Solutions to Math-106(Fall/2004) Final Exam Problems

1-a) D =N-{-1}.

b) lim f(x):—oo,nq; f(x)=+0, lim f(x)=0, lim f(x)=0.
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f’(x)<0 for 1-2x’ <0:>%<x3 = L<x. So f is decreasing on (%,ooj.
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(x)>0==>x = x<—".So f is increasing on (—o,~1) and | —1,— |.
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2)
Side lengths are 2x and y . ¥
So Area; A=2x-y

x2+y2=32:9:>y=\/9—x2 /Y
X X
= A=2x-49—x?
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and y = 9_%)2:%.
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Hence side lengths are | 3- \/2,—] and largest area is 2 - — - —= = 9sq.units.
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3-a) df = f'-dx and dg =g'-dx.
%(f~g)=f'~g+g'~f:>f~g=j%(ﬂg)'dx=I(f"g+g"f)‘dx
=[g-df+[f-dg=[f-dg=f-g~[g-df .

b)Ifweputu:—\/;,thenwehave du =— dx and dx=2u-du.
2-4x

1= I eV dx = 2-J.e” -u -du . In order to evaluate this integral, we will use integration
by parts; Let f =u& g=e". Then
1:2-[u-e" —Ie“ -du]:Z-(u-e” —e" —Cl):2~(u—1)~e“ +C:—2-(1+\/;)~e_& +C

where C is a constant.
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Since lime™" =0 and lim(1+ b )-e ™" = T .
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J.e’& cdx=2.
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4) We will use the method of partial fractions. Since x* —1=(x—1)-(x +1)- (x2 + 1), we have

2 a b ex+d
4 + T
x'=1 x-1 x+1 x"+1

. This implies

2:a-(x+1)-(x2 +1)+b-(x—l)-(x2 +1)+(cx+d)~(x—l)-(x+l).

x=-1 = 2:—4b:>b:—%,

x=1 = 2=4a:a:l,

x=0 = 2=a-b-d=d=-1 and

x=2 = 2=15a+5b+(2c+d)3=2c+d=-1=c=0. So
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:l-1n|x—l|—l-ln|x+1|—Arctanx+C.
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5-a) Lets, = Zak for n =1, be the partial sum of the first n terms of the seriesZan .
k=0 n=0

We have

s,=a,+a, +..+a,,+a,, =(a,+a,+..+a,,)+ra, =s, +a,,

n—1
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By definition, the series Zan is convergent <> the sequence {s, }nzo has a finite limit,
n=0



n+1 -

S, ) =lims,,,—lims,

n—0 n—x0

say a: lims, =a. Then,lims,,, =a,and so lima, = hm(

n—0 n—om n—o0

=a-a=0.

b) If lima, =0, we can not say that the series Za is convergent. To see that, consider

n—>0
n=0

1 1 . .
the Harmonic Series Z .Here a, =— and lima, =0, but one knows that the Harmonic
n=1 n n n—>0

Series is divergent.
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Therefore, the series converges if <1 Qx + 2| < 3) and diverges if

_|x i 2| ([x + 2| > 3). Hence the radius of convergence is: R =3.

b) Endpoints of the interval of convergence are —2F3:-5 and 1.

Whenx =-5: Z ( S+ 2 Z 1) . This new series is convergent by the

n=1 3n n=1 NN

is decreasing and limL =0.
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Alternating series Test, because

Whenx =1: Z 1 Al 2 Z . This series is a divergent p-series (p = % < 1) )

n
n13 nl

Therefore the interval of convergence is[-5,1).

7) Taylor series for a function f ( )about x=1is f Zl f x 1)". So

n=0 n'



In®(x)= is! = In®(1) = 41, (inductively) In") (x) = (=1)"" - (n 1), VneU"* and
X

(n) _ n+l
ln(n)(l) — (_ 1)'”'1 . (n — 1)': In '(1) = ( 1) , Vne U .
n: n

Hence lnxzi(_l)n+1 (1) (x—l)—(x_l)2 + (=) _(e=1) +

n=1 n 2 3 4

Alternative solution:

Let y=x-1.

y= 1= )= I+ 3) = 2= [ 1 =3 1)




