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Transverse spin polarization of a Rashba-Zeeman-coupled Fermi superfluid 

M. Iskin 
Department of Physics, Koç University, Rumelifeneri Yolu, 34450, Sarıyer, Istanbul, Turkey   

A R T I C L E  I N F O   

Keywords: 
BCS-BEC crossover 
Rashba spin-orbit coupling 
Spin polarization 
Bulk-boundary correspondence 

A B S T R A C T   

We apply the Bogoliubov-de Gennes theory to a superfluid Fermi gas that is confined to a disc, and analyze its 
transverse spin polarization that is produced by the simultaneous presence of an out-of-plane Zeeman field and 
an in-plane Rashba spin-orbit coupling. This is a finite-size effect whose physical origin is directly associated with 
the equilibrium mass-current density. Our numerical findings for the ground state suggest a bulk-boundary 
correspondence between characteristic features of the edge-bound transverse polarization and the changes in 
the momentum-space topology of the bulk.   

1. Introduction 

Thanks to the experimental realizations of a variety of synthetic spin- 
orbit coupling (SOC) schemes with atomic Fermi gases [1–5], there has 
been a surge of theoretical proposals on how the strength and symmetry 
of the SOC affects a Fermi gas, e.g, see the following reviews [6–11]. In 
the context of superfluid (SF) Fermi gases, most of the recent works has 
been focused on the thermodynamic phase diagram of infinite systems, 
including the stability of topologically-nontrivial SF phases and the 
enhancement of the Fulde-Ferrel-Larkin-Ovchinnikov (FFLO)-type 
modulating SF phases throughout the BCS-BEC evolution. It is also 
remarkable that the BCS-BEC evolution can be equivalently realized by 
either changing the s-wave scattering length through a Feshbach reso-
nance or increasing the strength of SOC when the SOC field has more 
than one component. Unfortunately, despite a number of attempts, the 
observation of many-body effects still suffers from the heating that is 
caused by the lasers, and there is a continuous search for alternative SOC 
schemes. 

There are also theoretical proposals for SOC-induced novel phe-
nomena that appear only in finite-size systems. For instance, in one of 
our earlier works [12], where a spin-orbit-coupled Fermi gas is confined 
to a harmonically-trapped optical lattice, we inadvertently found that its 
spin polarization is not necessarily aligned with the Zeeman field. In 
addition to the usual longitudinal component, there also appears an 
edge-bound transverse component whose origin can be traced back to 
the equilibrium currents and topological transitions. Furthermore, 
depending on the directions of the Zeeman and SOC fields, no matter 
how weak their strengths are, the transverse polarization not only 
modulates in space but also exhibits intriguing polarization textures 

[12]. We note that similar results have recently been proposed for 
one-dimensional systems as well in the context of Majorana nanowires 
[13–15]. Even though the resultant polarization textures were thor-
oughly examined in our earlier work [12], their physical mechanism 
was somewhat hindered by the presence of both the tight-binding lattice 
model and the harmonic confinement. The remaining question is 
whether the transverse polarization can be used as a probe for equilib-
rium mass currents and topological transitions or not. Motivated also by 
the recent interest in related problems in the condensed-matter com-
munity [13–15], here we overcome these difficulties by analyzing a 
continuum model in a disc, and attribute some of our new findings 
directly to a bulk-boundary correspondence. In addition, we consider an 
in-plane Rashba SOC and an out-of-plane Zeeman field, and take 
advantage of the radial symmetry. 

The rest of the paper is organized as follows. In Sec. 2, we first 
introduce the mean-field Hamiltonian density, and then derive a set of 
self-consistency equations through the Bogoliubov-de Gennes (BdG) 
formalism [16]. In App. A, we review the numerical implementation of 
these BdG equations to an SF Fermi gas that is confined to a finite disc, 
and present its numerical results in Sec. 3. We also obtain the bulk phase 
diagrams in Sec. 3 through the BCS-BEC mean-field theory for an infinite 
system that is briefly reviewed in App. B. The paper ends with a brief 
summary of our conclusions and an outlook in Sec. 4. 

2. Bogoliubov-de Gennes equations 

In the presence of an isotropic in-plane SOC in the xy plane, the 
mean-field Hamiltonian density can be written as 
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Hmf (r) =
∑

σ,σ′
ψ†

σ(r)Kσσ′ (r)ψσ′ (r) + Δ(r)ψ†
↑(r)ψ

†
↓(r)+Δ*(r)ψ↓(r)ψ↑(r), (1)  

where ψ†
σ(r) creates a spin σ = {↑, ↓} fermion at position r, Kσσ(r) = −

∇2/(2 M) − μσ is the kinetic energy (in units of ℏ = 1) of fermions with 
mass M and it is shifted by the chemical potential μσ, K↑↓(r) = K†

↓↑(r) =
α(py +ipx) is the SOC with strength α ≥ 0 and momentum operator pj =

− i∂/∂j, and Δ(r) is the SF order parameter. To diagonalize this Hamil-
tonian, we introduce the Bogoliubov-Valatin transformation 
ψσ(r) =

∑
n[uσn(r)γn +v*

σn(r)γ
†
n], where γ†n creates a spin σ quasiparticle in 

state n [16]. As a result, we obtain the BdG equation HBdG(r)ϕn(r) =
ϵnϕn(r), where the Hamiltonian matrix 

HBdG(r) =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

K↑↑(r) K↑↓(r) 0 Δ(r)
K↓↑(r) K↓↓(r) − Δ(r) 0

0 − Δ*(r) − K*
↑↑(r) − K*

↑↓(r)
Δ*(r) 0 − K*

↓↑(r) − K*
↓↓(r)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(2)  

is expressed in the spinor basis ϕn(r) = [u↑n(r), u↓n(r), v↑n(r), v↓n(r)]T 

with T the transpose, and ϵn ≥ 0 is the corresponding energy eigenvalue. 
For a self-consistent solution of Eq. (2), we reexpress the order 

parameter Δ(r) = g〈ψ↑(r)ψ↓(r)〉 as 

Δ(r) = g
∑

n

[
u↑n(r)v*

↓n(r)f (ϵn) + u↓n(r)v*
↑n(r)f (− ϵn) , (3)  

where g ≥ 0 is the strength of the local attraction between fermions, 〈⋯ 〉 
is the thermal average, and f(x) = 1/(ex/T + 1) is the Fermi distribution 
with T the temperature (in units of kB = 1). In addition, we reexpress the 
local density of fermions nσ(r) = 〈ψ†

σ(r)ψσ(r)〉 as 

nσ(r) =
∑

n
[|uσn(r)|2f (ϵn)+ |vσn(r)|2f (− ϵn)], (4)  

and determine μσ through the number equation Nσ =
∫

d2rnσ(r) Since 
the mean-field theory works best at low temperatures, below we apply it 
only to the ground state of the system, and set T = 0. 

Our main interest is in the spin polarization P(r) = 〈Ψ†(r)σ(r)Ψ(r)〉 
of the Fermi gas where Ψ(r) = [ψ↑(r) ψ↓(r) ]T. Its projection onto the x 
axis is Px(r) = 2Re〈ψ†

↑(r)ψ↓(r)〉 with Re the real part, onto the y axis is 
Py(r) = 2Im〈ψ†

↑(r)ψ↓(r)〉 with Im the imaginary part, and onto the z axis 

is Pz(r) = 〈ψ†
↑(r)ψ↑(r)〉 − 〈ψ†

↓(r)ψ↓(r)〉. Note that Pz(r) = n↑(r) − n↓(r) is 
the longitudinal (out-of-plane) polarization along the effective Zeeman 
field, and P⊥(r) = Px(r)x̂ + Py(r)ŷ is the transverse (in-plane) polariza-
tion induced by SOC. Alternatively, we introduce P⊥(r) = Px(r)+ iPy(r),
and reexpress it as 

P⊥(r) = 2
∑

n
[u*

↑n(r)u↓n(r)f (ϵn)+ v↑n(r)v*
↓n(r)f (− ϵn)]. (5)  

Having derived the BdG equations, next we apply them for an SF Fermi 
gas that is confined to a disc of radius R at T = 0. 

3. Fermi gas confined to a disc 

The numerical procedure is discussed in App. A, where the BdG Eqs. 
(2)–(5) are projected onto a set of Bessel functions that are normalized in 
a disc of radius R. We iterate the resultant equations until they converge 
to a self-consistent solution, and use two benchmarks to make sure of the 
numerical implementation of the BdG equations. First we checked that 
our BdG theory for the disc and BCS-BEC theory for the infinite system 

are in good agreement with each other for the hz = Δ(0) and hz =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Δ2(0) + μ2
√

boundaries discussed below in the analysis of the figures, 
where hz = (μ↑− μ↓)/2 is the effective Zeeman field and μ = (μ↑ + μ↓)/2 is 

the average chemical potential. Second we checked that a pair of edge- 

bound Majorana states appear for the disc when hz >

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Δ2(0) + μ2
√

. 
As an illustration, Fig. 1 shows typical modulations of P⊥(r) near the 

edge of the disc, where the positive (negative) regions indicate a radially 
outward (inward) transverse polarization, i.e., P⊥(r) = P⊥(r)r̂ where 
P⊥(r) = eiθP⊥(r) is given by Eq. (5). First of all we note that P⊥(r) tends 
rapidly to 0 towards the center of the disc when r → 0. This is not sur-
prising given that P⊥(r) is precisely 0 in an infinite system, and its 
nontrivial modulation near the edge of the disc is a finite-size effect that 
is caused by the simultaneous presence of a Zeeman field and Rashba 
SOC, no matter how weak they are [12]. 

One way to understand the physical origin of the edge-induced 
transverse polarization is through its relation to the equilibrium mass- 
current density J(r) [17]. Using the continuity equation ∂n(r)/∂t +∇⋅ 
J(r) = 0 with n(r) =

∑
σnσ(r) the local density of fermions, it can be 

shown that J(r) = Jθ(r)θ̂ has a nonvanishing component in the 
azimuthal direction that is given by two contributions Jθ(r) =

∑
σJσ(r) +

J↑↓(r). While the first term is the usual contribution, the second term 
J↑↓(r) = αP⊥(r) is caused by SOC and it is proportional to P⊥(r). This 
suggests that the transverse polarization is directly associated with the 
mass-current density that is induced by the broken time-reversal sym-
metry of the system in the presence of a SOC. In the context of nanowires 
with SOC [13–15], it has been recently shown that a bulk equilibrium 
spin current manifests itself in a sizable edge spin polarization transverse 
to the Zeeman field as well. 

Alternatively, the microscopic origin of the transverse polarization 
near the edge of the disc can also be traced back to the changes in the 
momentum-space topology of its bulk near the center of the disc. Such a 
bulk-boundary correspondence is suggested by our numerical results 
that are shown in Figs. 2(a) and 3(a) and 4. Here the bulk phase dia-
grams Pz/N vs. mα/kF are obtained through an independent calculation 
by solving the BCS-BEC mean-field theory for an infinite system [18]. 
See App. B for a brief review of the theory and the physical significance 
of the black-dotted hz =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δ2 + μ2

√
and hz = Δ lines. The SF phase is 

known to be topological above the hz =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δ2 + μ2

√
line. In Figs. 2(a), 3(a) 

and 4, the red-dotted lines are determined by our BdG theory. i.e., for a 
given mα/kF each dot corresponds to the location of the maximum P⊥/N 
that is extracted from Figs. 2(b) or 3(b). Since P⊥(r) oscillates in space, 
here we use P⊥ =

∫
d2rP⊥(r) as the strength of the total transverse po-

larization [13–15], and use Pz =
∫

d2rPz(r) to determine the population 
imbalance between ↑ and ↓ fermions. Note that hz ≥ 0 leads to an 
isotropic Pz(r) = Pz(r) ≥ 0 for all r. 

In the weak-SOC limit when mα/kF ≪ 1, Figs. 2(c) and 3(c) show that 
P⊥ increases linearly with hz and exhibits a sharp cusp at hz ≈ Δ(0), 
where Δ(0) is the bulk order parameter at the center of the disc. Given 
the similar findings on nanowires [13–15], we suspect these cusps are 
caused by the change in the momentum-space topology of the bulk that 
is discussed in App. B. Up to a high precision, we indeed find that our 
BdG results for the location of the cusp coincide quite well with those of 
the BCS-BEC meanfield theory for hz = Δ when mα/kF → 0 is small. This 
is best seen in Figs. 3(a) and 4 when ϵb/ϵF ≪ 1, but not in Fig. 2(a) where 
ϵb/ϵF is large. The latter disagreement is caused by the instability of the 
bulk towards phase separation, and can be explained as follows. Our 
bulk phase diagram shown in Fig. 2(a) is known to be unreliable in the 
mα/kF ≲ 0.3 region due to an instability towards phase separation. We 
refer the reader to Fig. 1 of Ref. [18] for a more accurate phase diagram 
of the same system, including the boundary for the phase-separated 
region. They showed that the phase separation gradually becomes 
important when ϵb/ϵF is increased from 0. In agreement with this insight 
provided by the BCS-BEC theory for an infinite system [18], we find that 
the bulk of the BdG result for the disc is also not uniform, and therefore, 
the bulk-boundary correspondence with Δ(0) looses its meaning when 
ϵb/ϵF is not small. Furthermore, Figs. 2(b) and 3(b) show that P⊥ rises so 
steeply with Pz that it eventually exceeds Pz when mα/kF → 0. This is 
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quite intriguing given that P⊥ is induced by hz, and therefore Pz, to start 
with. 

When mα/kF is gradually increased, Figs. 2(c) and 3(c) show that the 
peak of P⊥ first goes up, then broadens, and then goes down. This is in 
such a way that P⊥ eventually changes sign and becomes negative as 
shown in Figs. 2(b) and 3(b). In addition, Figs. 2(a), 3(a) and 4 show that 
the location of the maximum P⊥ (i.e., the red-dotted lines in those fig-
ures) first rises up with the SF-Normal transition boundary that is guided 
approximately by the Δ = 0.005ϵF line. Just after it crosses the topo-

logical transition boundary that is given by the hz =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Δ2(0) + μ2
√

line, it 
bends down towards 0 following closely the topological transition 
boundary until μ changes sign. In all of our trials, we find that the red- 
dotted line and the topological transition boundary meet precisely 
when μ = 0, beyond which the latter line immediately bends upwards. 
We note that the effective Fermi surface disappears entirely in the latter 
regime when μ ≤ 0. We believe such correlations between the transverse 

polarization of an SF Fermi gas near its edges and the changes in the 
momentum-space topology of its bulk offer further evidence for the 
existence of a bulk-boundary correspondence in between. Unfortu-
nately, due to our limited computational resources, the question remains 

whether the peak of the transverse polarization occurs precisely at hz→ 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Δ2(0) + μ2
√

in a larger disc when kFR → ∞. 

4. Conclusion 

In summary, we used the mean-field BdG theory to analyze the edge- 
bound transverse spin polarization of an SF Fermi gas that is confined to 
a disc of radius R at zero temperature. This a finite-size effect that is 
induced by the simultaneous presence of an out-of-plane Zeeman field 
(hz) and an in-plane SOC, no matter how weak they are. We first related 
its physical origin directly to the equilibrium mass-current density, and 

Fig. 1. Transverse polarization P⊥(r) [in units of k2
F/(2π)] as a function of r, where hz = 0.8ϵF in (a), α = 0.5 kF/M in (b), and ϵb = 0.6ϵF in both.  

Fig. 2. (a) The bulk phase diagram is obtained through an independent calculation by solving the BCS-BEC mean-field theory for an infinite system, and the red- 
dotted line in (a) corresponds to the locations of the maximum P⊥/N that are extracted from (b). Figures (b) and (c) are color-coded, i.e., the same colors represent the 
same data. Here the two-body binding energy ϵb = 0.6ϵF is fixed and the Zeeman field hz is varied for every given SOC mα/kF. In (a), the SF phase is topological above 
the hz =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δ2 + μ2

√
line, and the Δ = 0.005ϵF line is shown as a guide to the eye for the SF-Normal phase transition boundary. (For interpretation of the references to 

color in this figure legend, the reader is referred to the Web version of this article.) 
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then attributed some of its characteristic features to the bulk properties 
of an SF Fermi gas. In particular, as long as there exists an effective Fermi 
surface with a positive chemical potential (μ ≥ 0), we found that while 
the total transverse polarization (P⊥) exhibits a sharp cusp around hz ≈

Δ(0) in the weak-SOC regime, it exhibits a broad peak nearby hz ∼
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Δ2(0) + μ2
√

in the large-SOC regime until μ changes sign. We believe 
such correlations between the P⊥ of an SF Fermi gas near its edges and 
the changes in the momentum-space topology of its bulk offer some 
evidence for the existence of a bulk-boundary correspondence in be-
tween. Therefore, similar to the theoretical proposals for the nanowires 
[13–15], it may be possible to use the transverse polarization as a probe 
for equilibrium mass currents and topological transitions in higher di-
mensions as well. As an outlook, it is worthwhile to check whether the 

transverse polarization exhibits a peak precisely at hz→
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Δ2(0) + μ2
√

or 
not as a function of increasing R, and to analyze it for other confined 
geometries. 
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Appendix A. BdG equations for an SF Fermi gas that is confined to a disc 

Assuming that the SF Fermi gas is confined to a disc of radius R, and adopting the polar r = (r, θ) coordinate system, we decouple the BdG equations 
into independent angular momentum (m) sectors by choosing u↑n(r) = u↑nm(r)eimθ/

̅̅̅̅̅̅
2π

√
with u↑nm(r) =

∑
jc↑nmjφj,m(r), and v↑n(r) = v↑nm(r)ei(m+1)θ/

̅̅̅̅̅̅
2π

√

with v↑nm(r) =
∑

jd↑nmjφj,m+1(r) for the ↑ components; and u↓n(r) = u↓nm(r)ei(m+1)θ/
̅̅̅̅̅̅
2π

√
with u↓nm(r) =

∑
jc↓nmjφj,m+1(r), and v↓n(r) = v↓nm(r)eimθ/

̅̅̅̅̅̅
2π

√

with v↓nm(r) =
∑

jd↓nmjφj,m(r) for the ↓ ones. Here, since the radial wave functions are projected onto a set of Bessel functions that are normalized in a 
disc of radius R, i.e. φj,m(r) =

̅̅̅
2

√
Jm(βj,mr /R)/[RJm+1(βj,m)], where j = 1, 2, 3, …and the argument βj,m is the jth zero of Jm(x), they automatically satisfy 

the boundary conditions uσnm(R) = vσnm(R) = 0 on the periphery of the disc [19]. 

Fig. 3. Same as in Fig. 2 but for ϵb = 0.1ϵF.  

Fig. 4. Same as in Fig. 2(a) but for ϵb = 0.01ϵF.  
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Given the orthonormality condition 
∫ R

0 rdrφj,m(r)φj′ ,m(r) = δjj′ with δjj′ the Kronecker delta, and allowing 1 ≤ j ≤ jmax states, the BdG equation is 
reduced to a 4jmax × 4jmax matrix eigenvalue problem, 

∑

j′

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Kjj′

↑,m Sjj′

m 0 Δjj′

m

Sj′ j
m Kjj′

↓,m+1 − Δjj′

m+1 0

0 − Δjj′

m+1 − Kjj′

↑,m+1 Sj′ j
m

Δjj′

m 0 Sjj′

m − Kjj′

↓,m

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎝

c↑nmj′

c↓nmj′

d↑nmj′

d↓nmj′

⎞

⎟
⎟
⎟
⎟
⎠

= ϵnm

⎛

⎜
⎜
⎜
⎜
⎝

c↑nmj

c↓nmj

d↑nmj

d↓nmj

⎞

⎟
⎟
⎟
⎟
⎠

,

(A.1)  

for each m. Here, the matrix elements are given by Kjj′
σ,m = [β2

j,m /(2 MR2) − μσ ]δjj′ for the kinetic energy terms, 

Sjj′
m = α

∫ R
0 rdrφj,m(r)[∂ /∂r+(m+1) /r]φj′ ,m+1(r) for the SOC ones leading to Sjj′

m = − Sj′ j
− m− 1 = − (2α /R)βj,mβj′ ,m+1/(β

2
j,m − β2

j′ ,m+1), and Δjj′
m =

∫ R
0 

rdrΔ(r)φj,m(r)φj′ ,m(r) for the pairing ones. Here we assume Δ(r) is real without losing generality. 
Similarly, the order-parameter equation reduces to 

Δ(r) =
g

2π
∑

nmjj′
[c↓nmjd↑nmj′ φj,m+1(r)φj′ ,m+1(r)f (ϵnm) + c↑nmjd↓nmj′ φj,m(r)φj′ ,m(r)f (− ϵnm)], (A.2)  

and the local-density equations reduce to 

n↑(r) =
1

2π
∑

nmjj′
[c↑nmjc↑nmj′ φj,m(r)φj′ ,m(r)f (ϵnm) + d↑nmjd↑nmj′ φj,m+1(r)φj′ ,m+1(r)f (− ϵnm)], (A.3)  

n↓(r) =
1

2π
∑

nmjj′
[c↓nmjc↓nmj′ φj,m+1(r)φj′ ,m+1(r)f (ϵnm) + d↓nmjd↓nmj′ φj,m(r)φj′ ,m(r)f (− ϵnm)]. (A.4)  

Note that the total number of fermions is simply given by Nσ =
∑

nmj[c2
σnmjf(ϵnm)+d2

σnmjf(− ϵnm)]. In addition, the transverse polarization P⊥(r) = P⊥(r)r̂ 
is in the radial direction with P⊥(r) = eiθP⊥(r), and its projection onto the r axis is 

P⊥(r) =
1
π
∑

nmjj′
[c↑nmjc↓nmj′ φj,m(r)φj′ ,m+1(r)f (ϵnm) + d↑nmjd↓nmj′ φj,m+1(r)φj′ ,m(r)f (− ϵnm)]. (A.5)  

Here, and throughout, all of the sums are restricted to positive energy 0 ≤ ϵnm ≤ ϵc eigenstates up to a cutoff energy ϵc. Limiting our numerical 
calculations to zero temperature, we choose ϵc = 10k2

F/(2 M) and R = 25/kF with N = (kFR)2
/2, and jmax = 50 and |m|max = 75. In addition, we follow 

the usual convention, and relate g to the two-body binding energy ϵb ≥ 0 of fermions in vacuum through the relation g = 4π/[M log(1 + 2ϵc/ϵb)]. 

Appendix B. BCS-BEC meanfield theory for an infinite system 

In the case of an infinite system, we adopt a momentum-space (k) formulation, and express the self-consistency (order parameter and number) 
equations compactly as [20]. 

1
g
=

1
2
∑

k,s

∂Ek,s

∂Δ2 tanh
(

Ek,s

2T

)

, (B.1)  

N↑ + N↓ =
1
2
∑

k,s

[

1 +
∂Ek,s

∂μ tanh
(

Ek,s

2T

)]

, (B.2)  

N↑ − N↓ =
1
2
∑

k,s

∂Ek,s

∂hz
tanh

(
Ek,s

2T

)

, (B.3)  

where s = ±, and E2
k,s = ξ2

k + h2
z + Δ2 + α2k2 + 2s

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

h2
z (ξ

2
k + Δ2) + α2k2ξ2

k

√

gives the quasiparticle excitation spectrum with ξk = ϵk − μ and ϵk = k2/(2 
m). We again relate g to ϵb through the relation 1/g =

∑
k1/(2ϵk + ϵb). In the zero-SOC (α → 0) limit, depending on the sign of μ, i.e., respectively when 

μ ≷ 0, the spectrum exhibits either two gapless energy rings in k space at hz = Δ or one gapless ring at hz =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δ2 + μ2

√
. On the other hand, having a 

finite α allows only a single gapless energy point at k = 0, and it also requires hz =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δ2 + μ2

√
. Thus, starting with the usual SF phase, increasing hz from 

0 first closes the excitation gap to zero at the critical field 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δ2 + μ2

√
, and then reopens it in the topological SF phase. 

We solve the self-consistency equations for hz = Δ and hz =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δ2 + μ2

√
, and construct the bulk phase diagrams that are shown in Figs. 2(a), 3(a) and 

4, where the population-imbalance parameter Pz = (N↑− N↓)/(N↑ + N↓) is shown as a function of mα/kF. In addition, we show Δ = 0.005ϵF line in the 
phase diagrams as a guide to the eye for the SF-Normal phase transition boundary that is determined by Δ/ϵF → 0. 

Note that since Δ is assumed to be a constant in Eqs. (B.1)- (B.3), our BCS-BEC meanfield theory excludes the possibility of competing SF phases 
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that are non-uniform in space. For instance, see Ref. [18] for more accurate phase diagrams of the same system, including the boundary for the 
phase-separated region. They showed that the phase separation gradually becomes important when ϵb/ϵF is increased from 0. 
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