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Math 106 ¢ Exam # 1 ¢ Solutions
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b. Since lim X = lim > =5, the line y =5 is a horizontal asymptote.
x—>t0\ X — 4 x—>+o\ 1 —=4/X
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=

. . 5X . . .
Since lim| —— |=o0, the line X =4 is a vertical asymptote.
X—4 X -
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c. Using the formula (a+ b)3 =a’ +3a’b+3ab> +b’ , we find

2+x) =8 20 %3
lim ZFX) =8 812X+ 6% + X 8:Iim(12+6x+x2)=12.
X—0 X X—>0 X x—0

Note that this is the derivative of f(X)= X’ at x =2, by definition.

. (1 .
d. Since —1<sin (—] <1 for nonzero X, we can make the sandwich
X

. (1 .
—x*7 < Xmsm(—j < x*”. Since both x*”* and —x*”* goto 0 as x — 0, the
X

x—>0 X

middle term will go to 0 as well. Thus lim(xy *sin (ln =0.

a. We have

1/2
a 1—x2:i 1—x? :iu”zi(l—xz):lu’”z(—ZX):— X
dx dx\ /™ du dx 2 1-x2

b. a t? cos(lJ =3t*cos (lj +t? icos t! | =3t cos(lj +1° sin(l t? =
dt t t)  dto\5 t t
3t* cos (lJ +tsin (1) )
t t

c. di(x2 + Xy — y2) = i(1) . Using the product rule for di(xy) and the chain rule
X X

dx
d dx dy dy dy y+2x 3+4 7
for —(y*), we find 2x 4+ — —-2y—=0,or —="——="——=—
Ordx(y)We . X+dxy+xdx ydx Ordx 2y—-x 6-2 4
at (x,y)=(2,3).
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—(sin X)X — X)1
d If y= coSX , then, by the quotient rule, g—y = (sin X) 5 (COS ) ,
X X
dy = —(sin X)); —cos X dx
X
3.

e Let V(1) be the volume of the water in the reservoir at time t, and let y(t) be the
depth of the water. We will measure lengths in meters throughout, and time in
minutes.

. dy ) . . av

e The unknown rate is ot (when y is 5) , and the given rate is rry =-10.

e We need an equation relating V to y. The volume of a cone is V = %ﬂrzy ,
where r is the radius of the water’s surface. To relate V to y, we need to eliminate
r. Considering similar triangles (draw a vertical cross section!), we find that
L:§:3, so that r =3y and V :lﬂ9y3 =3zy’.

y 6 3
dy . dv . .

e To relate the unknown rate pm to the given rate e we differentiate both
sides of the equation V =37y’ with respect to t, keeping in mind that V and y
are functions of time t, and using the chain rule accordingly: dd_\t/ =97y’ 3—{ .

e Now we solve for the unknown rate and plug in y=35:

& LV 12
dt  9zy> dt 9225 Oz
The water level is falling at a rate of 9l meters per minute.
V4
4.

a. The accelerationis a =d—v = 3.(t2 +1)_23t'2t = 3_3t22 .
dt quotient (t2 + 1) (t2 + 1)

rule

b. The cockroach is running up the wall when the velocity is positive; this is the case
for 0 <t <3. Likewise, the cockroach is running down when -3 <t < 0. Thus it
reaches the lowest point on its journey at time t=0.

c. The highest velocity will be attained at one of the end points, t =3 and t=-3, or

_ 742
at a point where v =a= 3—3t2 =0 (meaning that the tangent to the v graph is

(t2 +1)

horizontal). The last equation holds for t =1 and t =—1. We evaluate Vv at these
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four points to see where the velocity is highest. We find v(3)=0.9,v(1)=1.5,
v(—1)=-1.5, and v(-3) =—0.9. The highest velocity is 1.5, attained at t =1.

d. We are looking for the times when the velocity is either 1 or —1. One approach is
to consider the values of v we computed in part (c); it helps to draw a rough
graph of v. Between times t =1 and t =3, the velocity decreases from 1.5to 0.9,
so that it will be 1 exactly once. Arguing similarly for the time intervals [—1, 1]

and [-3,—1], we see that the speed is 1 exactly 4 times.

3t 3t
=1 and V(1) =
[~ land V=57

and show that each equation has exactly two solutions in the domain, giving a
total of 4 solutions.

Alternatively, we can solve the equations V(t) = z =-1,

5.
a. By definition of continuity, we want ling f(x)= f (k). Since we are dealing with a
piecewise function, we will consider single-sided limits.
We want lirB f(x)= lirE f(x)= f(k). Now
liIB f(x)= lirg X =k?, lirig f(x)= lir{; x* =k* and f(k)=k>. Thus it is required
that k> =k, or k> =k’ =0, or k*(1-k)=0.
The function is continuous for k =0 and k =1.
b. Since differentiability implies continuity, our only options are K =0 and k =1.
: . f(h-1(0) )
In the case k =0, we have to see whether f'(0) = LII%T 1h I
exists, meaning that r}ml f(h ) &im AW both exist and are equal. Now
—0" —0"
f(h 2 f(h }
limL: limh—: limh=0 and limL: limh—: lim h? =0 , so that the
h—0* h h—>0* h  hoo' h»0~ h h—0t f hoot
function is indeed differentiable for k =0.
6.

2. £(x)=limt XM =T00 _ lim ( 2 j
h—0 h 3x+3h+1 3x+1

l
h
. (Bx+1)—(3x+3h+1) -3 -6
:211 = P
h—0 h (3x+3h+1)(3x+1) 2 (3x+3h+1)(3x+1) ) (3x+1)

_0-(Gx+1)=2:3_ -6
(3x+1) (3x+1)

. Note that our

b. Use the quotient rule; d
dx\ 3x+1

answers in parts (a) and (b) are the same.
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Extra Credit: We want ‘ f(x)—f (XO)‘ < &, meaning that f(X) is required to be on the

open interval ( f(x)—e f(x)+ g) =(L,3) . Since f(X) isa decreasing function, it

suffices to find the points a and b such that f(a)= 2 3and f(b)= % =1. We compute
a

a =§ and b=2.If X is on the interval (%,2) , then f(x) will be on the interval (1,3).

(Illustrate these findings on the graph of f(X).)

Now we can make ¢ the smaller of the two numbers X, —a = % and b—x, =1, which is

o= % If X is on the interval (X, —&,X, +6) = (%,%) ,then f(x) will be on the interval

(f (%)-¢f (X0)+8)=(1,3) . In other words: If|x— X0|< o0, then ‘f(x)— f (XO)‘< g,as
required.

(Note that any positive 0 < é will work as well.)



