smh ln[x+\/x +1 ]+C

X

But we know that sinh(0)= 0= sinh'(0)=0& ln(O +40+1 ) Inl=

Setting x = 0 in the equation sinh™ (x)z ln{x+ Vx* +1J+ C,wefind C=0.

Hence sinh™'(x)= ln(x +x? + 1).



