Math 204 - Differential Equations

Final Exam January 7, 2016

Duration: 150 minutes —=

Instructions: Calculators are not allowed. No books, no notes, no questions, and no talking
allowed. You must always explain your answers and show your work to receive full
credit. If necessary, you can use the back of these pages, but make sure you have indicated
doing so. Print (i.e., use CAPITAL LETTERS) and sign your name, and indicate
your section below.

Name, Surname: K E\/

Signature:

Section (Check One):

Section 1: E. Ceyhan (Mon-Wed 10:00)
Section 2: E. Ceyhan (Mon-Wed 14:30)
Section 3: A. Erdogan (Tue-Thu 16:00)
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1. (20 points) (a) Solve the IVP y' = 22+ 1) y(1) =0. DE L 5@{’“‘““"
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(¢) Solve the IVP (2 + 1)y + 2ty — te! = 0, y(0) = 2.
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(d) Find the largest interval in which a unique solution exists for the IVP in part (c). + X
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2. (16 points) (a) Find a particular solution of the following differential equation
(1=t)y" +ty'—y=2(t—1)%" 0<t<l
where y,(t) = €' and y,(t) = ¢ are the solutions for the corresponding homogeneous equation.
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(b) Find the general solution of y” 4+ y' — 2y = ¢! +sint.
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3. (10 points) Let {y,, Y2} be a fundamental set of solutions of Y +p)y +q(t)y =0
on I' = (-2,2). Suppose that y, is nonzero on ] and that y,(0) = 1, y,(1) = 2, 1(0) =1
and y»(1) = 4. Show that the Wronskian of Y1 and ys is positive on I (Hint: What is the
derivative of y,/y,?).

Since {y1, 42} is a fundamental set of solutions of y” + p(t)y’ + q(t)y =0,
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forany t € I. So W (yy, ) is either positive or negative on I (by intermediate value theorem).

Now we compute the derivative of v/ y1;
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. Since 1,2 > 0 on I, both (¥2/31)" and W (yy, ) are either positive or negative on I. In
particular ys /y, is either strictly increasing or decreasing on /.
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SO ¥2/y1 must be increasing which implies that both (y,/y,) and W (1, y2) are positive on
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LAPLACE TRANSFORM TABLE:

L{1} =1 s>0 I Li{e"} =L s>a | L{cosat} = Fr &0 ‘ Lisinat} = %= s> 0
L{t"} =25 s>0 ’ L{e"sinbt} = -(;R—}Q:b—z s>a ’ L{e" cosbht} = P S>a
L{FO(t)} = 5"F(s) — "1 £(0) — ... — fo-1()

-3, 0<£t<3
4. (15 points) (a) Find F(s) = L(f(t)) for the function f()=9 t*+1, 3<t<5
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(b) Find f(t) = L~Y(F(s)) for the function Ffs)-= (—;;:_(;—j—%z
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5. (12 points) (a) Find the solution y(t) of the IVP y" —y =1, y(0) = 0 and ¥'(0) = a.
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(b) For what value of a does y(t) approach a constant finite limit as ¢t — oo”? What is the
solution in this case?
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6. (12 points) Find the solution of the IVP

x":Ax:(_ll é)x, x(0)=(é)

First we compute the eigenvalues of A;

det.(A—rf)z‘ ber b

So we have a repeated eigenvalue. Let r = 2. Now we find a corresponding eigenvector;
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So we find a solution as
w-a(1).

In order to find a second independent solution we need to compute a generalized eigen-
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Now we put t = 0;

x({}):(é):cl(i)—ﬂ:g(?) =4 g =1, ea=71;

Thus the solution of the IVP is
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7. (20 points) (a) Find the general solution of the following system of equations.
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(b) Find the general solution of the following nonhomogeneous system of equations
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7. a) (10 points) Find the general solution of the following system of equations.

) (=2 3
x—Ax—( 1 _4)x

b) (10 points) Find the general solution of the following nonhomogeneous system of equations

X =Ax+g(t) = ( _12 _34 )x+ ( 4(;)—t )

By part a) a fundamental matrix for x’ = A x is

U(t) = ( _eej; see_: ) |
We use variation of parameters to solve X’ = A x + g(t); so that the solution is
x = U(t)u(t) where W(t)u'(t)=g(t).
Plug ¥ and g(?) into the last equation;
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So we find

Uy =e€ =1 =% 151=e4t/4+cl, Us =t + Co.

Hence the general solution is
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