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ABSTRACT

In this thesis we analyze the interplay of adiabatic rotation and Rashba spin-orbit

coupling (SOC) throughout the BCS-BEC evolution of a harmonically trapped Fermi

gas in two dimensions under the assumption that vortices are not excited. We first

study the non-interacting Fermi gas by taking the trapping potential into account

via both semi-classical and exact quantum-mechanical approaches. We show that for

high enough spin-orbit coupling strength or rotation, the gas forms a characteristic

ring shaped annulus. We demonstrate that formation of such an intriguing annulus

requires presence of both the spin-orbit coupling and rotation. We compute the

critical rotation frequency for emergence of this density profile and we predict that it

survive at experimentally accessible finite temperatures.

Then, by taking the interactions into account via the BCS mean-field approxi-

mation, we study the pair-breaking mechanism that is induced by rotation, i.e., the

Coriolis effect. We calculate the critical rotation frequencies for the onset of pair

breaking in the superfluid phase and the destruction of superfluidity as a function

of interaction or SOC strength. Comparing full quantum mechanical Bogoliubov-

de Gennes calculations with local density approximation results, we show that the

interplay between spin-orbit couping and rotation allows the possibility of creating

either an isolated annulus of rigidly rotating normal particles that is disconnected

from the central core of non-rotating superfluid pairs or an intermediate mediator

phase where the superfluid pairs and normal particles coexist as a partially rotating

gapless superfluid.

We present extensive phase diagrams and find that a gapless superfluid phase may

occupy a considerable region in the trap profile.

We also study all the limits in great detail providing analytic and semi-analytic
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results when possible. We note that the effect of adiabatic rotation on a two dimen-

sional interacting Fermi gas without SOC is not studied previously either. We provide

an analytical expression for the critical rotation for the onset of pair breaking in the

no SOC case.



ÖZETÇE

Bu tezde adiyabatik dönme ile Rashba spin-momentum bağının (SMB) harmonik

tuzaklanmış iki boyutlu Fermi gaz sistemlerinde BCS-BEY geçişi boyunca ortak etk-

ileri girdaplar uyarılmadığı varsayımı altında incelenmiştir. Öncelikle etkileşimsiz

Fermi gazı, tuzak potansiyeli hem yarı-klasik hem de kesin kuantum mekaniksel

yaklaşımlar altında ele alınarak incelenmiştir. Yeterince yüksek şiddetli SMB ya da

yüksek dönme hızlarında gaz yoğunluğu karakteristik bir halka şeklini alır. Bu il-

ginç halka şekline sahip sistemin oluşması için hem spin-momentum bağının hem de

dönmenin mevcut olması gerektiği gösterilmiştir. Bu yoğunluk profilinin oluşması için

gereken kritik dönme frekansı hesaplanmış ve bu profilin deneysel olarak ulaşılabilir

sıcaklıklara kadar varlığını sürdürebileceği öngörülmüştür.

Daha sonra, BCS orta-alan yaklaşımı ile parçacık etkileşimleri göz önünde bulun-

durularak, dönmenin, diğer bir deyişle Corilolis etkilerinin, üstün-akışkan durumda

oluşan Cooper çiftlerini kırma mekanizması incelenecektir. Çift kırılmasının başladığı

ve üstün-akışkanlığın tamamen yok olduğu kritik dönme frekansları SMB’nin şiddeti

ya da etkileşimin bir fonksiyonu olarak hesaplanmıştır. Yerel yoğunluk yaklaşımı

sonuçları ile tam kuantum mekaniksel Bogoliubov-de Gennes hesapları karşılaştırılıp,

dönme ile SMB’nin ortak ve zıt etkilerinin, merkezdeki dönmeyen üstün-akışkan

çiftlerden boşluk ya da kısmi olarak dönen üstün-akışkan çiftlerle normal parçacıkların

bir arada olduğu bir ara faz, enerji aralıksız üstün-akışkan, ile ayrılmış rijit şekilde

dönen normal parçacıklar halkası ihtimallerine izin verdiği gösterilmiştir.

Kapsamlı faz diyagramları sunulmuş, enerji aralıksız üstün-akışkanın tuzak profil-

inde kayda değer bir bölgeyi kaplayabileceği gösterilmiştir.

Bütün limitler detaylıca incelenerek mümkün olan durumlarda analitik ve yarı-

analitik sonuçlar verilmiştir. SMB’siz iki boyutlu etkileşimli Fermi gaz sistemleri de
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daha önceden çok az incelenmiştir. SMB’siz durumda çift kırılmasının başladığı kritik

rotasyon ile ilgili analitik ifade bulunmuştur.
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Dr. Özgür Oktel and Dr. Kaan Güven for their useful comments and contributions.
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Chapter 1

INTRODUCTION

Ultracold atoms are atoms which are maintained in ultra cold temperatures, very

close to absolute zero, typically on the order of hundred nanokelvins. They are very

important because they can be used as a quantum simulators of condensed-matter

systems which are complicated and therefore difficult to understand theoretically. Let

us take high temperature superconductivity as an example. Electrons in a metal have

very complicated behavior, they interact with each other, with the lattice vibrations,

with the impurities, they may be constrained to move in quasi-2D planes etc. It is

clear that such a complicated system can not be solved exactly to deduce its proper-

ties analytically. Therefore theorists need to develop simplified model Hamiltonians

which can capture the physics of the high temperature superconductivity and do fur-

ther approximations to solve these model Hamiltonians. In building these models we

have to decide which aspects of the complicated system we are going to avoid and

which ones we will include in our model? This is a very difficult question. Suppose we

developed a model and solve it using relevant approximations and the solution does

not describe the features of the system which we want to explain. Should we assume

that model is faulty and search for some additional features? Which aspects of the

model we should retain and which ones we should change? Or should we assume that

the approximations are invalid and stick to our model searching for different approx-

imation schemes? These questions may seem to be unanswerable at first glance, but

this is the place where ultra-cold atoms come into the scene. Their high purity as well

as their controllable system parameters, such as inter-particle interaction strength, di-

mensionality, geometry, the spin-imbalance etc. make them promising candidate to
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create an idealized system whose Hamiltonian is exactly known [Bloch et al., 2008].

Therefore using cold atoms we can create our models in reality and check directly

whether they capture the desired properties of real systems. For example using cold

atoms we can realize Hubbard model [Greiner et al., 2002], which is one of the main

tools used to understand high-temperature super-conductivity, and check its explana-

tory power. Since cold atoms can be used to create, and experimentally probe these

ideal Hamiltonians, as well as tune their parameters they also provide test ground

for validity regime of the approximation schemes. The complications such as lattice

(created using lasers), impurity etc., can be added back to the system, making it

possible to study all the physical components of the condensed matter individually.

With this extraordinary ability of ultracold atoms we seem to have come very close

to realize the dream of Richard Feynman, a quantum simulator which can simulate

very complicated many body systems [Feynman, 1982, Feynman, 1986].

The first success of ultracold atoms community which lead to the rapid expan-

sion of the field was the first creation of a Bose-Einstein condansate (BEC) in 1995

[Anderson et al., 1995]. BEC was first predicted by Satyendra Bose and Albert Ein-

stein in 1924 [Bose, 1924, Einstein, 1925]. BEC is a state of matter composed of a gas

of bosons cooled to low temperatures, where a macroscopic fraction of them occupy

the lowest energy state, effectively creating a macro quantum system. After four years

from the creation of BEC, the first degenerate Fermi gas was created [DeMarco, 1999].

Due to Pauli exclusion principle, two fermions can not occupy the same quantum

state, therefore fermions do not undergo BEC and there is no phase transition for

non-interacting Fermi gas when it is cooled. Rather at zero temperature all fermions

are forced to occupy all the lowest energy states, one fermion per state. In Fig. 1.1

we sketch the zero temperature behavior of bosons and fermions. In Ch. 2, we define

ultracold quantum gas and review the basic tools of statistical quantum mechanics

which we will use to analyze ultracold Fermi gases. We analyze both uniform and

trapped non-interacting Fermi gases in two and three dimensions. We discuss the

experimental techniques used in cooling and trapping the atoms.
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Figure 1.1: Bosons vs. fermions at zero temperature. Bosons and fermions be-
have similarly at high temperatures, where in each quantum state there is very small
probability of occupancy, and particle statistics shows the behavior of distinguish-
able particles. When temperature is lowered degenerate bosons and fermions behave
differently. Bosons condense to the lowest energy state, and form the Bose-Einstein
condensate. Fermions due to Pauli exclusion principle can not occupy the same quan-
tum state, rather they occupy the lowest states with one Fermion per quantum state
forming a Fermi sea.
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One may think that Fermi gases are not very interesting since they do not undergo

phase transition. However if there is a strong attraction between the Fermions it is

possible to create bound molecules, which are bosonic and therefore can undergo BEC.

On the other hand if atoms interact weakly they form pairs analogous to Cooper pairs

of electrons in superconductors. This is known as a Bardeen-Cooper-Schrieffer (BCS)

state. BCS theory was developed in 1957 to explain superconductivity via formation,

of Cooper pair of electrons, which are formed due to effective attractive interaction

resulting from phonon-electron coupling [Bardeen et al., 1957]. In 1998, it was demon-

strated that it is possible to arbitrarily tune the two-particle interaction via Feshbach

mechanism [Inouye et al., 1998]. This lead to experimental realization of BEC of

molecules formed from two fermionic atoms [Greiner et al., 2003, Jochim et al., 2003,

Zwierlein et al., 2003]. Later, BCS state was realized and by tunning the interaction,

the system is made to smoothly evolve from BCS to BEC state [Regal et al., 2004].

This was the first experimental realization of BCS-BEC crossover(see Fig. 1.1) pre-

dicted first by Eagles [Eagles, 1969] and Leggett [Leggett, 1980]. Analogous to super-

conductivity, attractively interacting Fermi gas at low temperatures undergoes phase

transition to the superfluid state. Superfludity is a state of matter which behaves

like a fluid with zero viscosity. In Ch. 3 we discuss the scattering and interaction in

ultracold Fermi gases in both 2D and 3D. We review the BCS-BEC crossover problem

in different dimensions and provide its extenssion for trapped Fermi gases both using

semi-classical local density approximation and quantum mechanical Bogoliubov de

Gennes approach. We conclude the chapter with definition of superfluidity.

BCS-BEC crossover is just one example of the many realized/realizable many

body phenomena using ultracold atoms. Since cold atoms are charge neutral par-

ticles one may think that many exotic phenomena which involve interaction with

electric or magnetic fields, such as integer and fractional quantum Hall effects, quan-

tum spin Hall effect, and a topological insulators, cannot be simulated by cold atoms.

However, while it is true that cold atoms can not experience gauge fields, such as

magnetic field, nevertheless it is possible to simulate the gauge fields artificially.
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Figure 1.2: The BCS-BEC crossover. In cold atoms by tuning the interactions via
Feshbach resonance it is possible to smoothly cross from BCS limit of Cooper pairs
overlapping in space to BEC limit of tightly bound molecules.

One way to achieve this is to rotate the gas rapidly, and use the analogy between

the magnetic component of the Lorentz force and the Coriolis force [Fetter, 2009].

Rapid rotation mimics the constant magnetic field and may lead to formation of Lan-

dau levels and integer quantum Hall phenomenon [Ho and Ciobanu, 2000], or it may

lead to quantized vortices [Abo-Shaeer et al., 2001, Zwierlein et al., 2005] which are

analogous to Abrikosov vortices in superconductors as a result of applied magnetic

field [Abrikosov, 1957]. Observation of quantized vortices in ultracold atoms is the

smoking gun proof of superfludity.

Another method to create artificial gauge fields, which can create more compli-

cated fields than constant magnetic field is to use position dependent atom laser

beam interaction to create a Berry connection. Using this approach in 2009, Spiel-

man’s group created the first synthetic field in bosonic cold atoms [Lin et al., 2009b].

It was a uniform vector potential, therefore corresponded to zero magnetic field. Same
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year they realized first synthetic magnetic field in cold atoms [Lin et al., 2009a]. After

two years first synthetic electric field was also artificiality created [Lin et al., 2011a].

In 2011 this series of experiments of Spielman’s group culminated with the creation

of first artificial spin-orbit coupling in bosonic atoms [Lin et al., 2011b]. Spin-orbit

coupling (SOC) is the interaction between particle’s spin and momentum. In cold

atoms, the role of spin is played by the hyperfine state of the atom. Spin-orbit cou-

pling has become one of the key themes in modern condensed-matter and atomic

physics, playing a central role for systems such as topological insulators and su-

perconductors [Hasan and Kane, 2010, Qi and Zhang, 2011], quantum spin-Hall sys-

tems [Sinova et al., 2015] and spintronics applications [Žutić and Das Sarma, 2004].

In 2012 two groups realized spin-orbit coupling in fermionic atoms [Wang et al., 2012,

Cheuk et al., 2012]. These all were one dimensional couplings, coupling only cer-

tain direction in momentum space. In 2016 first 2D SOC was realized in fermionic

atoms [Huang et al., 2016], extending the stage to investigate more interesting SOC

types such as Rashba SOC which is isotropic in momentum space. Experimen-

tal realization of SOC stimulated numerous theoretical studies on Fermi gases with

SOC both in 3D [Vyasanakere et al., 2011], [Jiang et al., 2011], [Yu and Zhai, 2011],

[Gong et al., 2012], [Iskin and Subasi, 2011], [Yi and Guo, 2011], [Seo et al., 2012],

[Zhou and Zhang, 2012], [Liao et al., 2012] as well as in 2D [He and Huang, 2012],

[Gong et al., 2012], [Yang and Wan, 2012], [Takei et al., 2012], [Ambrosetti et al., 2014],

[Zhang and Yi, 2013], [Doko et al., 2012], [Cao et al., 2014]. These works have re-

vealed a plethora of intriguing phenomena, including topological superfluids, Majo-

rana modes, spin textures, skyrmions, etc.

In Ch. 4 we discuss the origin of spin-orbit coupling as well as physical systems

in which it occurs naturally. Then we discuss the basic principles used to engineer

spin-orbit coupling in neutral atomic gases. Next we review single particle properties

of the Rashba SOC. We discuss non-interacting Fermi gas under SOC and the mean-

field field BCS theory for 2D gas with SOC. In Ch. 5 we review the motion in rotating

frame and explain the analogy between the Coriolis force and the magnetic compo-
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nent of the Lorentz force. We discuss the effect of the rotation on non-interacting

Fermi gas, including the fast rotation limit where the Landau level structure becomes

evident. We than analyze the effect of rotation on interacting Fermi gas, i.e. on the

superfluid state. We consider the alternative responses of the superfluid to rotation:

Quenching of the moment of inertia for slow rotation, vortex formation for fast ro-

tation and pair-breaking due to Coriolis force which leads to emergence of normal

gas together with gapless superfluid at the edge of the system for adiabatic rotation.

In Ch. 6 we study the combined effect of SOC and rotation on trapped 2D Fermi

gas. We investigate the trap profiles when both SOC and rotation is applied to non-

interacting and interacting Fermi gas, respectively. In both cases we investigate the

possible phases of the system with emphasis on the formation of a ring shaped normal

component. We provide numerical calculations of the critical rotation frequency for

the onset of pair breaking and complete destruction of the superfludity as well as

present extensive phase diagrams demonstrating all the possible phase profiles. We

conclude with a discussion of our results in Ch. 7.



Chapter 2

FUNDAMENTALS OF ULTRACOLD FERMI GASES

2.1 What is an Ultracold Quantum Gas?

We can think of a gas as N number of atoms moving around in some volume V .

There are three characteristic length scales of the gas which determine its properties

(see Fig. 2.1). The first important length scale is the average inter-particle distance

dn, which is determined by the density of the gas n = N/V as

dn = n−1/3. (2.1)

This relation can be obtained by dividing the volume V , to small cubic regions

with volume d3
n, such that every region has single atom. Then obviously dn is the

average distance between the atoms and total number of particles can be written as

N = V/d3
n, which yields the above relation.

The second important length scale is determined by the temperature T and is

known as the thermal de Broglie wavelength of the atoms λT . The thermal de-Broglie

wavelength is given as (in this thesis we take ~ = 1):

λT =

√
2π

MTkB
(2.2)

where M denotes the mass of an atom and kB is the Boltzman’s constant. The de-

Broglie wavelength can be thought as the length scale associated with thermal kinetic

energy of the atoms. We can rewrite above equation as a equality between the thermal

energy to kinetic energy up to a factor of π, i.e. πkBT = k2/(2M), where we related

the momentum to the wavelength λ via the de-Broglie relation k = 1/(2πλ).

In classical physics each atom’s motion is described by its position ri and mo-

mentum ki, where i ∈ {1, 2, ...N} is the index for an atom. In any realistic gas,
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Figure 2.1: Length scales of a thermal quantum gas. The de-Broglie wavelength λT
should be grater or comparable to inter-particle spacing dn for an ultracold gas. Both
dn and λT are much greater than the effective range of the interaction Re. See text
for details.

atoms interact with each other via an inter-atomic potential U(ri − rj). For charge

neutral atoms, which we consider in this thesis, this interaction is isotropic, i.e. the

potential has central symmetry. A central symmetric potential is a potential which

does not dependent on the orientation of the atoms, but only on their relative distance

rij = |ri−rj|, hence inter-atomic potential can be written as U(rij). Besides being iso-

topic, the interaction potential of the neutral atoms is short-ranged. By short-ranged

we mean that there is some distance Re beyond which the effect of the interaction

is negligible. Re is known as the range of the potential or the radius of interaction

and it is the third important length scale which characterizes the gas [Ueda, 2010].

In order to estimate Re and justify the claim that inter-atomic potential has central

symmetry let us analyze the origin and behavior of inter-atomic interaction. When

the inter-particle distance between the atoms is on the order of the radius of the atom,

they will feel a strong repulsive interaction due to the Pauli principle which forbids

electron clouds to overlap with each other. This force is usually modeled as hard

core sphere potential with atomic radius or as a Leonard-Jones potential term with
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U(rij) = C1/r
12
ij , where C1 > 0 is constant. This potential has obviously central sym-

metry and is short ranged, with range on the order of the atomic radius. At greater

distances the force between the atoms is attractive. This force is known as the van der

Waals force whose origin is mutual polarization of the atoms. A neutral atom in posi-

tion ri gains an instantaneous dipole moment P1, which points in a random direction

and therefore in average is zero ( 〈P1〉 = 0). This dipole moment will induce another

dipole moment P2 in another atom at r2, which will be P2 = αpE ∝ −αpP1/r
3
12,

where E is electric field and αp is atomic polarizability. The two dipole moments

will interact via U(r12) ∝ P1P2/r
3
12 ∝ −αpP2

1/r
6
12. We should note that 〈P2

1〉 6= 0,

therefore there is effective attractive force between the atoms with potential −C2/r
6
12,

where C2 > 0 is constant. This potential has central symmetry and is short ranged.

The range can be estimated from the fact that we are interested in low temperature

behavior of the gas, where the total energy is almost zero. As a result of this the ef-

fective range can be estimated by taking the momentum k = 1/Re and reduced mass

M/2 we have 1/(MR2
e) − C2/R

6
e ⇒ Re = (C2M)1/4. Sketch of typical interaction

potential is given in Fig. 2.2.

Given these three characteristic length scales, dn, λT and Re, we are ready to define

the dilute ultracold quantum gas. A gas is called dilute if the interaction radius is

much smaller than the inter-particle distance:

dn � Re ⇒ nR3
e � 1 (2.3)

On the other hand if dn ≤ Re, than the motion of the atoms is not free anymore

and we usually have either solid or liquid. In dilute gases since inter-particle distance

is much greater than radius of the interaction, the probability of finding three particles

inside this radius is much smaller than the probability of finding two particles inside

that distance. Therefore interaction of the gas is governed by binary interactions, i.e.

interaction between two particles. Absence of three body collisions is very important

for the stability of the gas. We will study gas at very low temperatures at which

normally matter is at solid phase. At such low temperatures gas is meta-stable and
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)

Figure 2.2: Sketch of typical interaction between two neutral atoms as modeled with
Lennard-Jones type potential (C1/r

12−C2/r
6). We clearly see that at long distances

van der Waals attraction takes over the repulsive potential due to Fermi exclusion.
At even larger distance which we defined as Re interaction is very weak and can be
safely ignored.

can live long enough thanks to the low probability of three body collisions. Law of

conservation of energy and momentum forbids formation of bound molecules in two

body collisions, a third particle which will carry excess momentum must be present.

Therefore dilute gas can remain gas even at very low temperatures long enough to be

studied experimentally on the order of 1-10 seconds.

A gas is called ultracold if the thermal de Broglie wavelength is much bigger than

the radius of the interaction:

λT � Re (2.4)

In ultracold gases s-wave collisions (collisions with zero angular momentum) are

the dominant type of collisions as we will demonstrate in next section. The first

ultracold dilute gas was produced by I.F.Silvera and J.T.M. Walraven in 1980, using

spin-polarized Hydrogen [Silvera and Walraven, 1980].

A gas is called quantum gas if it obeys the quantum statistics when it becomes

degenerate. This happens when the particle indistinguishability becomes important,
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and therefore thermal de Broglie wavelength is on the order of the interparticle dis-

tance:

λT ≥ dn ⇒ nλ3
T ≥ 1. (2.5)

Above nλ3
T is known as phase-space density and it determines the character of the

gas. If it is very small compared to unity, the gas is classical and can be understood via

Boltzman statistics. On the other hand when it approaches unity, than the quantum

statistics becomes important. The temperature T for which phase space density

approaches unity nλ3
T ∼ 1 is known as degeneracy temperature Td. Degeneracy

temperature is given as:

Td ∼
2πn2/3

kBM
(2.6)

From this expression we see that there are two ways to arrive at the quantum degen-

eracy, either density can be increased, or temperature can be decreased.

In any real experiment gas has to be confined. If the gas is confined in a vessel such

that its density is constant, it is called homogeneous gas. Usually vessel’s surface will

greatly effect the properties of the gas, rendering theoretical analysis difficult. Fortu-

nately this can be overcome in the experiments, where gas can be trapped in wall-free

environment using some external potential V (r). This potential in experiments is

usually created using laser beams. This kind of gas trapped in potential is known

as an inhomogeneous gas. Since experiments are done using an inhomogeneous gas,

in this thesis we will be mostly interested in the inhomogeneous gas. Usually this

trapping potential can be approximated with a harmonic potential. The presence of

the trap introduces us another characteristic length scale known as the characteristic

length of the harmonic oscillator which we will denote with a0 and define as

a0 =

√
1

Mω
. (2.7)

Here ω is the frequency of the trap, such that V (r) = (ω/2)(r/a0)2 and we as-

sume that the trap is isotropic. In experiments, a0 is much larger than the other

characteristic lengths in the problem. In such systems we can use the so called local
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density approximation, where in some small sub region in the trap we can assume

that system is homogeneous and use the results derived for a homogeneous system.

We will frequently make use of this local density approximation. To demonstrate the

validity of this approximation let as take the density of the gas at point r1 and r2

to be n(r1) and n(r2) respectively. Than the density difference can be expressed as

n(r1)− n(r2) ≈ n(r1)− n(r1)[1−O(|r2 − r1|/a0)], where O(x) means on the order of

x. Note that as long as the two points r1 and r2 are close with respect to a0 so that

a0 � |r2 − r1| and the density between these two points is approximately constant,

it can be described by the physics of homogeneous system.

First ultra-cold quantum gas was created on 5 June 1995 by JILA group of

Eric Cornell and Carl Wieman using Rubidium-87 atoms which were cooled to 170

nK [Anderson et al., 1995]. About one month later Rice university group of Ran-

dall Hulet realized ultra-cold quantum gas using Lithium atoms (but published their

results after two years) [Bradley et al., 1997]. Few months latter, MIT group of Wolf-

gang Ketterle also created ultra-cold quantum gas using Sodium-23 [Davis et al., 1995].

All three experiments used bosonic atoms. Ketterle, Cornell and Wieman were

awarded with the Nobel prize in physics in 2001 for their achievements.

Before concluding this section, let us provide some rough numbers for the length

scales given above. We will provide the estimates based in terms of the Bohr radius

aB ≈ 0.53×10−10m. The smallest length scale Re ranges between 50aB−200aB. The

ranges for λT and dn are 104aB − 4× 104aB and 800aB − 3000aB respectively, hence

they are much larger than Re and roughly at the same order. The largest length scale

is a0 which takes value between 3 × 103aB − 3 × 105aB. These numerical values are

taken from [Boettcher et al., 2012].

2.2 Quantum Statistics

One special characteristic of quantum mechanics is the indistinguishability of identical

particles. If we interchange coordinates of two identical particles, the system should

remain unchanged. Physically this means that many-body wave function Ψ of the
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system can change only by some global phase factor λ when these two particles are

interchanged:

Ψ(..., χi, ..., χj, ...) = λΨ(..., χj, ..., χi, ...) (2.8)

Here χi = (ri, σi) denotes the position and spin of the i’th particle respectively.

Since two consecutive interchanges of the same coordinates will leave system identical,

we have either λ = 1 (wavefunction is symmetric under exchange of particles) or

λ = −1 (wavefunction is anti-symmetric under exchange of particles). Particles which

have symmetric wave function under exchange of particles are called bosons and

particles which have anti-symmetric wave function are called fermions. Fierz-Pauli

Spin-Statistics theorem [Fierz, 1939, Pauli, 1940] states that particles with integer

spin are bosons, whereas particles with half-integer spin are fermions. One very

important consequence of Spin-Statistics theorem is that no two identical fermions

can occupy the same quantum state. This is known as the Pauli exclusion principle

and is responsible for the stability of matter. All the stable elementary particles

such as electrons, protons, neutrons are fermions, while force carrier particles such as

photons are bosons. Besides elementary particles, composite particles such as atoms

can also be classified as bosons or fermions depending on the total number of fermions

contained in them. If the total number of constituent fermionic particles is even the

atom is a composite boson. On the other hand if the total number of constituent

protons, electrons and neutrons is odd it is a composite fermion. Since in neutral

atoms number protons is equal to number of electrons, atoms with odd neutrons are

fermions and atoms with even number of neutrons are bosons.

In order to describe a large system with many particles and quantum states, the

grand canonical ensemble can be used. In this ensemble, the system can exchange

particles and energy with a large reservoir. The thermodynamic variables of the grand

canonical ensemble are absolute temperature T and chemical potential µ, which is

defined as change in total energy E when another particle is added to N particles at

constant volume V and entropy S
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µ =

(
∂E

∂N

)

V,S

. (2.9)

Using the grand canonical partition function, one can derive the distribution func-

tion for an average occupation of a single particle quantum state j with energy εj

〈nj〉 = f(εj) =
1

eβ(εj−µ) ± 1
(2.10)

where β = 1/(kBT ). The sign in the denominator depends on the quantum statistics

of the particles. If the particles are bosons than the minus sign is used and the distri-

bution is know as the Bose-Einstein distribution, on the other hand if the particles are

fermions than the plus sign is used and the distribution is known as the Fermi-Dirac

distribution. In that case the function f(εj) is known as the Fermi function. When

we have high temperatures such that phase-space density defined in previous section

is very small compared to unity, than both distributions reduce to

f(εj) = e−β(εj−µ), (2.11)

which is known as the Boltzmann distribution. Hence, as discussed in the previous

section the effects of quantum statistics become unimportant at high temperatures.

Using the distribution function we can in principle calculate the mean energy E

E =
∑

j

εjf(εj) (2.12)

and the mean particle number N

N =
∑

j

f(εj). (2.13)

The last equation can be used to determine chemical potential µ for given particle

number N .
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2.3 Trapping and Cooling Atoms

In this section we will outline basic procedures used in creating ultracold quan-

tum gases and sketch the basics of cooling and trapping techniques of atoms. For

more systematic treatment the reader can consult [Pethick and Smith, 2008] and

[Jervis and Thywissen, 2014].

The most basic method used in cooling atoms is the so called laser cooling. We

tend to think that lasers heat the system, but combined with proper physical prin-

ciples they can be used in cooling an atomic gas (see Fig. 2.3). To understand how

cooling can be achieved let us consider a two level atom with ground state |g〉 and

excited state |e〉 with energies Eg and Ee, respectively. In order to excite the electron

to excited state ∆E = Ee − Eg energy must be supplied. If the electron is hit by

a photon with frequency ν0 = ∆E/h, where h is the Planck’s constant, than elec-

tron is excited to the excited state, while photon is absorbed by the atom. Due to

conservation of momentum, atom will receive a kick in the direction of motion of the

photon, gaining momentum equal to hν0/c, where c denotes the speed of light. As

the atom returns to the ground state, by spontaneous emission it emits photon and

gets another momentum kick, which is in the opposite direction of the emitted pho-

ton. Since spontaneous emission is a random process, its direction will be arbitrary

and if averaged over many absorption/emission cycles net momentum transfer due to

emission will be zero. Hence the net momentum gain of the atom on average will be

exclusively due to absorption. If we want to cool the atom, we must always transfer

momentum in the opposite direction to atom’s motion, so that it slows down and

the gas cools. This can be achieved by tuning lasers to frequencies lower than the

resonant frequency, ν1 < ν0. If an atom is moving towards the laser beam with some

velocity v, than due to Doppler effect the frequency of the laser is blue shifted in the

reference frame of the atom. The frequency ν2 of the laser from the perspective of

the atom can be calculated via the Doppler shift formula
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ν2 = ν1

√
1 + (v/c)

1− (v/c)
≈ ν1(1 +

v

c
) (2.14)

If we look at the problem from the laser’s frame, than the absorption spectrum

of the atom is red shifted and best absorption frequency now is ν ′0 = ν0(1 − v/c). If

velocity has right value, which can be calculated as v = c(ν0−ν1)/ν0 ,than the laser’s

frequency will match that of the atom’s best absorption frequency. Therefore, the

atom will receive a momentum kick in opposite direction of its motion and its new

velocity v′ will be lower. The new velocity can be shown via conservation laws to

satisfy the following relation

v′ = v − ∆E

Mc
(2.15)

where M denotes the mass of the atom. On the other hand, if the atom is moving

in the opposite direction of the laser beam, absorption spectrum of the atom will be

blue-shifted and therefore will not absorb the photon. If we put six laser, one in each

direction in 3D space, than no matter in which direction an atom is moving, it will

slow down. Of course to slow particles in all velocities, the laser frequencies should

be slowly tuned, so that all atoms will interact with the laser beams.

In order to hold the atoms, a trap from magnetic field can be created. These traps

are known as magneto-optical traps. In order to understand the working principle of

these traps let us assume that we have atoms having total angular momentum F = 0

in the ground state and F = 1 in their excited state. The excited state will be three-

fold degenerate, due to three possible z-components mF = {−1, 0, 1} of the total

angular momentum. These three states are degenerate at zero magnetic field, but

when magnetic field is turned on it leads to the so called Zeeman splitting. Suppose

we place these atoms in a non-uniform magnetic field whose value is lowest at the

center and highest at the edges. Besides the sign of the magnetic field is opposite at

the opposite edges. As a result of this configuration |F = 1,mF = 1〉 state will have

highest energy at one side (say right) and |F = 1,mF = −1〉 at the other side (say
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Figure 2.3: Sketch of mechanisms involved in laser cooling. (a) Assume laser is tuned
in frequency ν1 below the resonant frequency ν0 of the atom, i.e. ν1 < ν0 as a result
atom does not absorb the photon. (b) If the atom is moving away from the laser,
due to Doppler shift light is red-shifted, and again atom does not absorb any photon.
(c) If the atom is moving towards the laser, this time frequency is blue-shifted, it can
now match the resonant frequency, thus atom absorbs the photon. (d) Since atom
absorbs photon moving in opposite direction of its motion, due to the conservation of
momentum it receives a momentum kick in that direction and its velocity decreases.
(e) Absorbed photon will be emitted in random direction and if averaged over many
absorption/emission cycles net momentum transfer due to emission will be zero. As
a result in average only absorption will effect the velocity of the atoms. Atoms will
lose velocity and as a result the gas will cool.
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left). Suppose we have lasers in both sides, shining with same frequency ν (ν < ν0 as

described above so that they can cool the atom) but opposite circular polarizations

(σ+ and σ−). The laser with σ+ polarization is placed in left side, and the other one in

the right side of the trap. σ+ polarized light will interact with |F = 0,mF = 0〉 state

to excite it only to |F = 1,mF = 1〉 state, while σ− polarized light will interact with

|F = 0,mF = 0〉 state to excite it only to |F = 1,mF = −1〉 state. Therefore due

to the Doppler effect described above, atom moving in the left direction will absorb

photon and transfer to |F = 1,mF = 1〉 state. The atom not only will get momentum

kick in opposite direction, but it will also feel restoring force towards the center of

the trap because in left side of the set up energy of |F = 1,mF = 1〉 state is highest

due to the magnetic field. This analysis is also valid for particle moving in the right

direction as well. If this setup is mounted in all the three spatial axis, than atoms

will be trapped in the middle of the trap.

While laser cooling is a very effective way to cool the atoms, the temperatures

which can be reached are limited. As we pointed above spontaneous emission of the

photon is a random process and the momentum kicks average to zero, thus mean

velocity of the particle due to emission is zero. But unfortunately the mean squared

velocity of atoms due to spontaneous emission is not zero and as a result heat is

supplied to the atom. At equilibrium, the heating and cooling rates become equal,

setting limit on the temperature to which gas can be cooled known as Doppler limit of

the temperature. Doppler limit of the temperature can be estimated via the following

expression

TDoppler =
γ

2kB
(2.16)

where γ is the the absorption line-width. Doppler limit of the temperature is on the

order 100 µK, which is several order of magnitudes higher than Td of the atoms. Using

another laser cooling technique called Sisyphus cooling, atoms can be cooled down to

10 µK, but this is also far too ”hot” to observe the effects of quantum statistics in

such dilute system. Fortunately there is another technique called evaporative cooling,
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which can cool atoms to temperature of 500 pK. First atoms are taken to some

conservative trap such as a static magnetic trap, so that atoms will not heat due to

spontaneous emission. Static magnetic traps are composed of magnetic field which

has minimum at the center of the trap. In order to be trapped in this trap, atoms must

have magnetic moment which points in opposite direction to the magnetic field. These

states are known as weak field seeking states. These states, in order to minimize their

energy move to low magnetic field, hence are trapped at the center where magnetic

field is minimum. Once atoms are trapped in static magnetic field, than the depth

of the trapping potential is lowered so that high energetic hot atoms can escape from

the trap (See Fig. 2.4 ). This selective removal of hot atoms, causes the remaining

atoms to cool due to collisional equilibrium. This kind of cooling is very familiar from

our everyday life. For example, take a cup of tea, the most energetic molecules leave

the cup via evaporation. Since average kinetic energy of the molecules leaving the

cup is higher than the mean kinetic energy of the tea, effectively temperature of the

tea falls. Evaporative cooling of atoms, essentially uses the same mechanism which

cools our tea.

The success of evaporative cooling depends on gas reaching the collisional equi-

librium. In such low temperatures atoms in ultracold gas can only collide if they

approach head on, i.e. they have no relative angular momentum, in the so called

s-wave collisions. But as we will show in next chapter, identical fermions do not

undergo s-wave collisions due to Pauli exclusion principle. This lack of collisions,

makes use of evaporative cooling for a gas composed of identical fermions impossible.

Fortunately, fermionic atoms that are in different internal states can collide through

s-wave collision and therefore can be cooled via evaporative cooling. First degenerate

ultracold Fermi gas using this method of cooling was realized in 1999 by Jin and

DeMarco at JILA [DeMarco, 1999]. We should note that even if we have two species

Fermi gas, cooling fermions is still a challenge because when a gas becomes suffi-

ciently degenerate collisions are blocked because the number of unoccupied quantum

states available diminishes. Since this blocking again is a result of Pauli exclusion
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Figure 2.4: Schematic diagram of evaporative cooling. Trap potential is lowered so
that atoms with high kinetic energy can escape the trap. Selective removal of hot
atoms causes the remaining atoms to cool due to collisional equilibrium.

principle, it is termed as Pauli blocking. Alternatively one can cool fermions with a

method known as a sympathetic cooling. In this method, mixture of different iso-

topes of same element, one bosonic and one fermionic are cooled together. Bosons

are cooled via evaporative cooling in the usual way, while fermions cool by being in

thermal contact with fermions. This is similar to cooling soda by putting ice in it, so

that cold ice cools the soda. Degenerate Fermi gas cooled with sympathetic cooling

was realized using a mixture of lithium-6 and lithium-7 in 2001 by Randall Hulet’s

group at Rice University [Truscott et al., 2001] and Christophe Salomon at the ENS

in Paris [Schreck et al., 2001]. Using these techniques Fermi gases can be cooled to

temperatures of 50 nK.

2.4 Density of States

As a result of Heisenberg’s uncertainty principle phase space in quantum mechan-

ics is quantized and we have single state in volume (2π)d, where d denotes the
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dimensionality of the space. The region of the momentum space for which mag-

nitude of the momentum is less than k has volume vdk
d in d dimensions, where

vd = πd/2/Γ(d/2 + 1), Γ(x) is the Gamma function, which for integer x satisfies

following identities Γ(x) = (x − 1)! and Γ(1/2 + x) =
√
π(2x)!/(4xx!). Using the

dispersion relation for free particles ε = k2/(2M), the total number of states G(ε)

with energy less than ε can be written as

G(ε) =
Vdvdk

d

(2π)d
=
Vdvd(2Mε)d/2

(2π)d
(2.17)

Here Vd denotes the generalized volume of the system in real space in d dimensions.

The density of states (DOS), denoted by D(ε), describes how the available quantum

states are distributed and can be calculated from the total number of states as

D(ε) =
dG(ε)

dε
=
dVdvd(2M)d/2(ε)d/2−1

2(2π)d
(2.18)

For the usual three dimensions d = 3, Vd = V and DOS is given as

D(ε) =
VM3/2

√
ε√

2π2
. (2.19)

It turns out that DOS is independent from energy in two dimensions, where gen-

eralized volume is the area Vd = A

D(ε) =
AM

2π
. (2.20)

Lastly DOS of one dimensional system is proportional to 1/
√
ε, diverging at ε = 0.

In Fig. 2.5 we sketch DOS for different dimensions. In general at low energies DOS

increases with decreasing dimensionality as a function of energy.

One can also calculate DOS of d dimensional harmonically trapped system with

frequencies ωi by estimating G(ε) using the dispersion relation ε =
∑

i ωi(ni + 1/2),

where ni = 0, 1, 2... denotes the energy levels. The final result is given as
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Figure 2.5: Sketch of density of states of homogenious gas for different dimensions.
The behavior of density of states strongly depends on the dimensionality of the system.
Note that density of states increases at low energies with decreased dimensionality.

D(ε) =
εd−1

(d− 1)!
∏

i ωi
. (2.21)

Using DOS we can replace the sums over the discrete energy states with an integral

over energy. Hence the mean particle number and total energy can be expressed as

N =

∫ ∞

0

dεf(ε)D(ε), (2.22)

E =

∫ ∞

0

dεεf(ε)D(ε). (2.23)

We should note that in the thermodynamic limit, sums over k may also be replaced

with the integrals as
∑

k → Vd
(2π)d

∫
ddk. Also note that when sums are expressed as

integrals the zero energy state could be ignored, since it is usually multiplied by zero

due to vanishing DOS at that energy. This may cause a problem for bosons, where

the lowest energy state can be occupied by macroscopic number of particles.
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Before finishing this section, let us give a general definition for DOS, which can

reproduce all the above results and can be used to calculate DOS for any given single

particle spectrum Ej:

D(ε) =
1

Vd

∑

j

δ(ε− Ej) (2.24)

In next sections we will use this general relation to compute DOS of various

dispersion relations.

2.5 Second Quantization

We saw in previous sections that individual positions of identical particles can not

be determined, the only sensible information we can get about system is the number

of particles in each quantum state. Since ”first quantized” quantum mechanics is

formulated in a way that position of the particle is specified, it is not suitable for

representing many particles. To demonstrate this let us take two identical fermions,

one in state |1〉 and one in state |2〉. Due to the indistinguishability of these particles,

wave function describing them must be anti-symmetric. This gives us following wave

function which includes two terms

Ψ(χa, χb) = [φ1(χa)φ2(χb)− φ2(χa)φ1(χb)]/
√

2. (2.25)

Here φ1(χ) (φ2(χ)) denotes the wave function of state |1〉 (|2〉). Above wave

function may look like manageable, but in case of N identical fermions, in order

to make wave function anti-symmetric we need to write a slater determinant of N

single particle wave functions. This means that our N body wave function will have

N ! terms, obviously such notation is impractical. Even for 10 particles we need

3628800 terms to write down their anti-symmetric wave-function. Therefore ”first

quantization” notation can not be used for many particle systems.

The solution to this problem is to use the so called ”second quantization” notation,

where we give up the impossible task of keeping track of the position of the individual
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particles and only keep track of the number of particles in each single particle state.

In this notation we work in Fock space and use occupation number states,

|n1, n2, ...〉. (2.26)

Here ni denotes the number of particles in a single particle state i, and the total

particle number is given by N =
∑

i ni. For bosons ni can take any integer value and

for fermions it is either 1 or 0 due to Pauli exclusion principle. The state which con-

tains no particle is known as vacuum state and is denoted by |0〉. Using single particle

states one can prove that occupation number states also satisfy the orthogonality and

closure properties

〈n1, n2, ...|n′1, n′2, ...〉 = δn1,n′1
δn2,n′2

..., (2.27)
∑

n1,n2,...

|n1, n2, ...〉〈n1, n2, ...| = I (2.28)

where I is the identity operator. Next creation/annihilation operators â†i/âi which

create/destroy a particle in single particle state i can be introduced

â†i |..., ni, ...〉 =
√
ni + 1|..., ni + 1, ...〉, (2.29)

âi|..., ni, ...〉 =
√
ni|..., ni − 1, ...〉. (2.30)

In second quantization the symmetric/anti-symmetric nature of the many body

wave function is carried by the creation/annihilation operators, which satisfy the

following commutation (for bosons) or anti-commutation (for fermions) relations

[âi, âj]∓ = âiâj ∓ âj âi = [â†i , â
†
j]∓ = 0, (2.31)

[âi, â
†
j]∓ = δi,j. (2.32)
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Note that for fermions, Pauli exclusion principle directly follows from above anti-

commutation relations [â†i â
†
i ]+ = 2â†i â

†
i = 0.

We can express any operator using these creation/annihilation operators. For

example suppose that Ô is single particle operator, i.e. operator which acts on single

particle. This operator in second quantization notation can be expressed as

Ô =
∑

i,j

〈i|Ô|j〉â†i âj. (2.33)

The most common single particle operators are total particle number operator

N̂ =
∑

i â
†
i âi and the Hamiltonian Ĥ =

∑
i εiâ

†
i âi where εi is the single particle

energy of level i. Besides single particle operators we will need two particle operators

to represent the binary interactions of ultracold atoms. For any two particle operator

V̂ we have the following representation

V̂ =
∑

i,j,i′,j′

viji′j′ â
†
i â
†
j âi′ âj′ (2.34)

where viji′j′ can be expressed in terms of position wave functions φi(r) as

viji′j′ =

∫
drdr′φ∗i (r)φ∗j(r

′)V̂ φi′(r)φj′(r
′). (2.35)

We can transform from one basis to another basis via

â†λ =
∑

i

〈i|λ〉â†i . (2.36)

The creation/annihilation operators of real space basis ψ̂†(r)/ψ̂†(r) are one of the

most important basis and are known as the field operators. Another important basis is

the momentum basis whose the creation/annihilation operators are denoted as â†k/âk.

Using the above relation both bases can be related as
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ψ̂†(r) =
∑

k

〈k|r〉â†k =
1√
V

∑

k

e−ir·kâ†k, (2.37)

â†k =
1√
V

∫
dreir·kψ̂†(r) (2.38)

Following identities are useful in proving above relations 1√
V

∑
k e

i(r−r′)·k = δ(r−r′)

and 1√
V

∫
dre−ir·(k−k

′) = (2π)3δ(k− k′). In this thesis we will usually use the second

quantization notation, and use the transformations introduced in this section very

frequently.

2.6 Non-Interacting Fermi Gas in 3D

In this section we analyze gas composed of non-interacting fermions in 3D. In this

thesis we will study properties of Fermi gas composed of atoms from two different

hyperfine states, labeled by psuedo-spin ↑ and ↓. Whenever we refer to spin of a

atom, we are actually referring to the hyperfine state of the atom.

Let us start our study with homogeneous non-interacting Fermi gas at temperature

T = 0. Since, no two identical particles can occupy the same quantum state, each

quantum state will be occupied by two fermions at most one with spin ↑ and one with

spin ↓. Thus all the low energy levels below certain energy will be occupied, while

the energy levels above this energy will be empty. The highest occupied energy state

is known as the Fermi energy EF and is equal to the chemical potential of the system

µ = EF at T = 0. This fact that all the energy levels below EF are occupied, while

the energy levels with higher energy than EF are vacant can also be seen from the

Fermi-Dirac distribution function which turns to step function at zero temperature

〈nj〉 = lim
β→∞

1

eβ(εj−µ) + 1
= Θ(EF − εj). (2.39)

Here Θ(x) denotes the Heaviside step function which is a discontinuous function

whose value is zero for negative argument and one for positive argument. In Fig. 2.6 we
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show the behavior of Fermi function as function of energy for different temperature

values. We can clearly see that at T ≈ 0 all the states with energy below µ are

occupied and while the states above µ are vacant.

The Fermi energy depends on the density of the gas. The expression relating the

particle density and EF can be calculated either using its definition G(EF ) = 2N

(here 2 denotes the spin degeneracy) or by integrating expression Eq. (2.22). This

expression for 3D homogeneous Fermi gas gives

EF =
(3π2n)2/3

2M
. (2.40)

Using the Fermi energy we can define Fermi temperature TF ≡ EF/kB, whose

value can be determined as

TF ≈
3.8n2/3

kBM
. (2.41)

This is temperature at which Fermi-Dirac distribution starts deviating signifi-

cantly from Maxwell-Boltzmann distribution. Note that it has the same order of

magnitude with the estimated degeneracy temperature given at Eq. (2.6). By inte-

grating Eq. (2.23) we can also calculate the ground state energy, which can be much

higher than the classically expected zero energy E = 3kBT/2 = 0 at T = 0,

E =
3EFN

10
. (2.42)

When there is some finite temperature T , particles will start to occupy the states

above the Fermi energy as can be seen from Fig. 2.6. The effect for small temper-

atures T � EF/kB can be estimated via Sommerfeld expansion [Sommerfeld, 1928,

Ashcroft and Mermin, 1976]. For example chemical potential for 3D Fermi gas can

be estimated as µ = EF

[
1− π2

12

(
kBT
EF

)2
]
, which indicates that energy required to add

a new particle has decreased. This result can be explained with particles occupying

higher energy states above EF , hence leaving some lower energy states empty. Hence

it takes less energy to add a new particle to the system.
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Figure 2.6: (a) Energy dependence of average occupation of a state j for different
temperatures. Temperatures are scaled with T0 = µ/kB. Note that at low T , the
curve has form of a step function such that all the states below µ are occupied and
states above µ are vacant. At high temperatures, curves take the shape of Boltzmann
distribution with considerable occupation probability of states with energy higher
than µ. (b) Temperature dependence of average occupation of a state j for εj > µ.
As T → 0 all the states above µ become vacant, while at high temperatures the
average occupation tends to go toward 0.5.

For a gas trapped in three dimensional harmonic trap dispersion relation and

DOS changes as we already discussed. If we assume that gas is trapped in isotropic

harmonic trap, than dispersion relation simplifies to εn = ω(n + 3/2). Here n is

the quantum number which determines the single-particle energy, and each state is

(n+ 1)(n+ 2)/2 fold degenerate. If we distribute N atoms to these energy states we

get an equation which determines EF of the system

N

2
=

nF∑

n=0

(n+ 1)(n+ 2)

2
=

(nF + 1)(nF + 2)(nF + 3)

6
(2.43)

where nF is the quantum number of the Fermi energy, i.e EF = ω(nF + 3/2). If N

is very large, i.e. we are close to the thermodynamic limit, than nF � 1 and above

expression reduces to nF = (3N)1/3. Then the Fermi energy takes the following form:



30 Chapter 2: Fundamentals of Ultracold Fermi Gases

EF = ω(3N)1/3 (2.44)

Note that we can get above expression by inserting DOS for 3D isotropic harmonic

trap D(ε) = ε2/(2ω3) to Eq. (2.22) and taking µ = EF . We can also insert the DOS

expression to Eq. (2.23), and calculate the internal energy of the gas:

E =
E4
F

8ω3
=

3NEF
8

. (2.45)

The density distribution at the trap can be estimated using the semi-classical

local density approximation (LDA). In this approximation we assume that gas can be

treated as uniform in any point in the trap. As we discussed in previous section this

approximation is valid when the characteristic length scale of the oscillator is very big

compared to the other length-scales. Using this approximation we can define a local

Fermi energy EF (r) and local Fermi momentum kF (r) =
√

2MEF (r) in any point

r in the trap. Then the number of atoms that can fill the momentum sphere with

radius kF (r) can be easily determined

n(r) = 2
1

(2π)3

4πkF (r)

3
. (2.46)

From energy conservation we have EF (r) = EF − V (r). If we substitute this to

above equation we get the density distribution in the trap

n(r) =
1

3π2
[2M(EF − V (r))]3/2 . (2.47)

The point at which V (r) = EF determines the edge of the gas and is known as the

Thomas-Fermi radius. For an isotropic 3D harmonic trap, the Thomas-Fermi radius

RF is given as

RF =

√
2EF
Mω

= (24N)1/6a0. (2.48)
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Figure 2.7: (a) Density distribution of 3D harmonically trapped two species non-

interacting Fermi gas under LDA. Central density is given as n(0) = k
3/2
F /(3π2). (b)

Density distribution of 2D harmonically trapped two species non-interacting Fermi
gas under LDA. Central density is given as n(0) = k2

F/(2π). For both density profiles
RF =

√
2EF/(Mω2). We should note that the relation between EF and particle

number N depends on dimensionality and is provided in the text.

Here a0 =
√

1/(Mω) is characteristic length of the harmonic oscillator. We can

express the density distribution in terms of the Thomas-Fermi radius as

n(r) =
8N

π2R3
F

(
1− r2

R2
F

)3/2

. (2.49)

We show this density distribution in Fig. 2.7(a). The computed density profile is

a result of Pauli exclusion principle’s quantum kinetic pressure, thus is direct result of

the quantum statistics. Similar to the homogeneous case, when temperature is turned

on states above EF starts to get occupied and therefore global chemical potential starts

to drop. Using the Sommerfeld expansion we can again estimate the low temperature

behavior of the chemical potential µ = EF [1− (πkBT )2

3E2
F

].

Before finishing this section let us further comment on the validity of LDA. As

we commented above, LDA is valid for slowly varying potentials. Let us specify what

we mean by slowly varying [Nicolai Nygaard, 2004]. Assume that we partition the

potential to cells of dimension δ, such that in each cube δ3 density can be taken as
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approximately uniform and following condition is satisfied δ3n(r)� 1. If the strength

of the potential is small compared to local Fermi energy, i.e. |V (r)| � EF (r), than

only particles in the vicinity of the Fermi surface will ”feel” the potential. As a result

of this the spatial variation of potential over a cell can be neglected if δ|∇V (r)| �
EF (r). In that case the potential is approximately constant on the scale of oscillations

of the single-particle wavefunctions. If we insert the expression for the EF (r), the

condition takes the following form

δ|∇V (r)| � [3π2n(r)]2/3

2M
. (2.50)

Combining this condition with δ3n(r) � 1, we get the final expression for the

validity of LDA

|∇V (r)| � (3π2)2/3n(r)

2M
. (2.51)

Note that LDA is many body version of WKB approximation, where we also

assume that potential is slowly varying such that de-Broglie wavelength must be small

compared to the distance at which the potential changes considerably. In fact above

condition can be also derived by the validity condition of the WKB approximation,

dV/dr � k3/(2πM)2. Similar to WKB approximation’s failure at the classical turning

points, LDA fails at the edge of the gas, where local Fermi energy becomes comparable

with V (r). The failure of the LDA at the edge of the gas can be also deduced from

the fact that density vanishes at the edge of the gas, hence above condition obviously

can not be satisfied there. In general LDA fails if the density is low, therefore LDA

is not good approximation for the systems composed of small number of particles.

On the other hand, as we move toward the thermodynamic limit, LDA becomes very

powerful approximation providing very accurate results as we will demonstrate in the

next sections.
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2.7 Non-Interacting Fermi Gas in 2D

In this section we investigate the properties of ideal Fermi gas in two dimensions,

since two dimensions will be our focus in this thesis. As we demonstrated DOS in two

dimensions is independent of energy, as a result of this the properties of 2D Fermi gas

can deviate from that of 3D Fermi gas.

We can obtain the Fermi energy of two dimensional non-interacting homogeneous

Fermi gas analogously to the three dimensional case

EF =
πn

M
. (2.52)

From this expression we can deduce the Fermi temperature in 2D

TF =
πn

kBM
. (2.53)

Integrating Eq. (2.23) gives us the total internal energy, which again significantly

deviates from E = 0 at T = 0 predicted by equipartition theorem of classical statis-

tical mechanics

E =
NEF

4
. (2.54)

Eq. (2.22) can be integrated even at finite temperatures. Hence the chemi-

cal potential of 2D homogenious Fermi gas can be determined analytically as µ =

kBT ln[exp(TF/T ) − 1]. Note that at low temperatures T � TF the temperature

dependent part of µ is exponential µ ≈ EF − kBT exp(−EF/T ), in contrast to 3D

where it is proportional to T 2.

Trapped 2D Fermi gas is also significantly different than its 3D counterpart. In

3D there are six degrees of freedom, but in 2D we have just four degrees of freedom.

As a result the space gas occupies is smaller and gas is expected to expand faster as

new particles are added. Dispersion relation for isotropic 2D harmonic trap, as we
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will demonstrate in next section, is εn = ω(n + 1), where n is the primary quantum

number. Each n orbital is n+1 fold degenerate. Similar to 3D case, we can determine

EF by distributing the N atoms to these energy states

N

2
=

nF∑

n=0

(n+ 1) =
(nF + 1)(nF + 2)

2
(2.55)

where nF is the main quantum number of Fermi energy EF = ω(nF +1). Than Fermi

energy can be expressed as

EF = ω

(√
4N + 1− 1

2

)
. (2.56)

In thermodynamic limit where N � 1, the Fermi energy reduces to following

simple expression

EF = ω
√
N. (2.57)

The density of states of 2D isotropic harmonic trap is energy dependent, i.e.

D(ε) = ε/ω2. Using this, the energy of zero temperature Fermi gas can be calculated

as

E =
NEF

3
. (2.58)

The density distribution of the 2D non-interacting Fermi gas can be also estimated

using LDA. Again we define local fermi energy EF (r) = EF −V (r) and use Eq. (2.52)

to relate local fermi energy to local density, which gives as the density profile of the

system

n(r) =
M

π

(
EF −

Mω2r2

2

)
. (2.59)
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By equating n(r) = 0 we get the Thomas-Fermi radius of the 2D Fermi gas

RF =

√
2EF
Mω2

= (4N)1/4a0. (2.60)

The gas grows with N1/4 as new particles are added, which as expected is faster

than 3D Fermi gas which grows with N1/6. Using RF , the density profile can be

expressed as

n(r) =
k2
F

2π

(
1− r2

R2
F

)
. (2.61)

The density profile is also different than 3D Fermi gas and has the shape of an

inverted parabola. We plot density distribution in Fig. 2.7(b), where it can be com-

pared with its 3D version. This parabolic shape can also be deduced from the local

density of states (LDOS) which is LDA generalization of standard DOS, and can be

calculated using

D(r, ε) =
∑

k

δ[ε− ε(r, k)], (2.62)

where ε(r, k) = k2/(2M) +Mω2r2/2 is the local dispersion relation. If we change the

above sum with an integral and perform the integration we get LDOS of 2D Fermi

gas

D(r, ε) =
MAΘ(εr)

π
, (2.63)

where εr = ε−Mω2r2/2. The constant LDOS has a parabolic shape, which leads to

the inverted parabola shape of the density.

Unlike the homogeneous case, finite temperature behavior of chemical potential

of 2D trapped Fermi gas is similar to 3D Fermi gas’ behavior µ = EF [1− π2

6
(kBT
EF

)2].

Before finishing this section, let us note that 2D (or quasi-2D) Fermi gas has been

created experimentally [Martiyanov et al., 2010, Dyke et al., 2011, Fröhlich et al., 2011,
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Figure 2.8: Illustration of a stack of pancake-shaped traps, created by interference of
two coherent laser beams. Particles are confined to stay at a single pancake and we
have effectively 2D system.

Feld et al., 2011, Sommer et al., 2012, Ries et al., 2015] and therefore it is not just a

theoretical consideration. 2D or quasi-2D Fermi gas is achieved by trapping the

Fermions in harmonic trap with very large aspect ratio. In other words confinement

in the radial direction (x and y) is weak, where as there is strong confinement in the

z direction. As result of this anisotropy only the ground state is populated in z direc-

tion. This can be achieved by using a standing wave created by the interference of two

coherent laser beams, which create inference patterns where the inference maxima are

round. Thus the interference of these laser beams create a stack of pancake-shaped

traps (See Fig. 2.8 ). The particles are confined to stay at a single pancake and we

have effectively 2D system. In other words motion in z direction is frozen, because

kinetic energy of particles is smaller than the excitation energy in z direction ωz.

2.8 2D Harmonic Oscillator

In this thesis we will frequently make use of the angular momentum basis of the

2D harmonic oscillator. Therefore it will be useful to review the 2D isotropic har-
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monic oscillator problem in quantum mechanics [Cohen-Tannoudji et al., 1977]. The

Hamiltonian of the 2D harmonic oscillator can be written as

H0 =
p̂2
x + p̂2

y

2m
+

1

2
mω2(x̂2 + ŷ2). (2.64)

Here p̂x = −i∂/∂x and p̂y = −i∂/∂y denotes the usual momentum operators, x̂

and ŷ denote the position operators. Position and momentum operators are canoni-

cally conjugate and therefore satisfy following commutation relation [x̂, p̂x] = i.

Note that above the Hamiltonian is invariant under rotations along the z-axis,

which is a direct result of its isotropy. This implies that z projection of angular

momentum operator

L̂z = x̂p̂y − ŷp̂x (2.65)

must commute with the Hamiltonian. Therefore they must have simultaneous eigen-

states. These eigenstates can be generated via the ladder operators associated with

left and right circular quanta which are defined as:

b̂R/L =
1

2

[
x̂± iŷ
a0

+ ia0(p̂x ± ip̂y)
]

(2.66)

with a0 =
√

1/mω being the harmonic oscillator length. These operators satisfy

independent harmonic oscillator algebra

[b̂L, b̂
†
L] = 1 = [b̂R, b̂

†
R] (2.67)

with all other commutators equal to zero. The associated number operators which

count number of left/right quanta n̂L/R = b̂†L/Rb̂L/R can be used to uniquely label

states with their eigenvalue NL/R. With these new operators Hamiltonian can be

expressed as:

H0 = ω(b̂†Lb̂L + b̂†Rb̂R + 1) = ω(n̂L + n̂R + 1). (2.68)

Similarly the angular momentum operator can be written as
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L̂z = (b̂†Lb̂L − b̂†Rb̂R) = (n̂L − n̂R) (2.69)

The simultaneous eigenstates of these two operators which form a complete set, can

be denoted by |n, l〉 The integer quantum numbers n and l (n ≥ |l| ≥ 0) are related to

eigenvalues of nL/R via n = NL+NR and l = NL−NR so that the energy and angular

momentum eigenvalues can be written as εn = ω(n+ 1) and lz = l respectively. From

the relation between n, l and NL, NR integers we can deduce that for each energy

quantum number n, there are n + 1 states, each having unique angular momentum

quantum number l taking value from the set {−n,−n+ 2,−n+ 4, ..., n− 2, n}. Thus

if n is even, l must be even and if n is odd, l must be odd too.

The excited states can be generated from the harmonic oscillator ground state by

applying the raising operators

|n, l〉 =

(
b†L

)NL (
b†R

)NR
√
NL!NR!

|0, 0〉 . (2.70)

The action of the ladder operators associated with left and right circular quanta

on the states of harmonic oscillator can be deduced as

b̂†L|n, l〉 =

√
n+ l

2
+ 1|n+ 1, l + 1〉, b̂R|n, l〉 =

√
n− l

2
|n− 1, l + 1〉,

b̂L|n, l〉 =

√
n+ l

2
|n− 1, l − 1〉, b̂†R|n, l〉 =

√
n− l

2
+ 1|n+ 1, l − 1〉. (2.71)

The normalized orbital angular momentum wavefunctions can be written as

〈rθ|nl〉 ≡ R|l|n (r)eilθ = (−1)(n−|l|)/2

√
((n− |l|)/2)!

πa2
0((n+ |l|)/2)!

eilθ
(
r

a0

)|l|
e−r

2/2a2
0L
|l|
(n−|l|)/2(r2/a2

0),

(2.72)
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The associated Laguerre polynomials L
|m|
n (x) can be generated from the recursion

relation

L
|m|
n+1(x) =

1

n+ 1

[
(2n+ 1 + |m| − x)L|m|n (x)− (n+ |m|)L|m|n−1(x)

]
(2.73)

for n > 1 using L
|m|
0 (x) = 1 and L

|m|
1 (x) = 1 + |m| − x.

Before concluding this section, let us calculate the exact density distribution of

2D Fermi gas trapped in isotropic harmonic trap and compare with the LDA result.

Using field operators, density distribution is given as

n(r) =
∑

σ

〈ψ̂†σ(r)ψ̂σ(r)〉. (2.74)

Here σ = {↑, ↓} = {1/2,−1/2} denotes pseudo-spins of the atom. Using equation

Eq. (2.72) and Eq. (2.36) field operators can be expressed as

ψ̂σ(r) =
∑

n,l

R|l|n (r)eilθânlσ, (2.75)

where ânlσ annihilates particle at state |n, l〉 with spin σ, while its dagger creates

a particle at the same state with the same spin state. Substituting these to density

equation above we get

n(r) =
∑

n,l,n′,l,σ

R|l|n (r)R
|l′|
n′ (r)e

i(l−l′)θ〈â†nlσân′l′σ〉 = 2

n=nF∑

n=1

l=n∑′

l=−n

[R|l|n (r)]2. (2.76)

Prime in above sum denotes the constraint on the sum to be performed by two

steps, energy quantum number of Fermi energy can be related to total particle number

with nF = (
√

4N + 1 − 3)/2. In deriving the above equation we used the fact that,

the average occupation of a single particle state is given with Fermi-Dirac distribution

〈â†nlσân′l′σ〉 = f(εn)δn,n′δl,l′ , and the Fermi function reduces to the step function at

zero temperature as given in Eq. (2.39).
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In Fig. 2.9 we compare LDA result with exact quantum mechanical calculations

outlined in this section for different particle numbers. We see that at low particle

numbers such as N = 100 or N = 500 while LDA provides good approximation for

overall density profile qualitatively, it fails to account for two features. First as we al-

ready mentioned above, LDA fails in regions where density is low and hence it always

fails at the edge of the trap. Note that this failure is minuscule and disappears as

the particle number increases, since the low density region becomes smaller compared

to the system size as the particle number increases. Second there are oscillations at

the center of the trap which are not present in LDA. These oscillations are known as

Friedel oscillations in condensed matter physics [Friedel, 1958] and are direct conse-

quence of the sharp cut-offs in the Fermi surface. The wavelength of the oscillations

is on the order of 1/kF and therefore oscillations become practically invisible as the

particle number increases. This can be clearly seen in Fig. 2.9, where oscillations

get smaller with increased particle number and become invisible to the eye on this

scale for particle numbers higher than N = 5000. Thus while LDA misses Friedel

oscillations and fails to estimate the density at the edge of the gas accurately, but

at high particle number it becomes practically indistinguishable from exact results.

Thus LDA is a very powerful and accurate approximation to exact density profile of

the system.
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Figure 2.9: Density profile computed via exact quantum mechanical calculations com-
pared with semi-classical LDA result for different particle numbers: (a) N = 100, (b)
N = 500, (c) N = 1000, (d) N = 5000. In low particle numbers such as N = 100
LDA fails to capture the Friedel oscillations at the center of the trap and low den-
sity tail of the gas. For considerable particle numbers such as N = 5000, Friedel
oscillations become invisible and low energy tail becomes very small compared to
the system size. Thus in the thermodynamic limit LDA and exact QM calculations
become indistinguishable.



Chapter 3

INTERACTING FERMI GAS AND SUPERFLUIDITY

3.1 Scattering in 3D

In this section we study the collisional properties of ultracold atoms. For a peda-

gogical and detailed analysis the reader is advised to look at [Dalibard, 1999]. We

start with the assumption that we have U(r) = U(r) a spherically symmetric central

potential, which as we discussed in previous chapter is perfectly valid approach for

cold atoms. Besides we will assume that scattering is elastic. For now let us also

assume that the particles are distinguishable, later we will comment on the effect of

indistinguishability. Two body scattering problem with spherical potential is best

described in the center of mass frame, because only the relative motion is relevant for

the problem. This leads to reduction from six degrees of freedom two body problem

to three degrees of freedom and thus to a single body scattering problem, with re-

duced mass Mr = M/2, assuming both atoms have the same mass M . We describe

the motion in terms of relative position r = r1 − r2. The system obeys following

Schrödinger equation

[
− ∇

2

2Mr

+ U(r)

]
ψk(r) = εkψk(r) (3.1)

where εk = k2/(2Mr) is the kinetic energy. We are interested in scattering from a short

ranged potential with an effective range Re, therefore at large distance |r| � Re, the

potential can be ignored U(r)→ 0. In this region the collision state can be expressed

as a superposition of incoming plane wave, and scattered spherical wave (see Fig. 3.1)

ψk(r) = eikr + f(k, θ)
eikr

r
(3.2)
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Figure 3.1: Solution of the scattering problem for short ranged (Re range) potential
at large distances |r| � Re is superposition of (a) a plane wave and (b) a spherical
wave.

where the angle between the incident and the scattered wave is θ. f(k, θ) is called

scattering amplitude and depends only to the relative energy of the colliding particles

and the angle of scattering. The scattering amplitude is intimately connected with

the differential cross section dσ/dΩ, which gives us the total scattering cross section

σ

dσ

dΩ
= |f(k, θ)|2 ⇒ σ =

∫
dθdϕ sin θ|f(k, θ)|2 (3.3)

Since the potential is spherically symmetric we can analyze the problem using the

partial wave decomposition. The scattering state in terms of the Legendre polynomials

Pl(x) can be written as:

ψk(r) =
∞∑

l=0

Pl(cos θ)
Rk,l(r)

r
. (3.4)

With the help of this expansion the scattering problem reduces to a one-dimensional

radial Schrödinger equation:
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− 1

2Mr

d2

dr2
Rk,l(r) +

[
U(r) +

l(l + 1)

2Mrr2
− εk

]
Rk,l(r) = 0. (3.5)

This equation can be solved outside the range of the potential, taking r � Re,

so that that we can take the first terms of the spherical Hankel functions, which

are the general solution of the above equation. This yields the following scattering

wavefunction

ψk(r) =
∞∑

l=0

AlPl(cos θ)

k

[
(−1)l+1 e

−ikr

r
+ e2iδl(k) e

ikr

r

]
(3.6)

Thus we see that the sole effect of the interaction is a phase shift between the

incident and the scattered wave. The scattering amplitude can be calculated by

expanding Eq. (3.2) with partial waves

ψk(r) =
∞∑

l=0

(2l + 1)Pl(cos θ)

2ki

[
(−1)l+1 e

−ikr

r
+ e2iδl(k) e

ikr

r

]
+ f(k, θ)

eikr

r
(3.7)

and comparing with Eq. (3.6) gives us

f(k, θ) =
∞∑

l=0

(2l + 1)Pl(cos θ)

2ki

[
e2iδl(k) − 1

]
. (3.8)

Integrating the Eq. (3.3) with the calculated scattering amplitude we get the total

cross section

σ(k) =
∞∑

l=0

4π(2l + 1)

k2
sin2 δl(k) (3.9)

We are working in the ultracold regime as defined in the first section, therefore

atoms are extremely slow k � 1/Re. For small k, the phase shifts vary as δl(k) ∝
k2l+1, therefore total cross section falls as σ(k) ∝ k4l. Thus therefore l = 0 wave is by

far most dominant contribution to the total cross section. This can be also seen from
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Figure 3.2: Scattering of a particle from a potential U(r) with finite range Re. The
particle can see the potential only if d < Re, which places a constraint on the angular
momentum of the particle (L = pd) L < pRe. Therefore only particles with angular
momentum less than pRe will be affected from the potential. In quantum mechanics
angular momentum states are discrete, if momentum is sufficiently small like in cold
atoms, than only particles at lowest s-wave state can see the potential.

Eq. (3.5), for finite angular momenta there is repulsive centrifugal l(l + 1)/(2Mrr
2)

term near the real potential U(r). This term constitutes a potential barrier which the

incoming wave has to overcome in order to feel the short ranged potential. But for low

momentum particle this is very low probability event. Particles with finite angular

momentum, will reflect from this barrier and will not feel the potential. This argument

has a simple classical counterpart, assume we have potential with finite range Re

(thus potential forms sphere with radius Re in real space), and particle with classical

momentum p is moving towards this potential. Assume d is the closest distance

particle has from the center of the potential called impact parameter (see Fig. 3.2).

In order for the particle to feel the potential this distance must be smaller than the

range of the potential d < Re. But this puts constraint on the angular momentum

L = pd which must be smaller than some cut-off L < pRe = Lc. If the particle is slow,

therefore it has low momentum and the range of the potential is small, than only the
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particles with very low angular momentum will collide with the potential. In quantum

mechanics angular momentum states are discrete, if momentum is sufficiently low like

in cold atoms, than only particles at the lowest s-wave state can see the potential.

Given this analysis we restrict ourselves to s-wave scattering, and all quantities become

isotropic as a result of the symmetry of s-wave state and the potential. Than the

scattering amplitude simplifies to

f(k) =
e2iδ0 − 1

2ik
=

1

k cot δ0(k)− ik (3.10)

Since k � 1/Re we can expand k cot δ0(k) ≈ −1/as + Reffk
2/2 + .... as is the

s-wave scattering length which can be defined as

as = − lim
k→0

tan[δ0(k)]

k
. (3.11)

The scattering length as acts as an effective hard-sphere diameter, it measures

the interaction strength and determines the collision cross section at zero momentum

limit. Reff is characteristic length known as effective range of the potential. Reff

expresses how the potential affects the energy dependence of cross section and deter-

mines when k → 0 limit is reached. For the Van der Waals potential Reff is on the

order of Re [Flambaum et al., 1999], therefore in ultracold limit second term can also

be neglected. If we substitute above expansion to Eq. (3.9), we determine the total

cross section as

σ(k) =
4πa2

s

1 + k2a2
s

(3.12)

We see that scattering length as is the most important parameter determining

the collisional properties of the atoms. There are two interesting limits, the strongly

interacting limit kas � 1 and the weakly interacting limit kas � 1. In the weakly

interacting limit f = −as and σ = 4πas, thus total cross section is that of solid sphere

with radius as. In the strongly interacting limit, f = −1/(ik) and σ = 4π/k2, the
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total cross section is independent of the scattering length. This regime is known as

the unitary limit.

So far we discussed only the case of distinguishable particles, let us now discuss

the case of indistinguishable particles. For identical bosons/fermions wavefunction

ψk(r) must be symmetric/anti-symmetric under the particle exchange r→ −r. This

corresponds to changing r → r, θ → π − θ and φ → π + φ, and symmetrizing/anti-

symmetrizing the wave function:

ψk(r) = eikr ± eikr + [f(k, θ)± f(k, π − θ)] e
ikr

r
(3.13)

Therefore cross section of s-wave collision for bosons and fermions in ultracold

limit can be expressed as:

σbosons = 8πas, σfermions = 0. (3.14)

Thus identical fermions do not undergo s-wave scattering in ultracold limit, there-

fore one component Fermi gas can be very well approximated with the non-interacting

Fermi gas. As we discussed in previous chapter, this is the main reason why we can

not cool the one component Fermi gas with evaporative cooling. In general identical

bosons do not scatter with odd l, while identical fermions do not scatter with even l.

3.2 Pseudo-potential

In previous section we demonstrated that for ultracold and dilute systems the prop-

erties of the gas can be quite accurately described by a single parameter, the s-wave

scattering length as. The effect of interaction is independent of the details of the

shape of the potential. Of course as depends on the potential. If we are just in-

terested in the asymptotic phase shift it may be good idea to search for some al-

ternative, mathematically simpler potential than e.g. the Van der Waals potential,

which basically reproduces the same asymptotic behavior. Such a potential is called a
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pseudo-potential [Huang and Yang, 1957]. This procedure is very similar to the image

method used in electrostatics, where if we are interested in the long range behavior

of spherically symmetric charge distribution we can model it with point charge at

its center. Effectively, a point charge and a spherically symmetric charge distribution

will generate the same electric field in long distance from the charge distribution, so it

does not matter which one we use in our calculations. Similarly, in pseudo-potential

approach we change the Van der Waals potential, with some model potential which

reproduces the same as and therefore results in the same scattering amplitude. Since

in the weakly interacting limit f = −as, we can connect the potential and as via the

first order Born approximation [Pethick and Smith, 2008]

as =
Mr

2π

∫
drU(r). (3.15)

From the above equality we can deduce that when as > 0 we have repulsive

interaction and when as < 0 we have attractive interaction. Pseudo potential Ueff(r)

must satisfy the above equality, thus we have following equation

∫
drUeff(r) =

4πas
M
≡ g (3.16)

where we used Mr = M/2. Obviously the simplest potential which can satisfy above

equation is the so called contact interaction potential

Ueff = gδ(r) (3.17)

where δ(r) is the Dirac-delta function. Thus, we use a ”point interaction” to rep-

resent the spherically symmetric interaction, just as we can represent a spherical

charge distribution with a point charge. While mathematically simple, the contact

potential gives a bare constant g interaction in the momentum space. Therefore

the potential will not fall off at large momenta leading to an ultra-violet divergence.
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This is an unphysical behavior since any physical potential will fall off at large mo-

menta. Fortunately this problem can be solved by adding a divergent integral which

will cancel out the unphysical divergence. Thus when calculating physical quantities

we can trade the bare interaction g with scattering length as via following relation

[Ketterle and Zwierlein, 2008]

1

g
=

M

4πas
−
∫

d3k

(2π)3

M

k2
. (3.18)

In this thesis we will model the pair interaction between the atoms with contact

potential based on the arguments given in this section.

3.3 Tuning the Interaction Strength: Fano-Feshbach Resonance

A Fano-Feshbach is a scattering resonance which occurs when two scattering atoms

couple to bound state during the scattering process. It was first investigated in 1930’s

by Fano [Fano, 1935] and later developed both in atomic physics by Fano [Fano, 1961]

and in nuclear physics by Feshbach [Feshbach, 1958] independently. Fano-Feshbach

resonance can be used to tune the scattering length. To understand the mechanism

let us assume that we have two particles interacting via some potential U(r) and have

total energy E. Collision paths of scattered state like this are termed open channel.

We also assume that there is another collision path which supports bound state with

energy Eb. This state has larger continuum energy, therefore is not available to

particles due to conservation of energy and therefore is termed as closed channel (see

Fig. 3.3). However if the energy difference between the incident energy and the closed

channel becomes small, they can couple when particles are scattered. This coupling

alters the energy of the scattering state which can be calculated via the second order

perturbation theory as [Ueda, 2010]

∆E =
|〈i|Hint|b〉|2
E − Eb

(3.19)
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where |i〉 is the incident state, |b〉 is the bound state, Hint is the interaction Hamil-

tonian representing the coupling of the incident and bound state. ∆E is the energy

change due to Fano-Feshbach resonance. Since we are working in ultracold regime,

energy of the incident state is very low and can be neglected

∆E = −|〈i|Hint|b〉|2
Eb

(3.20)

Due to their different spin configurations, the closed channel and the open channel

can have different magnetic moments µ. Due to this difference in their magnetic

moments, it is possible to tune their relative energy by applying a magnetic field.

Therefore binding energy can be expressed as Eb = ∆µ(B − B0) under the influence

of the magnetic field in terms of the magnetic moment difference between the open

and closed channel. Here B0 denotes the position of the Fano-Feshbach resonance.

Substituting this to Eq. (3.20), we get

∆E = − |〈i|Hint|b〉|2
∆µ(B −B0)

(3.21)

As we saw in previous section the interaction between the atoms in the ultracold

regime is related to the scattering length. Therefore we can deduce the dependence

of the scattering length on the magnetic field from Eq. (3.21) as

as = abg

(
1− ∆B

B −B0

)
(3.22)

where abg is the background scattering length, ∆B is the width of the Feshbach

resonance. Note that from Eq. (3.21) we can also see that ∆B is inversely propor-

tional to ∆µ. From Eq. (3.22) we can see that by changing the external magnetic

field we can tune the scattering length [Inouye et al., 1998, Courteille et al., 1998,

Cornish et al., 2000], hence control the effective interaction between the atoms. Not

only can we alter the strength of the interaction by several orders of magnitude but

we can even change the sign of as going from attractive to repulsive interaction. This
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Figure 3.3: Schematic diagram showing two-channel model of Feshbach resonance.
Closed channel supports bound state with energy Eb. As explained in the text relative
distance between these two channels can be tuned via external magnetic field.

gives a very big advantage to ultracold atomics systems, since in no other system in

physics we have such clear control over the interaction of the system. Let us note that

besides the magnetically induced resonance studied in this section, there are other

ways to induce resonance such as by optical means. For a comprehensive review of

Fechbach resonances in ultracold atoms the reader may consult [Chin et al., 2010]

3.4 Scattering in 2D

Since in this thesis we will be mostly focused on 2D Fermi gas, it may be useful

to analyze scattering in two dimensions. Reducing the dimension from 3D to 2D

strongly changes the physics of the scattering process. We will repeat the same

analysis we did for 3D Fermi gas. In this section we follow the presentation given

in [Adhikari, 1986],( if interested in more details reader may consult that paper).

We again start with assuming that two particles have equal mass M , and that we
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have short ranged potential which has circular symmetry. We analyze the problem

in center of mass reference frame and reduce the problem to single body Schrödinger

equation with reduced mass Mr = M/2

[
− ∇

2

2Mr

+ U(r)

]
ψk(r) = εkψk(r) (3.23)

where εk = k2/(2Mr) is the kinetic energy. We guess the solution in the asymptotic

limit |r| � Re, where the potential can be taken as zero. In 2D this is superposition

of an incident plane wave and a scattered circular wave

ψk(r) = eikr − f(k, φ)

√
i

8πkr
eikr (3.24)

Here φ denotes the angle between the incident plane wave and the scattered wave

and f(k, φ) is the scattering amplitude. The pre-factor
√
i/(8πkr) accounts for the

conservation of the probability density of the outgoing wave.

Differential cross section in 2D can be defined as:

dσ

dφ
=
|f(k, φ)|2

8πk
(3.25)

By integrating the above equation we get the total cross section which depends

only on k

σ(k) =
1

8πk

∫
dφ|f(k, φ)|2 (3.26)

Since the potential has circular symmetry we use partial wave expansion in 2D

ψk(r) =
∞∑

l=0

Al cos (lφ)Rk,l(r) (3.27)

with Al = 2 − δl,0 , where δl,0 is the Kronecker delta function. If we substitute

this to the Schrödinger equation, the problem reduces to a one dimensional radial

Schrödinger equation
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− 1

2Mrr

d

dr

(
r
dRk,l(r)

dr

)
+

[
U(r) +

l2

2Mrr2
− εk

]
Rk,l(r) = 0 (3.28)

When r → ∞, where we can ignore the potential and can take the first terms of

Neumann and Bessel functions, the wave function becomes

ψk(r) =
∞∑

l=0

Bl cos(lφ)

2i
√
k

[
(−i)l−1/2eiδl

eikr√
r
− il−1/2e−iδl

e−ikr√
r

]
. (3.29)

Here eiδl represent the phase shift due to the collision. In order to determine the

scattering amplitude, we also expand the Eq. (3.24) in partial waves

ψk(r) =
∞∑

l=0

Ali
l cos(lφ)

i
√

2πk

[
(−i)l−1/2 e

ikr

√
r
− il−1/2 e

−ikr
√
r

]
− f(k, φ)

√
i

8πk

eikr√
r
. (3.30)

By comparing Eq. (3.29) and Eq. (3.30) we determine the scattering amplitude

f(k, φ) =
∞∑

l=0

2Al cos(lφ)

i

(
1− e2iδl

)
(3.31)

Integrating Eq. (3.26) we determine the total cross section

σ(k) =
∞∑

l=0

4Al sin
2(δl)

k
(3.32)

Since we are working in the ultracold limit, we are interested in the low energy

scattering. Note that the repulsive potential barrier is still present in 2D as can be

seen in Eq. (3.28). Therefore we can again restrict ourselves to the s-wave scattering.

In this limit scattering amplitude can be expressed as

f(k) =
2

i

(
1− e2iδ0

)
=

4

i− cot δ0

(3.33)

Similar to 3D case, in low energy limit we can expand the phase shift to get its

relation with s-wave scattering length in two dimension as,2D
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cot δ0(k) ≈ 2

π
ln (kas,2D) +O(k2). (3.34)

Using the 2D scattering length we can define binding energy Eb

Eb =
1

Ma2
s,2D

(3.35)

Thus the 2D scattering amplitude in low energy takes the following simple form

f(k) =
4π

ln
(

1
kas,2D

)2

+ iπ
=

4π

ln
(
Eb
εk

)
+ iπ

(3.36)

Note that this result is considerably different than the 3D result. In the weakly

interacting limit and low energies 3D scattering amplitude was independent of the

energy and was simply −as. But in 2D scattering amplitude retains its logarith-

mic energy dependence even in this limit. Note that in k → 0 limit the scattering

amplitude goes to zero, not to −as as in 3D and total cross section diverges.

As we discussed in the previous chapter, experimentally 2D Fermi gas can be

realized in a trap by tight confinement in the z direction combined with weak harmonic

trapping in x and y directions [Martiyanov et al., 2010]. Such a system is called a

quasi-2D system. Such a system has the identical 2D scattering amplitude with the

ideal 2D system. The Eb of the quasi-2D Fermi gas can be related to 3D scattering

via following relation [Petrov et al., 2003, Randeria et al., 1990]

Eb = 0.915ωze
√

2πa0/as (3.37)

where ωz is the trap frequency in z direction. Thus Eb can be tuned by changing as

or ωz and therefore can be controlled experimentally. Since it is the only parameter

involved in the scattering amplitude and total cross section, in 2D we will represent

interaction with Eb.
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3.5 Two Body Bound States in 2D and 3D

In this section we will analyze the behavior of two particles under attractive interac-

tion. Bosonic particles become superfluid due to occupation of single quantum state

which leads to Bose-Einstein condensation. But fermions can not occupy single quan-

tum state due to the Pauli exclusion principle, therefore non-interacting fermions can

not become superfluid and do not undergo any phase transition at low temperatures.

However if there is some form of attractive interaction, the situation changes funda-

mentally. Now, paired fermions can show bosonic behavior and become a superfluid.

Therefore understanding the effect of attractive interaction and the mechanism of

pairing for fermions plays a central role in understanding superfludity.

We assume that we have two attractively interacting particles with mass M . We

assume that particles interact via the attractive contact interaction U(r) = −gδ(r),

with g > 0. We will investigate the conditions for the emergence of a bound state

in 2D and 3D. We start with writing the Schrödinger equation with reduced mass

Mr = M/2 and relative coordinate r

[− ∇
2

2Mr

+ U(r)]ψ(r) = −Ebψ(r) (3.38)

with Eb > 0 denotes the energy of the bound pair. We transform the Schrödinger

equation to Fourier space via the transformation ψ(r) =
∑

k ψke
ikr, we multiply both

sides with
∫
dr and use the orthogonality condition

∫
drei(k−k

′)r = δkk′ to get

2εkψk +
1

V

∑

k′

Uk′−kψk′ = −Ebψk (3.39)

where εk = k2/(2M) and Uk′−k =
∫
drU(r)eir(k−k′). If we substitute the contact

interaction interaction Uk = −g we obtain

ψk =
g

2εk + Eb

1

V

∑

k′

ψk′ . (3.40)
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Summing both sides over k, we get following simple expression

1

g
=

1

V

∑

k

1

2εk + Eb
. (3.41)

Let us analyze this equation for the 3D case. First we change the above sum with

k integral. Since contact interaction leads to divergence we also choose some high

enough cut-off kc. Than we have following integral

1

g
=

1

2π2

∫ kc

0

dk
k2

2εk + Eb
=

M

2π2

[
kc −

√
EbM arctan

(
kc√
EbM

)]
. (3.42)

If we use arctan(1/x) ' π/2, which is valid for small and positive x, given large

kc we have

1

g
' M

2π2

(
kc −

√
EbM

π

2

)
. (3.43)

Note that above equation can not be valid for all g and gives as following condition

Mkc
2π2

− 1

g
> 0 ⇒ g >

2π

Mkc
. (3.44)

If above condition is not satisfied than bound state can not be formed. So in

3D attractive interaction is not sufficient for emergence of bound state in general.

Interaction should be higher than some threshold value to bind the particles.

Let us now repeat the same analysis in 2D. We again change the sum with an

integral in Eq. (3.41)

1

g
=

1

2π

∫ kc

0

dk
k

2εk + Eb
=
M

4π
ln (1 +

kc
MEb

) ' −M
4π

ln (
MEb
kc

) (3.45)

where we used ln(1 + 1/x) ' − ln(x) for small x, given kc is a big cut-off again so

that this expansion is justified. Note that above equation can be satisfied for any g
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no matter how small. If we rearrange above equation we get the relation between Eb

and g as

Eb =
k2
c

M
e
−4π
Mg = 2Ece

−2A
Dg (3.46)

where D denotes the density of states in 2D, and Ec = k2
c/(2M) cut-off energy.

Thus we see that unlike 3D, in 2D we always have a bound state for arbitrary small

attractive potential. This result can be also understood via difference of the density of

states of 3D and 2D [Ketterle and Zwierlein, 2008]. If we change the sum in Eq. (3.41)

with density of states integral with cut-off Ec we have

1

g
=

1

V

∫ Ec

0

dε
D(ε)

2εk + Eb
. (3.47)

As g → 0 left hand side of above equation diverges. If we are to have a bound

state for arbitrarily weak interaction right hand site integral must diverge for Eb → 0.

For 1D gas D(ε) ∝ 1/
√
ε, and above integral diverges as 1/

√
ε , so we can always find

bound state in 1D. In 2D density of states is constant, hence above integral diverges

logarithmically in the limit Eb → 0, we again have a bound state for arbitrary weak

attractive interaction. But in 3D D(ε) ∝ √ε and integral is convergent in this limit.

Hence there is minimum threshold interaction which must be overcame in order to

form a bound pair.

As we discussed in the previous section in 2D interaction strength between the

pairs will be expressed with Eb. Therefore in order to get rid off the ultra-violet

divergence due to contact potential in the gap equation we will exchange g in favor

Eb in 2D, and for that purpose we will use bound state equation (3.41) which has

the same divergence behavior and the results become cut-off independent for large

enough cut-off.
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Figure 3.4: The Cooper problem. Two particles with opposite spin and momenta
interact on the top of Fermi sea. The Fermi sea reduces the dimensionality of the
system from 3D to 2D by blocking the low energy states . Since arbitrarily weak
attractive interaction in 2D leads formation of bound pairs, these two particles form
a Cooper pair.

3.6 The Cooper Problem

In this section we consider two weakly interacting fermions on top of a filled Fermi

sphere in 3D (Fig. 3.4). This is known as the Cooper problem [Cooper, 1956]. The

behavior of particles above the filled Fermi sphere is different than in vacuum. Pauli

blocking makes the states below Fermi energy unavailable, therefore these weakly

interacting particles are confined to a narrow shell above the Fermi surface. This

effectively reduces the effective dimensionality to two, and we have effectively constant

density of states. Thus based on the argument given in previous section that constant

density of states leads to a bound state for arbitrary low attractive interaction, we

expect the pair of fermions over the top of Fermi sea to form bound pairs for any

attractive interaction no matter how small.

We again start our analysis with the Schrödinger equation of relative position r

in center of mass coordinates,
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[
− ∇

2

2Mr

+ U(r)

]
ψk(r) = Eψk(r) (3.48)

where E = 2EF −Eb is the energy of the pair and Eb denotes the binding energy, we

assume that particles have opposite spin and momentum. We again assume attrac-

tive contact interaction U(r) = −gδ(r) which is relevant for our systems. Following

the same procedure outlined in previous section we find an analogous expression of

Eq. (3.41) for our case

1

g
=

1

V

∑

k>kF

1

2εk − E
. (3.49)

In order to renormalize the the divergence due to contact interaction we use

Eq. (3.18) and define g0 = 4πas/M for notational simplicity. If we also change the

sum with an integral we get

− 1

g0

=
1

2π2

∫ ∞

kF

dkk2

(
1

2εk − E
− 1

2εk

)
=
MK2

2π2

∫ ∞

kF

dk
1

k2 −K2
(3.50)

where K =
√
ME. If we integrate the above convergent integral we get

1

g0

=
MK

4π2
ln

(
kF −K
kF +K

)
. (3.51)

If assume that interaction is very weak, so that Eb � EF and expand the

numerator and denominator of the fraction to first order in Eb/EF we get Eb =

8EF e
−4π/(MKg0). If we further insert K ≈ kF , we get following relation

Eb = 8EF e
−2/(D(EF )g0) (3.52)

where D(EF ) = MkF/(2π
2) is the effective 2D density of states around the Fermi

level. For any g > 0 above expression implies that Eb > 0, thus for any arbitrary
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attractive interaction particles will form a bound state. This pair of particles is called

a Cooper pair. Thus Fermi sea is unstable towards pair formation given a small

attractive interaction creating the Fermi surface instability. The importance of Fermi

sphere for pair formation is also visible in the above equation, if we take EF = 0, which

corresponds to having particles in vacuum instead of at the top of Fermi sphere, we

get Eb = 0. Also we should note that as density of states increases Eb also increases.

It is interesting to calculate the mean square radius of the pair wave function,

which relates to the size of the Cooper pair.

〈r2〉 =

∫
drr2|ψ(r)|2∫
dr|ψ(r)|2 . (3.53)

We take the Fourier transform of the wavefunctions, so that the constraint k > kF

can be easily implemented

〈r2〉 =

∑
k>kF

|∇kψk|2∑
k>kF

|ψk|2
(3.54)

and we used ∇kψk = −i
∫
drre−ikrψ(r). The momentum space wave functions can be

expressed using Eq. (3.40) adapted for our problem (this corresponds interchanging

Eb with −E). We change the sums with integrals

〈r2〉 =
4

M2

∫∞
kF
dkk4

(
k2

M
− E

)−4

∫∞
kF
dkk2

(
k2

M
− E

)−2 (3.55)

and use the assumption that interaction is weak Eb � EF , we get the expression for

the mean square radius of the pair wave function

〈r2〉 =
4k2

F

3M2E2
b

. (3.56)

Using 〈r2〉 we define the coherence length ξ =
√
〈r2〉 which gives the size of the

Cooper pair. Let us compare the size of Cooper pairs with inter-particle distance
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ξ

dn
= ξn1/3 ∼ EF

Eb
� 1 (3.57)

where we related n to EF using Eq. (2.40). Cooper pairs are very large compared to

the inter-particle spacing, therefore Cooper pairs overlap in real space and can not be

thought as localized bosons.

Lastly let us point out that in this section we assumed that center of mass mo-

mentum q of the Cooper pair is zero. One can show that for small center of mass

momentum the binding energy becomes

Eb(q) = Eb −
kF |q|
2M

. (3.58)

Thus binding energy of the pair is reduced by the center of mass motion of the pair,

it can even be destroyed. Thus zero center of mass momentum pairing is generally

preferred.

3.7 BCS-BEC Crossover in 3D

In previous section we demonstrated that if two fermions are placed near Fermi surface

will form bound pairs no matter how small the interaction is. In real systems of

course we have many fermions, hence the pairing should occur collectively and self

consistently. In this section we discuss the BCS theory which involves such pairing,

and initially was developed to explain superconductivity [Bardeen et al., 1957]. Since

in previous section we demonstrated that zero center of mass momentum pairing is

energetically preferred, we assume that all the pairs are formed from particles with

opposite spin and momentum. We also assume that the particles interact via contact

interaction U(r) = −gδ(r). The Hamiltonian describing this system can be expressed

as

H =
∑

k,σ

(εk − µ)â†kσâkσ −
g

V

∑

k,k′

â†k↑â
†
−k↓âk′↓â−k′↑ (3.59)
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where εk = k2/(2M) is the kinetic energy, â†kσ(âkσ) is creation (annihilation) operator

creating (annihilating) a fermion with pseudo-spin σ and momentum k. µ is the

chemical potential which fixes the average number of fermions to the desired value.

We assume that the ground state of the above Hamiltonian is described by the so

called BCS wave function [Bardeen et al., 1957, Leggett, 1980]

|ΨBCS〉 =
∏

k

(uk + vkâ
†
k↑â
†
−k↓)|0〉. (3.60)

Here |vk|2 represents the probability of the pair state (k ↑,−k ↓) being occupied,

and |uk|2 denotes the probability of that state being empty. Therefore normalization

of the wave function gives us following condition

1 = 〈ΨBCS|ΨBCS〉 =
∏

k

(|uk|2 + |vk|2)⇒ |uk|2 + |vk|2 = 1. (3.61)

Note that the BCS wave function can also describe the non-interacting Fermi

gas by setting vk = Θ(kF − k). For g > 0, vk can be determined by minimizing the

expectation value of Eq. (3.59) over |ΨBCS〉. The expectation value of the Hamiltonian

over BCS wavefunction can be determined as

〈H〉 = 2
∑

k

(εk − µ)|vk|2 −
g

V

∑

k,k′

v∗kukvk′u
∗
k′ . (3.62)

For simplicity let us assume that uk and vk are real. If we minimize ∂〈H〉/∂vk and

apply the normalization condition u2
k + v2

k = 1 we get the following equation

2(εk − µ)ukvk = (u2
k − v2

k)∆ (3.63)

where

∆ ≡ g

V

∑

k

〈â†k↑â†−k↓〉 =
g

V

∑

k

ukvk. (3.64)
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is called the order parameter of the superfluid state, it can be interpreted as energy

required to break the pairs. We can further solve Eq. (3.63) to get

u2
k =

1

2

[
1 +

(εk − µ)

Ek

]
, v2

k =
1

2

[
1− (εk − µ)

Ek

]
(3.65)

where as we will demonstrate below Ek is the excitation energy of the system and

can be expressed as

Ek =
√

(εk − µ)2 + ∆2. (3.66)

If we divide both sides of Eq. (3.64) with (εk − µ) and sum over k we get the so

called gap equation

1

g
=

1

V

∑

k

1

2Ek
. (3.67)

We again eliminate the ultra-violet divergence using Eq. (3.18), which gives us the

final form of the gap equation

M

4πas
=

1

V

∑

k

(
1

2εk
− 1

2Ek

)
. (3.68)

In order to fully solve the problem we need to determine ∆ and µ for a given

as. Therefore we need one more equation, and this is the so called number equation

which gives the total particle number

N =
∑

σ,k

〈â†kσâkσ〉 = 2
∑

k

v2
k =

∑

k

[
1− (εk − µ)

Ek

]
. (3.69)

In deriving the gap and the number equations we used a variational ansatz. Alterna-

tively we can apply mean field approximation to the Hamiltonian given in Eq. (3.59).

In the mean field approximation we assume that certain operator Ô only weakly fluc-

tuates around its nonzero expectation value so that we can write it as Ô = 〈Ô〉+ δÔ.
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Under the mean field approximation the multiplication of two operators can be writ-

ten as

Ô1Ô2 ≈ Ô1〈Ô2〉+ Ô2〈Ô1〉 − 〈Ô1〉〈Ô2〉, (3.70)

where we neglected the term δÔ1δÔ2. If we choose Ô1 = â†k↑â
†
−k↓, Ô2 = â−k′↓âk′↑

and apply mean field approximation, by using the definition of ∆ given in Eq. (3.64),

Hamiltonian becomes

Hmf =
∑

k

ψ̂†k


εk − µ ∆

∆ −εk + µ


 ψ̂k +

∑

k

(εk − µ) +
∆2V

g
(3.71)

where ψ̂†k =
(
â†k↑, â

†
−k↓

)
. The above equation can be diagonalized via a Bogoliubov-

Valatin transformation


 γ̂k↑

γ̂†−k↓


 =


uk −vk
vk uk




 âk↑

â†−k↓


 (3.72)

where γ̂†k↑ is the creation operator for quasi-particle such that the ground state of

the superfluid is its vacuum, and satisfies the fermionic anticommutation relation

[γ̂k↑, γ̂
†
k↑]+ = u2

k + v2
k = 1. uk and vk are same with those we defined above. After

this transformation Hamiltonian becomes diagonal

Hmf =
∑

k,σ

Ekγ̂
†
kσγ̂kσ +

∑

k

(εk − µ− Ek) +
∆2V

g
. (3.73)

From this equation we see that Ek is really the excitation energy of the system.

In general, number and gap equations need to be solved simultaneously in order to

determine the ∆, µ and any physical quantity we are interested in. Let us investigate

the two extreme limits. First let us investigate the weakly attractive limit 1/(kFas)→
−∞ which is known as the BCS limit. In this limit since particles are weakly attractive
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we expect the chemical potential to be very close to its non-interacting value µ ≈ EF .

Besides we expect that energy required to break the pairs is very small compared to

the Fermi energy ∆� EF . If we change the sum in the gap equation Eq. (3.68) with

density of states integral, and set µ = EF it becomes

π

2kFas
=

∫ ∞

0

dε̃
√
ε̃

[
1

2ε̃
− 1

2
√

(ε̃− 1)2 + (∆/EF )2

]
= ln[e2∆/(8EF )] (3.74)

where ε̃ = εk/EF . If we rearrange this equation we get the order parameter in the

BCS limit

∆ =
8

e2
EF e

−π/(2|as|kF ) =
8

e2
EF e

−1/[D(EF g0)] (3.75)

where similar to the single Cooper pair problem D(EF ) = MkF/(2π
2) is the effective

2D density of states around the Fermi level and g0 = 4πas/M . Note that order

parameter is larger than the binding energy of a single Cooper pair with a non-

interacting Fermi sphere by a factor e1/[D(EF g0)]. This is a direct result of collective

pairing, but nevertheless still the gap is exponentially small compared to the Fermi

energy, which signals that Cooper pairs are very fragile. Fermionic nature of this limit

can be also seen from the momentum distribution nk = 〈â†kσâkσ〉 = v2
k which can be

expressed as

nk =
1

2

[
1− (εk − µ)√

(εk − µ)2 + ∆2

]
. (3.76)

If we substitute µ ≈ EF and take into account the inequality EF � ∆, the mo-

mentum distribution is almost the same with the non-interacting Fermi distribution

nk = Θ(EF − εk), except in a very narrow region on the order of ∆ around the Fermi

energy εk = EF .

Let us now investigate the other limit 1/(kFas)→∞ known as the BEC limit. In

this limit µ < 0 and we assume that |µ| � ∆. We transform the sum in the number
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equation to an integral, and expand the integrand as 1− (εk−µ)/Ek ≈ ∆2/2(εk−µ)2

using the |µ| � ∆ condition. The number integral can be evaluated analytically as

n ≈ ∆2

2π2

∫ ∞

0

dk
k2

2[k2/2M + |µ|]2 =
M2/3∆2

4π
√

2|µ|
. (3.77)

This equation can be rearranged to give us the following ratio

∆2

µ2
≈ 4

√
2πn

(M |µ|)3/2
(3.78)

which self consistently confirms our assumption |µ| � ∆. Next we expand the

integrand of the gap equation as 1/Ek ≈ [|µ| + k2/(2M)]−1 − ∆2/[|µ| + k2/(2M)]3.

After this expansion gap equation too can be solved analytically to yield

1

as
√

2M |µ|
≈ 1 +

∆

16µ2
. (3.79)

If we solve Eq. (3.77) and Eq. (3.79) for µ and ∆ we get

∆ ≈ 4EF√
3πkFas

, (3.80)

µ ≈ − 1

2Ma2
s

+
πnas
M

. (3.81)

Using the chemical potential let us calculate the energy required to add two

fermions with opposite spin to the system. This is simply twice the chemical po-

tential

2µ ≈ − 1

Ma2
s

+
4π(2as)

2M

n

2
. (3.82)

The first term is the the binding energy between the two fermions, the second term

describes the mean-field term due to repulsive interaction of the molecule formed by
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these fermions with other n/2 molecules. Thus chemical potential has exactly the

value we would expect of repulsively interacting bosons. We started with fermions

and ended up having bosons. Note that the effective scattering length describing the

interaction between the bosons is 2as. Let us also look at the momentum distribution

given in Eq. (3.76) in the BEC limit. Note that in this limit the conditions µ < 0 and

∆ � |µ| imply that nk is monotonically decaying function with value smaller than

one. Thus the fermionic nature of momentum distribution is lost.

Between these two limits gap and number equation can be solved self consistently

to determine the order parameter and chemically potential. We present the numer-

ically obtained µ and ∆ in Fig. 3.5. It is seen that ∆, µ and any physical quantity

is smoothly connected between BCS and BEC limits. If we tune the interaction be-

tween the fermions via Fano-Feshbach resonance we will observe a smooth crossover

as opposed to a quantum phase transition where we would observe an abrupt change

in the state of the system and some thermodynamic quantities diverge. In Fig. 3.6

we show the momentum distribution for different interaction strengths. In the weak

interaction limit the characteristic Fermi distribution broadened with width ∆ can be

observed. As interaction increases the broadening becomes much more apparent and

as we move to the BEC side the Fermi characteristic of the momentum distribution

completely disappears.

It is interesting to analyze the excitation spectrum Ek. The excitation spectrum

of the interacting Fermi gas acquires an energy gap as opposed to the non-interacting

gas. For µ > 0 the energy gap is equal to ∆ and is located at finite momentum

k =
√

2Mµ. But when µ ≤ 0, the energy gap is
√
µ2 + ∆2 and is located at k = 0

(See Fig. 3.7). The point at which the sign of chemical potential and therefore the

nature of the excitation gap changes can be identified as a point where we pass from

BCS to BEC side. The number and gap equations can be solved numerically at this

point by substituting µ = 0, to yield 1/(kFas) ≈ 0.553 and ∆ ≈ 1.05EF . Note that

at this point the order parameter is on the order of EF which indicate strong pairing.

In this thesis we will be mainly interested in zero temperature properties of the
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Figure 3.5: (a) Chemical potential µ and (b) order parameter ∆ as a function scatter-
ing length 1/kFas obtained from the self-consistent solution of the gap and number
equations. Analytical expressions derived for the BCS and BEC limits are indicated
with dashed lines, they agree very well with the numerical results. The transition
from the BCS to the BEC side is smooth.
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Figure 3.6: Momentum distribution nk for different interactions strengths across the
BCS-BEC crossover. In the BCS limit we observe a Fermi distribution broadened
with width ∆, which clearly indicates fermionic character. On the other hand in the
BEC limit we have occupation numbers much smaller than one, indicating absence
of fermionic behavior.
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Fermi gases. But for completeness let us briefly comment on the effect of the tem-

perature T . Finite temperature leads to excitations on top of the superfluid ground

state, and if high enough the excitations will eventually destroy the superfludity. The

critical temperature Tc for the destruction of superfluidity can be estimated from the

gap equation at finite temperature. The finite temperature gap and number equa-

tions can be derived repeating the variational procedure given above using the finite

temperature BCS wave function

|ΨBCS(T )〉 =
∏

k

(uk
√

1− 2fk+vk
√

1− 2fkâ
†
k↑â
†
−k↓+

√
fkâ

†
k↑+

√
fkâ

†
−k↓)|0〉. (3.83)

where u2
k(1 − 2fk) and v2

k(1 − 2fk) are the probabilities of Cooper pairs not being

occupied and occupied respectively, while fk is the probability of broken pairs being

occupied. Or alternatively we can substitute the inverse relation given in Eq. (4.33),

which is

âk↑ = ukγ̂k↑ + vkγ̂
†
−k↓, âk↓ = ukγ̂−k↓ − vkγ̂†−k↑, (3.84)

to Eq. (3.64) and use the expectation values of the quasi-particles 〈γ̂†kσγ̂k′σ′〉 =

δk,k′δσσ′f(Ek), 〈γ̂kσγ̂†k′σ′〉 = δk,k′δσσ′ [1 − f(Ek)] and 〈γ̂kσγ̂k′σ′〉 = 〈γ̂†kσγ̂†k′σ′〉 = 0 to

get the finite temperature gap equation. After renormalization the gap equation

becomes

M

4πas
=

1

V

∑

k

(
1

2εk
− 1

2Ek
tanh

βEk
2

)
(3.85)

where β = 1/(kBT ) and tanh (βEk/2) = [1−2f(Ek)]. Similarly if we substitute quasi-

particle expressions given in Eq. (3.84) to Eq. (3.69) we get the finite temperature

number equation

N =
∑

k

[
1− (εk − µ)

Ek
tanh

βEk
2

]
. (3.86)
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In the BCS limit, in order to estimate the critical temperature for the emergence of

superfluidity, we set ∆ = 0 and µ ≈ EF (which is not bad estimate for µ� kBT ) and

solve Eq. (3.85) for T . This gives as the following estimation for critical temperature

TC ≈
eγ

kBπ
∆0 (3.87)

where γ = 0.57721 is the Euler’s constant, ∆0 is the order parameter at T = 0. This

estimation neglects the fact that the interacting particles are embedded in a many-

body system that produces medium effects [Gor’kov and Melik-Barkhudarov, 1961].

If these effects are included then the critical temperature further reduces by a factor

of (4e)1/3 ≈ 2.2.

On the other hand if we solve the gap equation in the BEC limit by setting ∆ = 0

and µ ≈ −1/(2Ma2
s) = −Eb/2, we get following temperature

T ∗C ≈
Eb

2kB(ln Eb
EF

)3/2
. (3.88)

This is not the critical temperature for the superfluid transition, but temperature

at which pairs start to form. Rather the transition temperature should be pretty close

to the critical value of the non-interacting bose gas with mass 2M (mass of bosonic

molecule) and density n/2 (since each boson is formed from two fermionic atom)

TC ≈
π

MkB

(
n

2ζ(3/2)

)
≈ 0.21EF . (3.89)

This result is a very good approximation for the weakly interacting Bose gas and

can be improved by including the corrections due to the interactions.

The failure of the gap equation to supply the correct Tc is a direct result of the

fact that the mechanism of superfludity is different in the BCS and BEC limits. In

the BCS limit, the interaction between the fermions is weak and Tc is determined

by breaking of the Cooper pairs, or in other words disappearance of the energy the
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Figure 3.7: Schematic diagram of quasi-particle excitation spectrum on BCS (µ > 0)
and BEC (µ ≤ 0) sides. There is always a finite gap in the spectrum. Spectrum’s
behavior changes at µ = 0, which can be identified as transition point from BCS to
BEC side.

gap. Thus it is not surprising that the gap equation supplies the correct result. On

the other hand in the BEC limit, interaction is strong and we have tightly bound

molecules. Therefore pairs can not be broken easily and Tc is directly determined by

the onset of Bose-Einstein condensation of the pairs.

The general value of the Tc which smoothly connects the two values can be cal-

culated by incorporating the Gaussian fluctuations to our theory via Nozireres and

Schmitt-Rink scheme [Nozières and Schmitt-Rink, 1985].

3.8 BCS-BEC Crossover in 2D

After discussing the BCS-BEC crossover in 3D let us focus on the crossover in 2D. As

we saw in Sec. 3.5, there is always bound state, no matter how small the attractive

interaction is. Therefore the interaction strength in 2D can be controlled with Eb and

we renormalize the gap with 2D bound state equation (3.41) [Randeria et al., 1990].
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The gap and number equation in mean-field approximation can be derived following

the same steps given in our 3D discussion, except the different renormalization, the

gap and number equations turns out to have the same form

0 =
1

A

∑

k

(
1

2Ek
− 1

2εk + Eb

)
, (3.90)

N =
∑

k

[
1− (εk − µ)

Ek

]
. (3.91)

If we relate the particle number in the number equation with Fermi energy using

the relation in Eq. (2.52), and change sums with 2D integrals, both the number and

gap equation integrals can be performed analytically to yield the following simple

equations

√
µ2 + ∆2 + µ = 2EF , (3.92)

√
µ2 + ∆2 − µ = Eb. (3.93)

These equations can be easily solved to determine the order parameter and chem-

ical potential analytically for any interaction strength as

∆ =
√

2EFEb, µ = EF −
Eb
2
. (3.94)

We can also determine the pair size using the correlation ξ2 = 〈ψk|r2|ψk〉
〈ψk|ψk〉

analyti-

cally, where ψk = 〈â†k↑â†−k↓〉 = ukvk is the momentum space pair wave function. If we

integrate this equation we get the square of the size of the pair

ξ2 =
1

4M∆

[
µ

∆
+
µ2 + 2∆2

µ2 + ∆2

(π
2

+ arctan
µ

∆

)−1
]

(3.95)

Having solved the gap and number equation let us briefly analyze the limits. In the

weakly interacting BCS limit where Eb → 0, we have Eb � EF . Therefore Eq. (3.94)

reduces to
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Figure 3.8: (a) Chemical potential µ and (b) order parameter versus ∆ as a function
of binding energy Eb obtained from self-consistent solution of the gap and number
equations in two dimensions. They are analytic and given in the text.

∆ =
√

2EFEb,� EF µ ≈ EF . (3.96)

Similar to 3D case, µ is very close to its non-interacting value and order parameter

is exponentially small compared to the Fermi energy (see Eq. (3.46)), thus pairing is

very weak. In this limit since µ ≈ EF � ∆, from Eq. (3.95) we get a very simple

expression for the size of the pair ξ = 2EF/(kF∆) which is larger than the inter-

particle spacing 1/kF . Hence the pairs show Cooper pair characteristic, with large

overlapping size.

In the BEC limit where we have Eb � EF , the pairs are tightly bound molecules.

In this limit

∆ =
√

2EFEb > EF , µ ≈ −Eb
2
. (3.97)

Thus similar to 3D case, the chemical potential equals the binding energy per

fermion. Pair size ξ is smaller. BCS and BEC limits are connected smoothly as we
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can see from Eq. (3.94). The excitation energy has the same form in 2D and gap

changes from ∆ to
√
µ2 + ∆2 at µ = 0. Thus the transition from BCS to BEC can

again be identified as µ = 0, which gives as the transition binding energy Eb = 2EF .

At finite temperature the gap and number equations can be generalized using the

same procedure outlined in the previous section, and they again have the same form

as 3D case

0 =
1

A

∑

k

(
1

2Ek
tanh

βEk
2
− 1

2εk + Eb

)
, (3.98)

N =
∑

k

[
1− (εk − µ)

Ek
tanh

βEk
2

]
. (3.99)

Number equation can be integrated analytically also for T 6= 0 and becomes

2EF =
√
µ2 + ∆2 + µ+ 2TkB ln

(
1 + e

−
√
µ2+∆2

TkB

)
. (3.100)

In the BCS limit, we can again set µ ≈ EF , ∆ = 0 and solve the finite temperature

gap equation to determine TC for superfluidity which turns out to be [Levinsen and Parish, 2015]

TC =
eγ

kBπ
∆0 =

eγ

kBπ

√
2EbEF =

2eγ

πkFas,2D
TF (3.101)

where we related Eb to as,2D using the relation given in Eq. (3.35). Again if Gorkov-

Melik-Barkhudarov correction which incorporates the particle-hole fluctuations around

the Fermi surface is taken into account [Petrov et al., 2003], TC reduces by factor e.

In the BEC limit again we can not use the gap equation to calculate TC because

the temperature of pairing does not coincide with the temperature of the emergence

of superfluidity. Different than 3D case we do not have Bose-Einstein condenstation

in 2D at finite T [Mermin and Wagner, 1966, Hohenberg, 1967]. Rather we have a

Berezinskii-Kosterlitz-Thouless (BKT) [Berezinskii, 1971, Kosterlitz and Thouless, 1973]

transition from a normal Bose gas to a superfluid at the critical temperature
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TC =
TF
2

{
ln
C

4π
+ ln [ln(4π)− 2 ln(kFas, 2D)]

}−1

(3.102)

where C = 380± 3 is a constant [Prokof’ev et al., 2001].

3.9 BCS-BEC Crossover in a 2D Harmonic Trap

In the previous sections we discussed BCS-BEC crossover for homogeneous systems.

However experiments are performed in trapping potentials which can be approximated

with a harmonic potential. Therefore, it is necessary to extend the theory developed

in the previous section to include the trapping potential. Since in this thesis we

are interested in a 2D Fermi gas, we focus in two dimensional harmonically trapped

Fermi gas. There are two main approaches to analyze a trapped Fermi gas, one is

the semi-classical local density approximation, which we discussed for non-interacting

Fermi gas in Sec. (2.6) and Sec. (2.7), and the other approach is the full quantum

mechanical Bogoliubov-de Gennes theory. In this section we outline both approaches.

We assume that our attractively interacting 2D Fermi gas is trapped in an isotropic

harmonic trap V (r) = Mω2r2/2.

LDA amounts to treating the system at each r point as a uniform gas with local

chemical potential

µ(r) = µ− Mω2r2

2
(3.103)

where µ is the global chemical potential, which enforces the total particle number

N to the system. We also have local order parameter ∆(r) and local density n(r)

whose explicit r dependence needs to be determined from the gap and number equa-

tions. Since we treat the gas as homogeneous at each point r, the gap and number

equations which we derived are still valid, but now they describe the local quanti-

ties. If we again integrate the number and gap equations, this time in terms of local

variables, we get the following two equations
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√
µ(r)2 + ∆(r)2 + µ(r) =

2πn(r)

M
, (3.104)

√
µ(r)2 + ∆(r)2 − µ(r) = Eb. (3.105)

If we solve the above equations for µ(r) and ∆(r) we get

µ(r) =
n(r)π

M
− Eb

2
, (3.106)

∆(r) =

√
2Ebn(r)π

M
. (3.107)

From the first equation we get the density profile of the gas

n(r) =
M

π

(
µ+

Eb
2
− Mω2r2

2

)
. (3.108)

n(r) is related to total particle number via N = 2π
∫
rn(r)dr, which can be used

to determine the global chemical potential as

µ = ω
√
N − Eb

2
= EF −

Eb
2

(3.109)

where EF is Fermi energy of non-interacting 2D trapped Fermi gas as given in

Eq. (2.57). Note that the global chemical potential is equal to the chemical potential

of homogeneous system studied in previous section. If we substitute µ in Eq. (3.108),

the local density becomes

n(r) =
M

π
(EF −

Mω2r2

2
). (3.110)

Note that the parabolic density profile of the interacting 2D Fermi gas is inde-

pendent from Eb and is identical with the non-interacting one given in Eq. (2.59)

under the mean-field approximation. Therefore the edge of the gas is again given by
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Figure 3.9: (a) Mean-field density profile under local density approximation of 2D
Fermi gas for any Eb. The density profile is not effected by interaction.(b) Mean-
field order parameter profile under local density approximation of a 2D Fermi gas for
representatve Eb values. Interaction enhances the pairing and the order parameter,
and the system is superfluid as a whole at T = 0.

the Thomas-Fermi radius RO = RF . Thus increasing the Eb does not change the

density profile of the gas. This is different than 3D case where, the gas contracts as

interaction is increased.

If we insert n(r) to Eq. (3.107), we get the order parameter profile of the gas,

which unlike the density profile is not parabolic [He and Zhuang, 2008]

∆(r) =
√

2EbEF

√
1− r2

R2
F

. (3.111)

Note that as expected the local order parameter increases by increasing the inter-

action Eb. Both n(r) and ∆(r) vanish at RF , thus the system is completely superfluid.

Order parameter and density profiles are plotted in Fig. 3.9 for representative Eb val-

ues.

While LDA is a powerful approximation and provides very accurate result for

N � 1, if we are interested in finite size effects we have to use the full quantum

mechanical BDG approach. We start with the BCS hamiltonian in real space which
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can be written as a sum of two terms

H = Hsho +Hint. (3.112)

The simple harmonic oscillator part is given as

Hsho =
∑

σ

∫
drψ̂†σ(r)

(
− ∇

2

2M
+ V (r)− µ

)
ψ̂σ(r) (3.113)

and the interacting part as

Hint = −g
∫
drψ̂†↑(r)ψ̂†↓(r)ψ̂↓(r)ψ̂↑(r). (3.114)

We again apply the mean-field approximation by introducing the order parameter

∆(r) = g〈ψ̂↑(r)ψ̂↓(r)〉. The interaction term in the mean-field approximation becomes

Hmf
int =

∫
dr

(
∆(r)ψ̂†↑(r)ψ̂†↓(r) + ∆∗(r)ψ̂↓(r)ψ̂↑(r) +

|∆(r)|2
g

)
(3.115)

so that our total Hamiltonian, in mean-field approximation becomes Hmf = Hsho +

Hmf
int . Similar to the homogeneous case, we diagonalize the above Hamiltonian using

the Bogoliubov-Valatin transformation given by [Gennes, 1999]

ψ̂↑(r) =
∑

η

[
uη(r)γ̂η↑ − v∗η(r)γ̂†η↓

]

ψ̂↓(r) =
∑

η

[
uη(r)γ̂η↓ + v∗η(r)γ̂†η↑

]
. (3.116)

Here γ̂†ησ and γ̂ησ are the creation and annihilation operators of quasi-particles with

quantum number η and spin σ, uη and vη are the Bogoliubov quasi-particle/quasi-hole

amplitudes which display the amplitudes of quasi-particles or quasi-holes to the real

space operators. Both ψ̂†σ/ψ̂σ and γ̂†σ,η/γ̂σ,η must comply with Fermi-Dirac statistics,

hence must satisfy the anti-commutation relations. Therefore the amplitude functions

must satisfy the completeness relations
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∑

η

[
uη(r)u∗η(r

′) + vη(r
′)v∗η(r)

]
= δ(r− r′) (3.117)

∑

η

[
uη(r)u∗η(r

′)− vη(r′)v∗η(r)
]

= 0, (3.118)

and we also have the orthogonality relations

∫
dr [uη(r)u∗ν(r

′) + vη(r
′)v∗ν(r)] = δην (3.119)

∫
dr [uη(r)u∗ν(r

′)− vη(r′)v∗ν(r)] = 0. (3.120)

With these conditions, the Bogoliubov-Valatin transformation diagonalizes the

mean-field Hamiltonian

Hmf = Eg +
∑

η,σ

Eηγ̂
†
σ,ηγ̂σ,η, (3.121)

where Eg is the ground-state energy and Eη is the energy eigenvalue of the quasi-

particle excitations. Using the anti-commutation relations between the operators and

Eq. (3.121) we can show that

[Hmf , γ̂ησ]− = −Eηγ̂ησ, [Hmf , γ̂†ησ]− = Eηγ̂
†
ησ. (3.122)

Using Eq. (3.113) and Eq. (3.115) together with anti-commutation relations we

also have

[Hmf , ψ̂↑(r)]− = − [H0 + V (r)] ψ̂↑(r)−∆(r)ψ̂†↓(r),

[Hmf , ψ̂↓(r)]− = − [H0 + V (r)] ψ̂↓(r) + ∆(r)ψ̂†↑(r) (3.123)

where H0 = −∇2/(2M)−µ. Using Eq. (3.116) and Eq. (3.122), we expand Eq. (3.123)

in terms of γ̂ησ operators. If we equate the coefficients of γ̂ησ operators we get the

following equations
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Eηuη(r) = [H0 + V (r)]uη(r) + ∆(r)vη(r),

Eηvη(r) = − [H∗0 + V (r)] vη(r) + ∆∗(r)uη(r). (3.124)

These are known as the Bogoliubov-de Gennes equations and they can be written

in a matrix form as an eigenvalue equation


H0 + V (r) ∆(r)

∆∗(r) −H∗0 − V (r)




uη(r)

vη(r)


 = Eη


uη(r)

vη(r)


 (3.125)

The Bogoliubov-de Gennes equations must be solved self consistently with the

order parameter equation

∆(r) = g〈ψ̂↑(r)ψ̂↓(r)〉 = g
∑

η

uη(r)v∗η(r)[1− 2f(Eη)] (3.126)

where we used the relations in Eq. (3.116) together with the averages of the fermionic

quasi-particles

〈γ̂†σ,ηγ̂σ′,ν〉 = δηνδσσ′f(Eη), 〈γ̂σ,ηγ̂†σ′,ν〉 = δηνδσσ′ [1− f(Eη)],

〈γ̂†σ,ηγ̂†σ′,ν〉 = 〈γ̂σ,ηγ̂σ′,ν〉 = 0. (3.127)

Similarly we determine the local density, which is used to fix the chemical potential

for the desired particle number,

n(r) =
∑

σ

〈ψ̂†σ(r)ψ̂σ(r)〉 = 2
∑

η

{
|uη(r)|2f(Eη) + |vη(r)|2[1− f(Eη)]

}
. (3.128)

The total particle number is given by N =
∫
drn(r). These equations need to

be solved self consistently. In numerical calculations, we again renormalized the gap

equation. This is done by transforming the Eq. (3.41) into real space, which becomes
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g =
4π

M ln (1 + 2Ec/Eb)
(3.129)

where Ec is the cut-off energy, which should be chosen high enough to ensure that

the results are cut-off independent.

The BdG Hamiltonian has particle-hole symmetry. As a result of this symmetry

BdG equations have the important property, if (uη, vη)
T is solution with eigenvalue Eη,

than (−v∗η, uη)T is also solution with eigenvalue −Eη. Therefore all the quasi-particle

sums can be restricted to just positive energies.

In Fig. 3.10 we present a comparison of the density and order parameter trap

profile for the representative Eb = 0.5EF value calculated with both LDA and BdG.

LDA is in very good agreement with BdG calculation. Interactions destroy the Friedel

oscillations, therefore we have perfect agreement at the center of the trap. LDA fails

at the low density region at the edge as expected. Again as the particle number

increases, the region at which LDA fails becomes small compared to the system size

since small density region decreases.

3.10 Superfluidity

Superfluidity is a state of matter in which the matter behaves like a fluid with zero

viscosity, therefore can flow without dissipating energy. Superfluidity was discov-

ered in Hellium-4 by Kapitza [Kapitza, 1938] and independently by Allen and Mis-

ener [Allen and Misener, 1938]. In the previous sections we claimed that Fermi gases

with attractive interaction are superfluids, and ∆ is the order parameter of the su-

perfluid state. In this section we will try to provide arguments in support of these

claims. Due to its relevance and simplicity we will constrain our analysis to the BCS

limit.

Arguably the most basic criteria for superfluidity is due to Landau, which directly

focuses on flow without dissipation [Landau, 1941]. Landau’s criteria of superfluidity

is based on the Galilean transformation of energy and momentum. Suppose we are
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Figure 3.10: The trap profiles for a representative Eb = 0.5EF . (a) n(r) for N = 100,
(b) ∆(r) for N = 100, (c) n(r) for N = 500, (d) ∆(r) for N = 500. Even for
N = 100 LDA is in very good agreement with BdG calculations. Interactions destroy
the Friedel oscillations, therefore we have perfect agreement at the center of the trap.
LDA fails at the low density region at the edge of the gas as expected. Note that
by comparing N = 100 and N = 500, as the particle number increases the region at
which LDA fails becomes small compared to the system size.
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analyzing a fluid in some reference frame R, and in this frame fluid has energy E and

momentum K. If we want to express the energy and momentum of the fluid at some

other reference frame R′, which is moving with velocity V with respect to R, then

the Galilean transformation gives us following relations

K′ = K−MV

E ′ =
K ′2

2M
=
|K−MV|2

2M
= E −K ·V +

MV 2

2
(3.130)

where E ′ and K′ are energy and momentum of the fluid in the moving frame R′

respectively. M is the mass of the fluid. Galilean transformations fail and should be

replaced by Lorentzian transformation for velocities close to speed of light. But since

it is clear that V � c, where c denotes the speed of light, we can safely use it.

Now suppose that we have a fluid moving at some narrow tube with velocity v

in T = 0. Assume that all the particles are in the ground state. If the fluid has

some viscosity it will lose kinetic energy due to friction. Such dissipation will lead to

excitations in the system. Let us first analyze the system in the rest frame of the fluid,

hence the tube is moving with velocity −v. Assume that E0 is the ground state energy

of the fluid in this frame, and due to friction there is some elementary excitation with

energy Ek and momentum k. Using the Galilean transformation given in Eq. (3.130)

with V = −v, we can write the momentum and the energy of the system at the rest

frame of the tube using the quantities given in the rest frame of the fluid

K′ = k +Mv (3.131)

E ′ = E0 + Ek + k · v +
Mv2

2
(3.132)

Thus the change in the energy due to the elementary excitation is εk + k ·v in the

rest frame of the tube. This excitation and therefore the energy dissipation can only

occur if it is energetically favorable which gives the following condition



84 Chapter 3: Interacting Fermi Gas and Superfluidity

Ek − kv < 0⇒ v >
Ek
k

(3.133)

If this condition is not satisfied than the liquid moves without friction. Thus it is

called a superfluid. The minimum value of Ek/k is called the critical velocity vc. The

criterion for superfluidity can be expressed as

v < vc = min
k

(
Ek
k

)
(3.134)

This condition is called the Landau criterion of superfluidity. Note that for the non-

interacting Fermi gas with Ek = k2/(2M) above condition can not be satisfied since

vc = 0.

Let us now check whether the BCS state we discussed above satisfies the Landau

criterion. For attractively interacting Fermi gas Ek =
√

(εk − µ)2 + ∆2 as we dis-

cussed above in the BCS side of the crossover the minimum of the excitation is at

k =
√

2Mµ and its value at that point is ∆. If we set µ ≈ EF , than

vc = min
k

(
Ek
k

)
=

∆

kF
(3.135)

Since vc 6= 0, the attractive Fermi gas must be superfluid as long as ∆ 6= 0. Fermi

gas will stay superfluid for any velocity v < vc. For higher velocities Cooper pairs

will be broken and system will no longer be in the superfluid phase.

We gave a local argument that an attractive Fermi gas is a SF. Let us now give

an global argument to justify the claim that ∆ is the order parameter of the SF and

SF is really a different state of matter than a normal gas [Nicolai Nygaard, 2004].

When we have phase transitions, usually a system changes from high entropy dis-

ordered state to lower temperature and lower entropy state with more order. The

temperature at which this transition occurs is known as the critical temperature Tc.

The higher temperature state usually has more symmetry than the lower energy state,
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thus the phase transitions therefore generally involve symmetry breaking. For exam-

ple when a liquid transforms to a crystalline solid continuous translation symmetry

is broken. This broken symmetry brings some order to the system, which can be

measured by the so called order parameter. Thus, a non-zero order parameter can

distinguish the ordered phase from the disordered one. Let’s take ferromagnetic tran-

sition as an example. During this phase transition the direction of the magnetic

moment of atoms change from random to aligned. The emergent order can be mea-

sured with the average magnetic moment, which is now nonzero and it is the order

parameter of the system. In general we usually we have some operator Ô whose ther-

mal average 〈Ô〉 is non-zero in the ordered phase, which is the order parameter of the

system. This operator Ô is not invariant under the full symmetry group Gs of the

Hamiltonian of the system. This result is called symmetry breaking.

The symmetry group of Hamiltonian H can be defined as a group of transforma-

tions U †HU which does not change the Hamiltonian. These transformations can be

represented as U = e−iT̂ ε, where T̂ is the generator of the symmetry operation and ε

is the displacement of that transformation. For example for a spatial translation in

x direction, can be represented by x component of the momentum operator, spatial

displacement being the displacement of the transformation. The Hamiltonian neces-

sarily commutes with the generators of its symmetry group, [H, T̂ ] = 0. In order to

have an order parameter, there must be some operator Ô which is not invariant at

least with one symmetry transformation, i.e.

U †ÔU = eiφÔ 6= Ô. (3.136)

If we assume that ρ̂ is the density matrix of our system, and use the cyclic property

of the trace we have

〈Ô〉 = Tr(ρ̂Ô) = Tr(ρ̂′U †ÔU) = Tr(ρ̂′Ô)eiφ (3.137)

where ρ̂′ = U †ρ̂U . If we require 〈Ô〉 6= 0, than Eq. (3.137) implies that
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ρ̂′ 6= ρ̂⇒ [ρ̂, T̂ ]− 6= 0 (3.138)

Thus the ordered phase does not have the full symmetry of the Hamiltonian, i.e.

symmetry is broken in the phase transition and this is accompanied with non-zero

order parameter 〈Ô〉. In the case of ferromagnet, rotation symmetry of spin-degrees

of freedom is broken, and magnetization emerges as non-zero order parameter of the

system.

Let us now return to superfluidity. We already identified ∆ as the order parameter.

Let us now justify this claim. Since in the normal-superfluid phase transition, the

superfluid state emerges in lower temperature, therefore we expect the superfluid to

be the more ordered phase. Thus we expect that during the normal-superfluid phase

transition some symmetry must be broken (note that not all phase transitions involve

symmetry breaking). From the BCS wave-function Eq. (3.60) which does not have

fixed number of particles one can guess that this symmetry breaking is associated

with particle number. This symmetry which is broken during the normal-supefluid

phase transition is known as a global U(1) symmetry and is associated with following

transformation

U = e−iN̂φ (3.139)

where N̂ =
∑

σ

∫
drψ̂†σ(r)ψ̂σ(r) is the total number operator. The general BCS Hamil-

tonian given in Eq. (3.112) can be easily shown to satisfy

[H, N̂ ]− = 0 ⇒ U †HU = H. (3.140)

Therefore the general Hamiltonian has the global U(1) symmetry. Using the

Baker-Hausdorff lemma together with [N̂ , ψ̂†σ(r)]− = ψ̂†σ(r) and [N̂ , ψ̂σ(r)]− = −ψ̂σ(r)

we can show that
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U †ψ̂†σ(r)U = ψ̂†σe
iφ, U †ψ̂σ(r)U = ψ̂σe

−iφ. (3.141)

Using these relations we can easily demonstrate that ∆(r) = g〈ψ̂↑(r)ψ̂↓(r)〉 = |∆(r)|eiθ(r)

does not poses the global U(1) symmetry

g〈 ˆU †ψ↑(r)ψ̂↓(r)U〉 = g〈ψ̂↑(r)ψ̂↓(r)〉e−2iφ = |∆(r)|eiθ(r)−2iφ 6= ∆(r) (3.142)

where we inserted UU † = I between the field operators. From this analysis we can

conclude that when ∆(r) 6= 0 that global U(1) symmetry is broken and system is in

superfluid state. Therefore in this thesis we will take ∆(r) as our order parameter,

which will determine whether we have a normal gas or superfluid.



Chapter 4

TRAPPED 2D FERMI GAS WITH SPIN-ORBIT

COUPLING

4.1 Physical Origin of Spin-Orbit Coupling

Spin-orbit coupling (SOC) is an interaction of a particle’s spin with its motion. To ex-

plain how it may arise let us give very simple example which is depicted at Fig. 4.1(a).

Let’s assume that in the lab frame electron is moving on a plane in x direction, and

a constant electric field is applied in z direction, say due to presence of some positive

ions. Suppose we go to the rest frame of the electron, Lorentz transformations will

imply that besides the electric field, electron in its rest frame will feel a magnetic field

in y direction which is proportional to its velocity in the lab frame. This effective

magnetic field which is proportional to the electron’s velocity can couple with the

magnetic moment of the electron,which is proportional to its spin. Hence the spin of

the electron is coupled with its momentum. Origin of this effect can be easily under-

stood by looking at the source of the electric field, i.e ions. In the rest frame of the

electrons, the ions will be moving and therefore will create an magnetic field exactly

the one deduced by the Lorentz transformation. Since the spin-orbit coupling is a

result of Lorentz transformation we can suspect that it must be a relativistic effect.

Indeed one can show that SOC appears in the Pauli equation, which includes the cor-

rection terms which come from the relativistic Dirac equation in its non-relativistic

limit. We will demonstrate this following [Sakurai, 1967].


Mc2 cp · ~σ
cp · ~σ −Mc2




ψ1(r)

ψ2(r)


 = [E − V (r)]


ψ1(r)

ψ2(r)


 . (4.1)

Here ~σ = (σx, σy, σz) is vector with Pauli matrices as its components, V (r) is a
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Figure 4.1: (a) Free electron moving in the presence of electric field due to ions. If
we move to the rest frame of the electron, it will see appearent motion of the ions
which will create magnetic field acting on the electron. This effective magnetic field
which is proportional to the electron’s velocity can couple with the magnetic moment
of the electron, which is proportional to its spin. As a result of this spin of electron
is coupled with its momentum. (b) In its rest frame electron will feel an effective
magnetic field due to the apparent motion of the proton. This magnetic field which
is proportional to the velocity of the electron in the proton’s rest frame will couple
to the electron’s magnetic moment leading to coupling between its momentum and
spin.

potential and ψ1 and ψ2 are large and small component of Dirac wave function. Dirac

equations give us two coupled equations, which can be reduced to one

(
p · ~σ c2

E − V (r) +Mc2
p · ~σ

)
ψ1(r) = (E − V (r)−Mc2)ψ1(r). (4.2)

We are interested in the non-relativistic limit, thus we have E = Mc2 + ε with

ε � Mc2. We also assume that the potential is small compared to the rest mass

energy of the particle |V (r)| �Mc2. Than we can write

c2

E − V (r) +Mc2
≈ 1

2M

(
1− ε− V (r)

2Mc2

)
. (4.3)
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The Dirac equation can be written as If we neglect second term in the left side of

the above equation, the Dirac equation reduces to the Schrödinger equation. From

Eq. (4.1) we see that in the first order large and small components of the Dirac wave

function are related as

ψ2(r) ≈ p · ~σ
2Mc

ψ1(r). (4.4)

If insert this to the normalization condition we have

1 =

∫
dr[ψ†1(r)ψ1(r)+ψ†2(r)ψ2(r)] ≈

∫
drψ†1(r)

(
1 +

p2

4M2c2

)
ψ1(r) ≈

∫
drψ†(r)ψ(r)

(4.5)

where we have ψ(r) = [1 + p2/(8M2C2)]ψ1(r). Substituting this to the Dirac

equation together with the expansion given above we get the Pauli equation

(
p2

2M
+ V (r)− p4

8M3c2
− 1

4M2c2
~σ · p×∇V (r) +

1

8M2c2
∇2V (r)

)
ψ(r) = εψ(r).

(4.6)

Note that in the classical limit c→∞ Pauli equation reduces to the Schrödinger

equation. Third term in the above equation is an relativistic energy correction to the

kinetic energy
√

(Mc2)2 + p2c2 −Mc2 ≈ p2/(2M) − p4/(8M3c2) . The fifth term is

an energy shift which is known as the Darwin term. Fourth term is the SOC term.

Thus we see that SOC term arises in the Pauli equation, an equation which includes

first order (in v/c) relativistic corrections to the Schrödinger equation. Pauli equation

suggest that if we have a spatially variable potential V (r) and either particle has small

mass or is moving with high speed SOC term may become important.

The most famous example system where SOC term becomes important is an atom

( see Fig. 4.1(b)). SOC causes shift in an electron’s energy levels which leads to

splitting of the spectral lines. Since the Coulomb potential has a central symmetry

for an electron in an atom SOC term in Pauli equation becomes
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Hsoc =
1

4M2c2r

∂V (r)

∂r
L · ~σ (4.7)

where L = r×p is the angular momentum. SOC can play important role also for

the protons and neutrons where potential results from the strong nuclear force, and

leads to shift in their energy levels in the nucleus shell model.

Although usually, relativistic effects can be neglected in the solid state materi-

als, SOC term in Pauli equation may become important in certain materials. For

example in the materials known as the zinc blend structure materials where bulk

inversion symmetry is broken SOC term reduces to cubic Dresselhaus SOC term

[Dresselhaus, 1955, Krich and Halperin, 2007]

Hsoc,D = β
[
kx(k

2
y − k2

z)σx + ky(k
2
z − k2

x)σy + kz(k
2
x − k2

y)σz
]

(4.8)

where β is the SOC strength. If an electron is confined to move in 2D plane, than

the Dresselhaus SOC term reduces to

Hsoc,D = β
[
−〈k2

z〉(kxσx − kyσy) + (k2
ykxσx − k2

xkyσy)
]
. (4.9)

Usually the cubic term is small compared to the linear term and is ignored leading

to

Hsoc,D = γ(kxσx − kyσy). (4.10)

Another 2D electron system where the SOC become important is the materials

which have structural inversion asymmetry. In this case Pauli equation predicts that

we have linear SOC known as the Rashba SOC [Bychkov and Rashba, 1984]

Hsoc,R = α(kxσy − kyσx), (4.11)
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where α is the strength of the Rashba SOC. The Rashba spin-orbit coupling plays cen-

tral role in many interesting phenomena such as quantum spin-Hall effect [Sinova et al., 2015,

Qi and Zhang, 2011], topological superconductors and topological insulators [Hasan and Kane, 2010,

Qi and Zhang, 2011].

We should note that the Rashba SOC in cold atom community is usually expressed

in a different form than its original form given above. We can get the form used in

the cold atom community by following procedure. We first rotate the pseudo-spins

with the following unitary matrix

U =


e
−iπ/8 0

0 eiπ/8


 (4.12)

which when applied to Pauli matrices gives

U †σxU =
σx − σy√

2
, U †σyU =

σx + σy√
2

. (4.13)

Than we also rotate the momentum axis such that

kx − ky√
2
→ kx,

kx + ky√
2
→ ky. (4.14)

As a result of these transformations Dresselhaus SOC remains unchanged, while

Rashba SOC takes the following form, which following the convention of the cold

atom community will be used in this thesis

Hsoc,R = α(kxσx + kyσy). (4.15)

Since atoms in ultracold limit have very low velocity, their mass is very big com-

pared to the electron mass, they are charge neutral and external electric fields are

very weak we can not observe SOC naturally in cold atoms. If we want to study the

effects of SOC on the ultracold atoms, we must engineer it artificially. In the next

two section we discuss how this can be accomplished.
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4.2 Artificial Gauge Fields, Berry Phase and the Adiabatic Principle

The types of SOC which we will analyze in this thesis is a form of static gauge field, i.e.

SOC can be included to a kinetic energy part of Hamiltonian as H = (p−A)2/(2M).

Most basic type of gauge field is the electromagnetic vector potential A, for which

A = A/q, where q is the charge of the particle. Magnetic field is related to the

spatial variation of the vector potential via B = ∇ × A, whereas electric field can

be calculated from its temporal variation E = −∂A/∂t. SOC is type of non-Abelian

gauge field. The non-Abelian gauge fields are gauge fields whose components do not

commute [Ax, Ay] 6= 0.

Cold atoms are neutral, therefore can not be coupled with a magnetic field. But

fortunately, it is possible to artificially create gauge fields which imitate the magnetic

field or SOC. As we mentioned in the introduction there are two main methods to

create the artificial gauge fields, one is to rotate the atoms and use the analogy

between the magnetic component of the Lorentz force and the Coriolis fictitious force

in the rotating frame. We will briefly discuss the analogy between these two forces

in the next chapter. Another common approach is based on the adibatic principle

and phase associated with it. Usually using an atom-laser interaction an adiabatic

potential is created. The geometric phase associated with this adiabatic potential

creates an effective Hamiltonian with gauge field. Let us illustrate the basic principle

behind this method. We follow [Dalibard et al., 2011], whom reader may consult for

further information about the artificial gauge fields in neutral atoms.

Pancharatnam-Berry phase or simply the Berry phase is a phase which appears in

the quantum mechanical systems described by two variables which evolve on different

time scales [Berry, 1984]. In such systems we can apply the adiabatic principle first

developed by Max Born and Vladimir Fock, which states that if the system starts at

some eigenstate of the initial Hamiltonian of the fast changing variable, it will end in

the corresponding eigenstate of the final Hamiltonian [Born and Fock, 1928]. For the

laser-induced artificial gauge fields, the fast variable is the hyperfine state, which we

take as the pseudo-spin of the system, while the slowly varying variable is the positions
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of the atoms. Suppose that our system is described by following Hamiltonian

H =

[−∇2

2M
+ V (r)

]
I + U(r). (4.16)

Here U(r) is the general matrix which couples the internal states of the atoms,

and is fast varying compared to the position of the atoms. Note that U(r) does not

explicitly dependent on time. I is the identity matrix. Assume that we diagonalize

U(r) and determine its eigenstates |χi(r)〉, which are known as the dressed states.

Next we expand the state vector of the atom using the eigenstates |χi(r)〉

|Ψ(r, t)〉 =
∑

i

ψi(r, t)|χi(r)〉. (4.17)

Now assume that our state initially start at some state |χ1(r)〉 and assume that

|χi(r)〉 with i ∈ {2, 3...n} are nearly degenerate eigenstates with our initial state.

Assume that εi denotes the eigenvalue of |χi(r)〉. Then assuming the validity of the

adiabatic principle we can safely assume that our atom will be at some superposition

of these states in its final form and therefore all the other states can be ignored.

Therefore the expansion of the state vector in Eq. (4.17) simplifies to

|Ψ(r, t)〉 =
n∑

i

ψi(r, t)|χi(r)〉. (4.18)

If we substitute this state vector to the time dependent Schrödinger equation

describing the time evolution of the system we get

i
∂

∂t

n∑

i

ψi(r, t)|χi(r)〉 =
n∑

i

[(−∇2

2M
+ V (r)

)
I + U(r)

]
ψi(r, t)|χi(r)〉 (4.19)

we act from left with the state 〈χj(r)| to get

i
∂

∂t
ψj(r, t) = [V (r) + εj]ψj(r, t)−

1

2M

n∑

i

〈χj(r)|∇2[ψi(r, t)|χi(r)]〉. (4.20)
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Next we evaluate
∑n

i 〈χj(r)|∇2[ψi(r, t)|χi(r)]〉

n∑

i

〈χj(r)|∇2[ψi(r, t)|χi(r)]〉 =

=
n∑

i

(
δji∇2 + 2〈χj(r)|∇|χi(r)∇

)
ψj(r, t) +

n∑

i

〈χj(r)|∇2|χi(r)〉ψi(r, t) =

= −
n∑

i,l

[−iδji∇− i〈χj(r)|∇|χi(r)〉] · [−iδil∇− i〈χi(r)|∇|χl(r)〉]ψl(r, t)+

+
n∑

i,l

〈χj(r)|∇|χi(r)〉〈χi(r)|∇|χl(r)〉ψl(r, t)−
n∑

i

(〈χj(r)|∇)·(∇|χi(r)〉)ψi(r, t).

(4.21)

If we substitute this to the Schrödinger equation we get

i
∂

∂t
Ψ(r, t) =

[
(pI−A)2

2M
+ (V (r) + εj)I +W (r)

]
Ψ(r, t) (4.22)

where Ψ(r, t) is a vector with components ψi(r, t) and p = −i∇ is the momentum.

Effective vector potential A is a 3-component vector matrix with components

Aji = 〈χj(r)|∇|χi(r)〉 (4.23)

and effective scalar potential W (r) is matrix with components

Wji =
1

2M

[
(〈χj(r)|∇) · (∇|χi(r)〉)−

n∑

l

Ail ·Alj

]
. (4.24)

We can clearly see that Eq. (4.22) is an effective Schrödinger equation with po-

tential V (r)I + W (r) and a gauge field A = (Ax,Ay,Az). Note that if n > 1, A is

matrix and therefore we have non-Abelian gauge field, which SOC is a special case.

Thus using the mechanism we discussed, it is possible to create a synthetic SOC.
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4.3 Synthetic Spin Orbit Coupling in Cold Atomic Gases

Using the non-abelian generalization of Berry phase effect we described in previous

section it is possible to create a synthetic SOC in cold atoms. In experiments, the

adiabatic potential is generated by coupling the internal states of an atom with Raman

laser beams. In 2009, Spielman’s group in NIST realized the first synthetic gauge

field, which was constant vector potential [Lin et al., 2009b]. In a follow up of this

experiment Spielman’s group by applying Zeeman field gradient, was able to make the

vector potential position dependent, hence creating the first artificial magnetic field

for the atoms [Lin et al., 2009a]. Later they achieved time dependent vector potential,

which corresponds to artificial electric field [Lin et al., 2011a]. In 2011 these series of

experiments of Spielman’s group culminated with the creation of the first artificial

SOC [Lin et al., 2011b].

Spielman’s group used the so called NIST scheme. In the experiment two among

the many hyperfine atomic states are chosen to represent spin as | ↑〉 and | ↓〉. In

this scheme SOC is generated by two photon Raman transitions, which change the

pseudo-spin of the atom. In this process two Raman lasers are used. These two

counter-propagating lasers are used to couple these states via two photon Raman

transition, the photon from first laser beam is absorbed and emitted to the second

laser by stimulated re-emission. During this process | ↑〉 is flipped to | ↓〉 atom and

it absorbs a momentum of 2k0, where k0 is the recoil momentum of each photon

inversely proportional to the wavelength of the laser beams. Since ultracold atoms

have very small velocity, recoil momentum absorbed by the atom should be taken into

account. Thus this momentum kick combined with the flipping of the spin, links the

momentum of the atom with its spin, creating effective SOC.

In the NIST experiment the two hyperfine states were | ↑〉 = |F = 1,mF = −1〉
and | ↓〉 = |F = 1,mF = 0〉. Coupling matrix of the states is given as [Lin et al., 2011b]

U(r, t) =
Ω

2
e−i(k·r−ωt)| ↑〉〈↓ |+ H.C. (4.25)
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here H.C. denotes the hermitian conjugate, Ω/2 is the strength of Raman coupling.

The two Raman lasers which are oriented along the +x̂ and −x̂ directions, have

frequencies of ωR and ωR + ∆ωR respectively. There is a bias Zeeman field along

the ŷ direction with energy ωz which leads to detuning from Raman resonance with

δ = ∆ωR − ωz. The total Hamiltonian representing this system can be written as

H ′ =




k2

2M
+ ωz

2
Ω
2
e−i(2kRx−∆ωRt)

Ω
2
e−i(2kRx−∆ωRt) k2

2M
+ ωz

2


 (4.26)

time and space dependence of above Hamiltonian can be eliminated via a unitary

transformation given as

U =


e

i
2

(2kRx−∆ωRt) 0

0 e
−i
2

(2kRx−∆ωRt)


 (4.27)

which when applied to the Hamiltonian results in

H = U†H ′U− iU† ∂
∂t

U =




(kx+kR)2

2M
+

k2
y+k2

z

2M
+ δ

2
Ω
2

Ω
2

(kx−kR)2

2M
+

k2
y+k2

z

2M
− δ

2


 . (4.28)

In terms of the Pauli matrices Hamiltonian can be expressed as

H =
k2
y + k2

z

2M
+

(kx + kRσz)

2M
+
δ

2
σz +

Ω

2
σx. (4.29)

If we rotate the spin along ŷ direction by π/2, which gives σx → σz and σz → −σx,
Hamiltonain takes more familiar form

H =
k2
y + k2

z

2M
+

(kx − kRσx)
2M

− δ

2
σz +

Ω

2
σx. (4.30)

Note that second term corresponds to an equal combination of Rashba α(kxσx +

kyσy) and Dresselhaus SOC γ(kxσx − kyσy). Since SOC has effect only in single
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Figure 4.2: Schematic representation of the NIST scheme. (a) Two counter propagat-
ing Raman lasers couple together (b) a selected pair of atomic states labelled by | ↑〉
and | ↓〉 that represent the pseudo-spin of the atom. These lasers are arranged in a
two-photon Raman configuration that uses an off-resonant intermediate state shown
with black line in the figure and link atomic motion to the atoms pseudo-spin. Ω/2
is strength of Raman coupling and δ is the two photon detuning.

direction, this is effectively a 1D SOC. This type of SOC is referred to as the equal

Rashba-Dresselhaus (ERD) SOC or the NIST SOC.

After Spielman’s group successfully realized the ERD SOC in bosonic rubidium-87,

in 2012 two separate groups independently realized the ERD SOC in fermions, Jing

Zhang’s group using potassium-40 [Wang et al., 2012] and Zwerlein’s MIT group using

lithium-6 [Cheuk et al., 2012]. In the beginning of 2016 Wang’s group realized ERD

SOC for bosonic rubidium-87 [Luo et al., 2016], using gradient magnetic field and

ground state of atoms, providing alternative scheme for realization of SOC besides the

NIST Scheme described in this section. At the same time Jing Zhang’s group realized

the first two dimensional SOC on fermionic potassium-40 [Huang et al., 2016] using

three Raman lasers and generalizing the NIST Scheme described above. The 2D SOC

realized by Zhang’s group has form of αxkxσx + αykyσy. Given these experimental

success in creating synthetic SOC, we can hope that soon pure Rashba SOC will be



Chapter 4: Trapped 2D Fermi Gas with Spin-Orbit Coupling 99

realized in ultracold quantum gases. In this thesis due to its intriguing properties we

will focus on Rashba SOC.

4.4 Single Particle Properties with Rashba Spin-Orbit Coupling in 2D

Since in this thesis we focus on 2D Fermi gas, let us analyze the single particle

properties of Rashba SOC in 2D. In the absence of particle-particle interactions,

Hamiltonian for Rashba SOC is given by

H =
∑

k

ψ̂†k(εkI + α~σ · k)ψ̂k (4.31)

where εk = k2/(2M) is kinetic energy, and ψ̂†k = [â†k↑, â
†
k↓] denotes the fermionic

operators collectively, α > 0 denotes the SOC strength and ~σ = (σx, σy). Hamiltonian

can be expressed in matrix form as

H =
∑

k

(
â†k↑ â†k↓

)



k2

2M
α(kx − iky)

α(kx + iky)
k2

2M




âk↑
âk↓


 . (4.32)

Above Hamiltonian can be diagonalized by a unitary transformation, which defines

a new basis known as the helicity basis. Using the eigenvectors of above Hamiltonian

we can derive following relation


âk,+
âk,−


 =

1√
2


 1 e−iθk

eiθk −1




âk↑
âk↓


 (4.33)

where θk = arctan (ky/kx) denotes the polar angle of the k vector, therefore

eiθk = (kx + iky)/k. Note that spin is no longer a good quantum number. â†k,s(âk,s)

creates (annihilates) particle with helicity s = ± = ±1. Helicity ± denotes the spin

direction is either paralel or anti-paralel to the in-plane momentum direction. After

diagonalization H =
∑

k,s εksâ
†
k,sâk,s, we get the dispersion relation for each helicity

s
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εks =
k2

2M
+ sαk. (4.34)

Note that the minimum of the spectrum of the lower enegy − helicity branch

is shifted to finite momenta, forming of a degenerate circle with radius k = Mα.

Hamiltonian has a symmetry of simultaneous rotation of spin and momentum at

kx − ky plane. k is still a good quantum number, but plane waves with finite k does

not poses this symmetry which necessarily leads to degeneracy in the minimum. Note

that SOC breaks the inversion symmetry ε−k↑ 6= εk↑, but time reversal symmetry is

still preserved. For illustration of the splitting of the dispersion relation for Rashba

SOC see Fig. 4.3.

This change in dispersion relation effects the low energy DOS. Using the dispersion

relation for s helicity particle we can calculate the DOS Ds(ε) =
∑

k δ(ε− εk,s) as

Ds(ε > 0) =
MA

2π

(
1− sMα√

M2α2 + 2Mε

)
,

Ds(ε ≤ 0) =
MA

2π

(1− s)Mα√
M2α2 + 2Mε

Θ(M2α2 + 2Mε) (4.35)

We should note that as expected from the dispersion relation, for ε < 0 we just

have − helicity particles. The total density of states is given as

D(ε > 0) =
MA

π
(4.36)

D(ε ≤ 0) =
MA

π

Mα√
M2α2 + 2Mε

Θ(M2α2 + 2Mε) (4.37)

Thus DOS is same as no SOC case for ε > 0. On the other hand for ε < 0 DOS

increases and has similar behavior as 1D Fermi gas for which D(ε) ∝ 1/
√
ε. This

reduced dimensionality is direct result of the degenerate minimum of the dispersion,

i.e. energy increases only along the perpendicular direction of the degenerate cir-

cle. As we will see increase in low energy DOS will have very interesting physical

consequences.
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Figure 4.3: Illustration of the splitting of the spin degeneracy due to Rashba SOC. All
the plots are shown for kx = 0 without loss of generality since system has a symmetry
of simultaneous rotation of spin and momentum at kx − ky plane. (a) Dispersion
relation of free Fermi gas, it is simple parabola. Both time reversal symmetry and
inversion symmetry are present ε−k↑ = εk↑. We have spin degeneracy. (b) Dispersion
relation of Fermi gas in the presence of Zeeman field. Zeeman field lifts the spin
degeneracy and time reversal symmetry is broken. But inversion symmetry is still
present. (c) Rashba SOC behaves like momentum dependent Zeeman field. Spin
degeneracy is lifted (except at k = 0) but time reversal symmery is still present.
Unlike standard Zeeman field, SOC breaks the inversion symmetry. (d) The positive
and negative helicity bands of Rashba SOC.
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Before finishing this section we should note that, SOC Hamiltonian can be in-

terpreted as momentum dependent Zeeman field. As a result of this spin points to

different direction for different momentum eigenstates (see Fig. 4.3).

4.5 Non-Interacting Homogeneous Fermi Gas with Rashba Spin-Orbit

Coupling in 2D

In this section we again assume that we have two species atoms which we label

with different pseudo-spin ↑ and ↓. We assume that T = 0. Before analyzing the

trapped Fermi gas with Rashba coupling in 2D, let us start with a brief analysis of

the homogeneous Fermi gas. The curves describing the Fermi surface of s helicity

particles can be calculated by setting εks − µ = 0, and are given as

ks1,2 = −sαM ±
√
α2M2 + 2µM. (4.38)

Note that for α2M+2µ < 0, ks1,2 are not real. Hence for chemical potentials which

satisfy this condition no particle is present in the system. When µ > 0, we have ks1 > 0

and ks2 < 0. Hence both positive and negative helicity particles’ Fermi surface is a

circle (see Fig. 6.1(a)). The radius of these circles are k = ks1, hence the Fermi

surface of negative helicity particles is bigger than that of a positive helicity particles.

On the other hand when 0 > µ > −Mα2/2, the Fermi surface of positive helicity

particles disappears. For negative helicity particles k−1,2 > 0, thus Fermi surface is

a ring with inner radius k = k−2 and outer radius k = k−1 (see Fig. 6.1(b)). Thus

at µ = 0 topology of the Fermi surface changes, ring shaped Fermi surface becomes

circle for the negative helicity particles, while at that point the circular Fermi surface

of positive helicity particles emerges. Such topological change in the Fermi surface is

known as the Lifshitz transition. Hence in the non-interacting Fermi gas with SOC

it is possible to observe the Lifshitz transition by changing the atomic density.

s helicity particle number for given α and µ can be calculated by integrating

Ns =
∑

k Θ(µ− εks). For the positive helicity particles we get
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N+ =
A

(2π)2

∫ k+
1

0

dk2πkΘ(µ) =
MA

2π

(
Mα2 + µ− α

√
M2α2 + 2Mµ

)
Θ(µ). (4.39)

Note that N+ → 0 as µ→ 0. For the negative helicity particles

N− =
A

(2π)2

(∫ k−1

0

dk2πkΘ(µ) +

∫ k−1

k−2

dk2πkΘ(−µ)Θ(α2M + 2µ)

)

=
MA

2π

(
Mα2 + µ+ α

√
M2α2 + 2Mµ

)
Θ(µ)

+
MA

π
α
√
M2α2 + 2MµΘ(−µ)Θ(α2M + 2µ). (4.40)

By scaling the total number of particles with no SOC particle number N =

k2
F/(2π) given in Eq. (2.52), chemical potential can be determined as µ = EF −Mα2

for µ ≥ 0 and µ = E2
F/(2Mα2) −Mα2/2 for µ < 0. Critical SOC strength for the

Lifshitz transition can be determined from µ = 0 as α = kF/(
√

2M).

4.6 Trapped non-interacting Fermi gas with Rashba spin-orbit coupling

in 2D

For the trapped Fermi gas, we again use LDA which permits us to apply the homo-

geneous case results for the inhomogeneous gas. Let us start with calculating the

LDOS for harmonically trapped 2D Fermi gas with SOC. Dispersion relation under

LDA can be written as

εks =
k2

2M
+ sαk +

Mω2r2

2
. (4.41)

Therefore, LDOS expression can be deduced from Eq. (4.35), by changing ε with

εr = ε−Mω2r2/2 which leads to

Ds(ε, r) =
MA

2π

(
1− sMα√

M2α2 + 2Mεr

)
εr ≥ 0
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Ds(ε, r) =
MA

2π

(1− s)Mα√
M2α2 + 2Mεr

εr < 0 (4.42)

The main effect of the SOC for the trap profile is to increase the low energy

(εr < 0) LDOS so that it leads to an increased density at the center of the trap.

Under LDA, the density relations given in Eq. (4.39) and Eq. (4.40) can be applied

to the trapped Fermi gas by simply changing µ with local µ(r) = µ−Mω2r2/2. This

gives the following density profile for the positive helicity particles.

n+(r) =
M

2π

(
Mα2 + µr − α

√
M2α2 + 2Mµr

)
µ(r) ≥ 0. (4.43)

In the trap region where µ(r) < 0, there are no positive helicity particles. On the

other hand the density profile of the negative helicity particles can be expressed as

n−(r) =
M

2π

(
Mα2 + µr + α

√
M2α2 + 2Mµr

)
µ(r) ≥ 0 (4.44)

n−(r) =
M

π
α
√
M2α2 + 2Mµr µ(r) < 0. (4.45)

By relating the particle number to the Fermi energy of the trapped 2D Fermi gas

EF = ω
√
N , we can integrate above densities. When global µ = 0, the positive helicity

band becomes empty in the whole trap, i.e. we just have negative helicity particles.

The critical SOC strength for which µ = 0 can be determined as αc = 4
√

6EF/kF .

For α < αc, trap separates into two regions, inner region [µ(r) ≥ 0] where we have

both negative and positive helicity particles and an outer region [µ(r) < 0] where we

have just negative helicity particles (see Fig. 4.5). The global chemical potential can

be determined by integrating the density as µ = −α2M +
√
α4M2/3 + E2

F , which we

can use to find the boundary between this two regions

rc(α) =

√
−2α2

ω2
+

√
4α4

3ω4
+R4

F . (4.46)

Where RF is given by Eq. (2.60). For r < rc(α) where we have both positive and

negative helicity particles density has a parabolic shape, same as the no SOC case
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n(r) =
M

π

(√
α2k2

F

12
+ E2

F −
Mω2r2

2

)
. (4.47)

Note that as expected from the enhanced low energy LDOS, central density is

higher than the no SOC case, and increases with increasing α. In the α → 0 limit

above density reduces to that of a non-interacting 2D Fermi gas given in Eq. (2.59)

as expected. On the outside region r > rc(α) where we do not have positive helicity

particles density profile differs from the no SOC parabolic density

n(r) =
M2α

π

√

−α2 − ω2r2 +

√
4α4

3
+
k4
F

M4
. (4.48)

From the density distribution we can determine the edge of the gas R0
O as

R0
O =

√
−α2

ω2
+

√
4α4

3ω4
+R4

F . (4.49)

Note that as α→ 0, R0
O → RF as expected. For increasing α, the edge of the gas

moves towards the center as expected. As mentioned above for α > αc, the whole

trap is composed of negative helicity particles and the global chemical potential can

be determined as µ =

[
−2α2M +

(
6E2

F/α
√

2M
)2/3

]
/4. In this parameter regime

we have single density profile

n(r) =
M2α

π

√(
3E2

F

2αM2

)2/3

− ω2r2. (4.50)

Again we can deduce from this density profile that central density increases mono-

tonically with increasing α. The edge of the trap again can be determined analytically

as

R0
O = RF

(
3EF
4αkF

)1/3

. (4.51)
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Figure 4.4: Density profile of the trapped Rashba coupled non-interacting Fermi
gas.(a) Non-interacting density profile with changing SOC strength α. Central den-
sity monotonically increases and the gas shrinks. (b) Density at representative SOC
values. We can clearly see that at the center of the trap we have a parabolic density
profile, while at the edge where we have just negative helicity particles the density
profile is non-parabolic.

In general as α increases the edge moves towards the center of the gas as the

central density is increased as can be seen in Fig. 4.4(a) where we plot the density

profile with changing α. In Fig. 4.4(b) we show density profile at some representative

α values. Note that at the central region where we have both positive and negative

helicity particles density is parabolic, on the other hand at the outer region of the

trap where we have just negative helicity particles density is non-parabolic.

Similar to the no SOC case it is possible to relax the LDA and determine the

density distribution exactly using the 2D harmonic oscillator basis. But unlike the

no SOC case, Hamiltonian is no longer diagonal in 2D harmonic oscillator basis. The

single particle Hamiltonian of the trapped 2D Fermi gas with SOC can be written in

the real space as

H =
p̂2

2M
+

1

2
Mω2r̂2 + αp̂ · ~̂σ. (4.52)

The Rashba SOC term can be expressed by the spin and angular momentum

raising lowering operators, σ̂± = σ̂x ± iσ̂y and p̂± = p̂x ± ip̂y respectively.
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Figure 4.5: Distribution of + and − helicity particles in the trap for changing SOC
strength α. For SOC strength α < αc = 4

√
6EF/kF at the center of the trap we

have both + and − helicity particles characterized by a parabolic density distribution
and at the edge just − helicity particles characterized by a non-parabolic density
distribution. Beyond αc all the particles in the system are negative helicity particles.

αp̂ · ~̂σ = α(p̂xσ̂x + p̂yσ̂x) = α
1

2
(p̂+σ̂− + p̂−σ̂+) . (4.53)

Thus SOC either increases or decreases the angular momentum, depending on

its spin state. Thus as we pointed above 2D harmonic oscillator states can not be

an eigenstates of SOC operator. Note that while Rashba coupling does not preserve

the individual spin or space rotational symmetry, the full rotational symmetry is still

present. Thus the total Hamiltonian can be diagonalized simultaneously with the

total angular momentum operator Jz = Lz + Sz. The effect of SOC term on the

2D harmonic oscillator basis can be deduced by writing the SOC operator in terms

of the ladder operators associated with the left and right circular quanta defined in

Eq. (2.66)
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αp̂ · ~̂σ = −αi 2

a0

[(
b̂†L − b̂R

)
σ̂− +

(
b̂†R − b̂L

)
σ̂+

]
(4.54)

Thus the effect of Hamiltonian on the 2D harmonic oscillator states can be deduced

as

H|n, l, ↑〉 = ω(n+ 1)|n, l, ↑〉

− 2iα

a0

(√
n+ l

2
+ 1|n+ 1, l + 1, ↓〉 −

√
n− l

2
|n− 1, l + 1, ↓〉

)
(4.55)

H|n, l, ↓〉 = ω(n+ 1)|n, l, ↓〉

− 2iα

a0

(√
n− l

2
+ 1|n+ 1, l − 1, ↑〉 −

√
n+ l

2
|n− 1, l − 1, ↑〉

)
(4.56)

From these expression we can deduce that Hamiltonian can be expressed in tri-

diagonal form in 2D harmonic oscillator basis, and can be diagonalized numerically

to get the eigenvectors and eigenvalues, which can be used to determine the exact

density distribution. The details of this derivation are given in Sec. (6.2), for rotating

spin-orbit coupled 2D Fermi gas. Taking Ω→ 0 limit will yield the density expression

desired for this section.

In Fig. 4.6 we compare the density profile obtained via the exact quantum me-

chanical calculations and LDA for different particle number and SOC strengths. At

low particle numbers similar to the no SOC case, LDA fails to capture the Friedel

oscillations and low density tail of the gas. For considerable particle numbers such as

N = 5000, Friedel oscillations become invisible and the low density tail becomes very

small compared to the system size. Thus at high particle limit LDA and exact QM

calculations become indistinguishable for any SOC strength.
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Figure 4.6: Density profile computed via the exact quantum mechanical calculations
compared with the semi-classical LDA results for different particle numbers and SOC
strengths: (a) N = 100, α = 1EF/kF < αc (b) N = 100, α = 3EF/kF > αc (c)
N = 5000, α = 1EF/kF < αc (d) N = 5000, α = 3EF/kF > αc. In low particle
numbers such as N = 100 LDA fails to capture the Friedel oscillations and low
density tail of the gas. For considerable particle numbers such as N = 5000, Friedel
oscillations become invisible and the low density tail becomes very small compared to
the system size. Thus at high particle limit LDA and exact QM calculations become
practically indistinguishable for any SOC strength.
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4.7 Trapped Interacting Fermi Gas with Rashba Spin-Orbit Coupling

in 2D

In this section we investigate 2D interacting Fermi gas with SOC at T = 0. We again

model the particle-particle interaction with the contact potential since we still work

in the dilute limit. Contact interaction is still valid approximation in the presence of

Rasbha SOC if additional condition αRe � 1 is satisfied [Cui, 2012], where α > 0 is

the SOC strength. We will assume that this condition is satisfied. We again make the

mean-field approximation. The total mean-field Hamiltonian describing the system

can be written as a sum of three terms

Hmf = Hsho +Hsoc +Hmf
int (4.57)

where Hsho denotes the harmonic oscillator part of the Hamiltonian and is given in

Eq. (3.113), Hmf
int is the mean-field interaction term given in Eq. (3.115), with the

order parameter defined again as ∆(r) = g〈ψ̂↑(r)ψ̂↓(r)〉, and the SOC term Hsoc is

Hsoc = α
∑

σσ′

∫
dr ψ̂†σ(r) [p · ~σ]σσ′ ψ̂σ′(r). (4.58)

We again make the local density approximation, and define the local chemical

potential as in Eq. (3.103). If we than transfer the field operators to the momentum

space, our Hamiltonian becomes

HLDA(r) =
1

2

∑

k

Ψ†kH
LDA
k (r)Ψk + C(r) (4.59)

where

HLDA
k (r) =




ξk(r) Sk 0 ∆(r)

S∗k ξk(r) −∆(r) 0

0 −∆∗(r) −ξk(r) S∗k

∆∗(r) 0 Sk −ξk(r)



, (4.60)
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Ψ†k = [a†k↑, a
†
k↓, ak↑, a−k↓] and C(r) =

∑
k(ξk(r) + A|∆(r)|2/g. Above, ∆(r) =

g/A
∑

k〈ak↑a−k↓〉 is the local mean-field order parameter, ξk(r) = εk − µ(r), and

Sk = α(kx − iky) is the SOC term. We should note that by transforming the above

Hamiltonian to the helicity basis we can show that the pairing is between the opposite

momentum states of the same helicity band, (s,k) and (s,−k).

If we diagonalize the above Hamiltonian we get the quasi-particle energies

Eks(r) =
√

(ξk(r) + sαk)2 + |∆(r)|2 (4.61)

where s = ± denotes the helicity of the particle. Note that similar to the non-

interacting case, spectrum is split to positive and negative helicity bands. As expected

in α → 0 we recover the standard BCS excitation energy. Eks(r) is isotropic in

kx − ky plane, which is not surprising given that the Rashba SOC is isotropic in the

momentum space.

The negative helicity band has lower energy than the positive helicity band. Simi-

lar to the no SOC case, the excitation energies are gapped. Let us analyze the behav-

ior of the gap of the lower energy negative helicity excitation energy (see Fig. 4.7 for

schematic representation). When µ(r) > 0, the excitation minimum is located at k =

M
[
α +

√
α2 + 2µ(r)

]
. The energy gap is again equal to the order parameter |∆(r)|.

As we move towards the edge of the trap, or increase the soc strength (as we will

show µ decreases with increasing SOC) and the chemical potential becomes µ(r) = 0

second excitation minimum appears at k = M
[
α−

√
α2 + 2µ(r)

]
,the energy gap at

this point again is |∆(r)|. As µ(r) further decrease and become µ(r) = −Mα2/2 the

two degenerate minima merge at k = Mα. For µ(r) < −Mα2, minimum remains at

k = Mα. In this regime excitation energy gap becomes
√

[µ(r) +Mα2/2]2 + |∆(r)|.
Note that at µ(r) = −Mα2/2, the excitation minimum changes character, and can be

interpreted as the point at which we pass from the BCS to BEC side of the crossover.

From this analysis we can see that in general SOC pushes the excitation minima to the

higher momenta. Even in the BEC side, excitation energy remains at finite momen-

tum. This result is also expected, since also in the non-interacting case, dispersion
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Figure 4.7: Schematic diagram of the quasi-particle excitation spectrum of the nega-
tive helicity particles for different µ values. The momentum values of the minima are

k1 = M
(
α−

√
α2 + 2µ

)
, k2 = Mα and k3 = M

(
α +

√
α2 + 2µ

)
. SOC pushes the

excitation minima to the higher momentum states and they remain so even in the
extreme BEC limit.

minimum is pushed to the higher momenta by SOC.

The gap and number equations can be derived by the procedure given in Sec. 6.3,

where the derivation is done for the rotating Rashba coupled Fermi gas. Simply taking

Ω→ 0 will give the gap and number equations for the case we consider in this section

1

g
=

1

4A

∑

ks

1

Eks(r)
tanh

βEks(r)

2
, (4.62)

n(r) =
1

2A

∑

ks

[
1− ξrk + sαk

Erks

tanh
βEks(r)

2

]
. (4.63)

These equations are to be solved locally within the trap and the total particle

number is obtained by integrating the density, i.e., N =
∫
drn(r). We renormalize

the bare s-wave interaction g again using Eq. (3.41). Particle number is exchanged
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in favor of the Fermi energy given by EF = ω
√
N . Since both the trap and Rashba

SOC are isotropic we can deduce that local order parameter and local density is

independent of the polar angle.

For small SOC, Mα2 � Eb + 2EF , the order parameter can be determined per-

turbatively [Chen et al., 2012] in the trap as

|∆(r)| ' ∆0

√
1− r2/R2

F (4.64)

where ∆0 =
√

2EFEb
√

1 + 2M2α4/3(Eb + 2EF )2. Since Mα2 � Eb + 2EF , the last

term can be safely ignored and ∆0 =
√

2EFEb. Thus for small SOC compared to the

Fermi energy or Eb, the order parameter profile remains unchanged compared to the

no SOC case. This is also valid for the density profile which is also identical to its no

SOC value. In this regime the global chemical potential is µ ' EF − Eb/2 −Mα2.

Thus, the effects of small SOC on density and pairing are negligible, however the

non-zero angular momentum states of the lower helicity band become energetically

more favorable.

As SOC becomes significant, Mα2 ∼ Eb + 2EF , we can solve the gap and number

equations self consistently. In Fig. 4.8 we show both the density and the order param-

eter profile of the trap with changing SOC strength obtained from the self-consistent

numerical solutions of the number and gap equations. For small α trap profile re-

mains almost unchanged as stated above. But when Mα2 ∼ Eb+2EF similarly to the

non-interacting case, the gas contracts towards the center of the trap (RO < RF ) and

|∆(r)| starts to increase. This increase in the order parameter is expected since SOC

increases low energy LDOS. This increase in |∆(r)| and central density is monotonic

with increasing α in this regime. Note that for greater Eb these effects on the trap

profile become observable for larger values of α. This is illustrated in Fig. 4.9, where

we plot the density and order parameter profile of the Fermi gas for α = 1.5EF/kF

and various Eb values. As Eb increases gas expands, and eventually it becomes iden-

tical with the α = 0 profile. As SOC enhances the pairing in general, the gas in the

trap remains completely in the SF phase.
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Figure 4.8: The trap profile of Rashba coupled interacting Fermi gas. In all the
figures Eb = 0.5EF . (a)The order parameter profile with changing SOC strength
α. For small SOC α < 1EF/kF , order parameter profile does not change, for higher
values order parameter increases. (b) The density profile with changing SOC strength
α. For small SOC α < 1EF/kF , density profile does not change, on the other hand for
higher SOC values central density increases and the gas shrinks. (c) Order parameter
at representative SOC values. (d) Density at representative SOC values.
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Figure 4.9: Trap profile for Rashba coupled Fermi gas for changing Eb. In all the
curves α = 1.5EF/kF .(a) Density profile for different Eb values. Note that as Eb
increases density expands, and eventually it becomes identical with the α = 0 profile.
(b) Order parameter profile for different Eb values.

In order to check the validity of the LDA, we use the full quantum mechanical BdG

equations. Given sufficiently large number of particles, BdG and LDA results agree

with each other. The BdG equations used in these calculations can be deduced by

taking Ω→ 0 limit of the more general BdG equations derived in Sec. 6.5. In Fig. 4.10

we show representative trap profiles for representative Eb = 0.5EF and α = 2EF/kF

calculated via both BdG and LDA for N = 100 and N = 500. Interactions destroy

the Friedel oscillations, therefore we have perfect agreement at the center of the trap.

LDA as expected just fails at the low density region at the edge of the gas. Note that

by comparing N = 100 and N = 500, as the particle number increases the region at

which LDA fails becomes small compared to the system size.
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Figure 4.10: The trap profiles for representative Eb = 0.5EF and α = 2EF/kF .
(a) n(r) for N = 100, (b) ∆(r) for N = 100, (c) n(r) for N = 500, (d) ∆(r)
for N = 500. Even for N = 100 LDA is in very good agreement with the BdG
calculations. Interactions destroy the Friedel oscillations, therefore we have a perfect
agreement at the center of the trap. LDA fails at the low density region at the edge
of the trap as expected. Note that by comparing N = 100 and N = 500, as the
particle number increases the region at which LDA fails becomes small compared to
the system size.



Chapter 5

ROTATING 2D FERMI GAS

5.1 Motion in Rotating Frame of Reference

In this chapter we will study rotating 2D Fermi gas. We will analyze the problem

in a rotating frame, where Hamiltonian is time independent. Therefore it will be

useful to quickly remind the motion of particle in the rotating frame. We consider

two frames of reference, first one is an inertial reference frame which we will refer

to as the lab frame. The second reference frame is rotating with respect to the first

one with angular velocity Ω. We will refer to this frame as the rotating frame. The

coordinate axes of the lab frame can be labeled as ei where i = {1, 2, 3}. We assume

that there is no relative motion between the frames except the rotation. Assume

that e′i are the coordinates in the rotating frame. We use ′ sign to denote physical

quantities in the rotating frame. Using simple relations one can easily show that time

derivative of the rotating frame coordinate axes are [Goldstein et al., 2007]

de′i
dt

= Ω× e′i. (5.1)

On the other hand time derivative of the lab frame coordinate axes are trivially

zero. Assume that position of the particle is r = r′ in both frames. The postilion

can be expanded as r =
∑3

i=1 xiei =
∑3

i=1 x
′
ie
′
i using the coordinate axes of the lab

and rotating frame respectively. Using above derivative we can easily prove that time

derivative of any vector function f(t) =
∑3

i=1 f
′
i(t)e

′
i can be written as

df

dt
=

3∑

i=1

(
df ′i
dt

e′i + f ′i
de′i
dt

)
=

(
df

dt

)

r

+ Ω× f(t) (5.2)
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where [df/(dt)]r is the rate of change of f(t) in the rotating frame. Using this we can

derive the basic kinematic relations. The velocity can be written as

dr

dt
=

(
dr

dt

)

r

+ Ω× r ⇒ v = v′ + Ω× r. (5.3)

If we take one more time derivative we get the acceleration in the laboratory frame

a =
dv

dt
=

[(
d

dt

)

r

+ Ω×
] [(

dr

dt

)

r

+ Ω× r

]
. (5.4)

If we calculate right side of the equation and define a′ = [d2r/(dt)]r as the apparent

acceleration in the rotating frame, we get

a′ = a− dΩ

dt
× r−Ω× (Ω× r)− 2Ω× v′. (5.5)

If we multiply both sides with the mass of the particle and use Newton’s second

law for the lab frame FT = Ma, where FT is the total physical force in the lab frame,

we get Newton’s second law in rotating frame as

Ma′ = FT −M
dΩ

dt
× r−MΩ× (Ω× r)− 2MΩ× v′. (5.6)

This is Newton’s second law analogous to the one written in the lab frame, except

there are additional three terms which are called inertial or fictitious forces. Note

that these forces do not arise from any physical interaction between two objects, they

are direct result of the non-inertial nature of the rotating frame. The first term

FE = −MdΩ

dt
× r (5.7)

is known as the Euler force. It is a tangential fictitious force that is felt in reaction to

an angular acceleration. It is the force that pushes us back to our seat in marry-go-

round when it starts to ride. In this thesis we will study Fermi gas under a uniform

rotation, hence Euler force is zero. Second term in the equation of motion
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Fce = −MΩ× (Ω× r) (5.8)

is called the centrifugal force. It is fictitious force which acts radially outward from

the axis of rotation. Assume that we tie a ball to a string and rotate it with a constant

angular speed around us. Assume that we are in outer-space and only force acting

the ball is the tension force. In the frame which rotates with same angular velocity

as the ball, it will remain at rest. Therefore there must be some fictitious force which

will balance the tension force. That force is the centrifugal force. The last term in

the equation of motion

FCo = −2MΩ× v′ (5.9)

is called the Coriolis force. As we can see from its expression it acts on the moving

bodies. In a reference frame which rotates in the clockwise direction, the Coriolis force

acts to the left of the motion of the object. On the other hand for rotation in anti-

clockwise direction it acts to the right. An object which moves in straight line in lab

frame, will appear to have spiral trajectory in rotating frame. This spiral trajectory is

result of the Coriolis force. Arguably Coriolis is the most important fictitious force. It

plays central role in meteorology and oceanography, because it causes moving objects

on the surface of the Earth to be deflected to the right in the Northern Hemisphere

and to the left in the Southern Hemisphere, since Earth’s reference frame is also a

rotating frame.

We should note that there is clear mathematical analogy between the Coriolis

force and the magnetic component of the Lorentz force,

FL = qv ×B (5.10)

where q is the charge of the particle and B is the magnetic field. If we analyze the

expressions of the two forces we can clearly see 2M acts as the charge q and Ω acts as
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an B. This mathematical analogy (some physicist think that is not just an analogy

and there is deep physical connection between the two forces see [Royer, 2011].) as

we will see in next sections makes it possible to study the effect of magnetic field in

neutral particles using rotation.

Before we finish this section let us briefly discuss how we can do statistical me-

chanics in the rotating frame. For detailed discussion see [Landau and Lifshitz, 1980,

Leggett, 2006]. Suppose we have a system which is confined to a trap potential V (ri)

which is not necessarily symmetric and particles interact via some central symmetric

potential U(rij) (rij = |ri − rj|) in the lab frame. The Hamiltonian of the system is

given as

H(ri, pi) =
∑

i

[
p2
i

2M
+ V (ri)

]
+

1

2

∑

i,j

U(rij). (5.11)

When we rotate the system with angular velocity Ω let say along the ẑ direction,

the confining potential becomes time dependent V (ri, t) = V [r′i(t)], with r′i(t) =

(xi cos Ωt+yi sin Ωt,−xi sin Ωt+yi cos Ωt, zi). Thus in general our Hamiltonian is time

dependent in the lab frame. On the other hand given that the interaction potential

is symmetric as in the case of cold atoms, than the system is time independent in

the rotating frame which rotates with the equal angular velocity with the system.

Hence using the standard procedure of canonical transformation by first writing the

Lagrangian and than the deriving the Hamiltonian from it, system can be described

in the rotating frame via

Heff = H(r′i, p
′
i)−Ω · r′ × p′. (5.12)

Note that this Hamiltonian is time independent, assuming that system is in ther-

mal equilibrium with a heat bath rotating with the system, standard equilibrium

thermodynamics can be applied. In special times t = 2πn/Ω where n is integer, the

coordinates and momenta of the lab and rotating frame will coincide. Therefore at
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these special times we can replace the coordinates and momenta in above Hamiltonian

with that of lab frame

Heff = H(ri, pi)−Ω · r× p = H(ri, pi)−ΩLz(r,p) (5.13)

where Lz(r,p) is the z-projection of the angular momentum operator. In general, we

know that system is stationary in the rotating frame and therefore distribution will

remain stationary. As a result of this in any general time t, the anisotropy of the

distribution will rotate with angular momentum Ω around ẑ axis viewed from the lab

frame. If the trapping potential is isotropic as in the case we will consider in this and

next chapter, the distributions will also be isotropic. As a result, the above effective

Hamiltonian written in terms of the lab frame coordinates and momenta will be valid

at all times. In this special case the distribution is stationary also in the lab frame.

We will use this effective Hamiltonian to describe the effect of rotation in the rest of

the thesis.

5.2 Rotating Non-interacting 2D Fermi Gas: Local Density Approxi-

mation

In this section we study two species harmonically trapped non-interacting Fermi gas

at T = 0, rotating with angular velocity Ω > 0. We assume again that trap is

isotropic. The Hamiltonian describing the system can be written in two parts

H = Hsho +Hrot (5.14)

where Hsho again denotes the harmonic oscillator part of the Hamiltonian given in

Eq. (3.113) and Hrot denotes the rotation term of the Hamiltonian in the rotating

frame

Hrot =
∑

σ

∫
drψ̂†σ(r) [−ΩLz(r,p)] ψ̂σ(r) (5.15)
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where Lz(r,p) is the z-projection of the angular momentum operator L(r) = r × p.

As we will show below rotation frequency is limited by trap frequency Ω < ω. We

transfer the Hamiltonian to the momentum basis using Eq. (2.38) and make the local

density approximation. For rotating Fermi gas under LDA, besides local chemical

potential we also have the effective local rotation term ΩLk(r) = v(r) · k, where

v(r) = Ωẑ × r. LDA Hamiltonian in momentum basis can be written as

HLDA(r) =
∑

k,σ

[εk − µ(r)− ΩLk(r)] â†kσâkσ. (5.16)

Hamiltonian is already diagonal, therefore the dispersion relation can be deduced

as

εk(r) =
k2

2M
− rΩk sin(θk − θr)− µ(r) (5.17)

where θk is the polar angle in k-space and θr is the polar angle in r-space. Since the

trap is rotationally symmetric and we are interested in the rotationally symmetric

solutions, without loss of generality, we take θr = 0 corresponding to the positive x-

direction in real space. From above expression we see that rotation breaks the rotation

and inversion symmetry of the dispersion relation in k-space. This asymmetry results

in a tilt of the excitation spectrum. As a result, the minimum of the paraboloid shifts

from the center to finite k = rΩM and the Fermi surface is a circle centered around

this finite momentum [see Fig. 6.1(c)].

LDOS can be calculated from Eq. (2.62) as

D(ε, r) =
MA

π
Θ

[
ε+

(Ω2 − ω2)Mr2

2

]
(5.18)

thus LDOS is constant in the non-zero region and has parabolic shape similar to

LDOS of the non-rotating 2D Fermi gas. Rotation decreases the curvature of the

parabolic LDOS. From this LDOS profile we can deduce that 2D Fermi gas will
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retain its parabolic density profile under rotation and gas will expand as the rotation

is increased. In order to demonstrate this let us compute the density distribution

either via n(r) =
∑

k Θ[−εk(r)]/A, or by counting the local states up to the local

chemical potential µ(r), i.e. to integrate

n(r) = 2

∫ µ(r)

0

D(ε, r)/Adε = 2

∫ µ(r)

0

M

π
Θ

[
ε+

(Ω2 − ω2)Mr2

2

]
dε

= 2

∫ µ(r)

(Ω2−ω2)Mr2

2

M

π
dε =

M2

π

[
2µ

M
− (ω2 − Ω2)r2

]
. (5.19)

If we integrate above expression over all the trap, relating density to Fermi energy

of the non-interacting 2D Fermi gas we get the global chemical potential as

µ = EF

√
1− Ω2

ω2
. (5.20)

Note that at µ → EF as Ω → 0. Rotation reduces the chemical potential, as

expected from LDOS profile given above, but it is always positive. Thus the density

profile of the non-interacting 2D Fermi gas is given as

n(r) =
M

π

[
2EF

√
1− Ω2

ω2
− (ω2 − Ω2)Mr2

]
. (5.21)

As we correctly predicted from LDOS, trap profile is an inverted parabola with a

decreasing curvature for increased Ω. We can deduce the edge of the trap from the

density distribution, i.e. n(R0
O) = 0,

R0
O =

RF

(1− Ω2

ω2 )1/4
. (5.22)

As expected, gas expands with increasing Ω due to the centrifugal effects. Note

that at Ω = ω trap can not supply the necessary centripetal acceleration and particles

escape from the trap.
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Figure 5.1: The density profile of the rotating non-interacting Fermi gas.(a) Density
profile with changing rotation frequency Ω. The central density monotonically de-
creases and gas expands due to the centrifugal effects. (b) Density at representative
Ω values. Density retains its parabolic shape under LDA.

Normal Fermi gas rotates rigidly like any classical object. The angular current

associated with the rigid body rotation can be written as

Jθ(r) = MrΩn(r). (5.23)

There are several methods for rotating the quantum gases experimentally. One com-

mon method is to pump an angular momentum to the gas before it is trapped by an

isotropic trap which will preserve the angular momentum [Abo-Shaeer et al., 2001,

Haljan et al., 2001]. Alternatively one can create a rotating anisotropic trap, which

will lead to rotating system [Rosenbusch et al., 2002].

5.3 Rotating Non-interacting 2D Fermi Gas: Exact Quantum Mechan-

ical Approach

In this section we will determine the density distribution of the rotating 2D Fermi

gas exactly using the 2D harmonic oscillator basis. It turns out that single particle

Hamiltonian describing the states of the rotating harmonically trapped 2D Fermi gas

is still diagonal in this basis. This is so because 2D harmonic oscillator states are
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eigenstates of the angular momentum operator, as we demonstrated in Eq. (2.69).

Using Eq. (2.68) and Eq. (2.69), single particle Hamiltonian can be written as

H =
p̂2

2M
+

1

2
Mω2r̂2 − Ω(x̂p̂y − ŷp̂x) = ω(n̂L + n̂R + 1)− Ω(n̂L − n̂R). (5.24)

If we apply the Hamiltonian to the eigenstate |n, l〉, we get the energy eigenvalue

of the state

εNL,NR = NLω− +NRω+ + ω (5.25)

where ω± = ω ± Ω or in terms of the quantum numbers n and l

εn,l = ω(n+ 1)− Ωl. (5.26)

Thus rotation breaks the degeneracy between the states with same quantum num-

ber n. Since eigenstates of the Hamiltonian are known exactly, the density profile

for the rotating 2D non-interacting Fermi gas can be obtained by summing over the

single particle states up to the chemical potential µ. This yields the following density

expression

n(r) = 2
∑′

n,l

[R|l|n (r)]2Θ(µ− εn,l). (5.27)

where 2 indicates the degeneracy due the two pseudo-spins, and ′ indicates that for

given n, l takes value from the set {−n,−n + 2,−n + 4, ..., n− 2, n}. In Fig. 5.2 we

compare a density of representative Fermi gas rotating with Ω = 0.75ω for different

particle numbers. Again for low particle number, LDA fails to capture Friedel oscil-

lations as well as the low density tail of the gas. This difference becomes negligible

at high particle numbers such as N = 2500.

There is a very interesting limit, where LDA fails to capture the physics and we

need to relay to the exact calculations. This is the so called rapid rotation limit where

Ω→ ω [Ho and Ciobanu, 2000]. In order to understand the significance of this limit,
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Figure 5.2: Density profile computed via the exact quantum mechanical calculations
compared to the semi-classical LDA results for representative Ω = 0.75ω and different
particle numbers: (a) N = 100, (b) N = 500, (c) N = 1000, (d) N = 2500. In low
particle numbers such as N = 100 LDA fails to capture Friedel oscillations at the
center of the trap and low density tail of the gas. For considerable particle numbers
such as N = 2500, Friedel oscillations become invisible and low density tail becomes
very small compared to the system size. Thus at high particle limit LDA and exact
QM calculations become indistinguishable both for all Ω except the fast rotation limit
Ω→ ω. See text for details.
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Figure 5.3: Schematic representation of the energy levels for (a) Ω = 0, (b) 0 < Ω < ω,
(c)Ω → ω. Numbers denote the angular momentum quantum number l. We can
clearly see the emergence of Landau level structure with energy gap 2ω in Ω → ω
limit.

let us rewrite the single particle Hamiltonian of the rotating 2D non-interacting Fermi

gas in more suggestive way.

H =
p̂2

2M
+

1

2
Mω2r̂2 − ΩLz(r)

=
1

2M
(p̂−MΩ× r̂)2 +

1

2
M
(
ω2 − Ω2

)
r̂2. (5.28)

Note that the first term is very similar to the kinetic energy term of a charge q

particle moving in a uniform magnetic field B, which can be related to the rotation

frequency as B = 2MΩ/q. Thus this analogy can be used to simulate the effects

of a uniform magnetic field on the charged particle in a neutral atomic gas. Hence

rotating non-interacting Fermi gas can be used to study the physics of the quantum

Hall effect [Ho and Ciobanu, 2000]. This is expected since, Coriolis pseudo-force is

analogous to the magnetic component of the Lorentz force as we discussed above. Of
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course second term is absent in the magnetic field Hamiltonian and therefore weakens

the analogy. But if rotation is very rapid, and Ω → ω the second term becomes

negligible and we have one to one correspondence between the two Hamiltonians.

Hence we expect appearance of Landau level structure in this rapid rotation limit.

This structure can be seen from the dispersion relation which in this limit becomes

εnL,l = ω(2nL + 1) + ω−l ≈ ω(2nL + 1) (5.29)

where nL = NR denotes the Landau level index. Note that the energy levels with

same nL are almost degenerate, and energy levels with different nL are separated by

an energy gap 2ω. This results in single particle energy levels grouped into almost

degenerate energy bands (See Fig. 5.3). Thus clearly Landau level structure is emerg-

ing, and NR denotes the Landau Level index nL. The first three Landau levels in

the trap are shown for Ω = 0.99ω by the (purple) dots in Fig. 6.9 as a function of

angular momentum. These levels are still two-fold degenerate because of the spin of

the particles.

Each filled Landau level results in homogeneous density and this leads to ziggurat

shaped density profiles in the trap, reflecting the number of the filled Landau levels.

Such staircase profiles with one, two and three filled Landau level are exemplified by

(purple) dotted lines in Fig. 6.10(a)-(c), respectively. Between each step there are

oscillations. These oscillations is directly related to the index of Landau level. When

passing from nth Landau level to n+1th Landau level n oscillations appear. Maximum

number of particles in each band can be estimated for given chemical potential from

the dispersion relation as

NnL = 2Int

(
µ− nL(ω + Ω) + ω

(ω − Ω)

)
(5.30)

where Int is function which gives the, smaller integer neighbor of its input. Landau

level structure in the density is finite size effect and become less visible as we go

towards the thermodynamic limit. Hence it can not be captured by LDA, which

provides the thermodynamic limit picture of the system. We note that rapid rotation
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limit is accessible experimentally and was first time reached in 2004 in JILA, where

Ω ≈ 0.993ω rotational speed was achieved [Schweikhard et al., 2004].

5.4 Rotating Superfluids: Hess-Fairbank Effect and Vortices

Superconductivity is a superfludity of a charged particles. For detailed discussion

of superconductivity and its relation to superfluidity see [Annett, 2004]. Supercon-

ductivity is usually defined through the Meissner effect. The Meissner effect is the

spontaneous expulsion of a magnetic field lines from the interior of the superconductor

which occurs after transition from normal metal to superconductivity (assuming mag-

netic field is weak) [Meissner and Ochsenfeld, 1933]. Given that the Meissner effect

is the defining characteristic of superconductivity, natural question to ask is whether

there is an analogous effect in the superfluids. As we discussed in the previous sec-

tions, Coriolis force is analogous to the magnetic part of the Lorentz force, therefore

rotation can be expected to lead to an analogous effect to the Meissner effect. It turns

out that this expectation is correct and there is a similar effect known as the Hess-

Fairbank effect [Hess and Fairbank, 1967]. Analogous to superconductors, superfluids

”expel” the angular momentum of its container. To understand this effect let us as-

sume that we have a liquid in hollow cylinder container with inner radius R−d/2 and

outer radius R+d/2 such that R� d, and assume that container is very close but not

perfect cylinder [Leggett, 2006]. If the liquid is normal liquid like water and we rotate

the container with an angular frequency Ω after some time water will start to rotate

rigidly with the same angular frequency Ω. Unless we stop the container water will

continue to rotate rigidly and carry angular momentum L = IΩ, where the moment

of inertial is I = NMR2. Suppose now we put some fluid which becomes superfluid

at low temperatures such as He4. Suppose the temperature of the system is T > Tc,

where Tc is the critical temperature of the normal to superfluid transition of the fluid.

Suppose we rotate the container with low rotation Ω < Ω1 = 1/(2MR2) (in analogy

to weak magnetic field). Similar to water, after some time fluid will start to rotate

rigidly with the same angular velocity of the container. Suppose we slowly lower
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the temperature while container still rotates with constant angular velocity. After

temperature falls below Tc something interesting happens, slowly fluid comes out of

equilibrium from its container. The fluid rotates with non-classical moment of inertia

I < NMR2, whose value is smaller from the classical moment of inertia by fraction of

nN/n, where nN is the density of normal fluid and n is the total density. As we come

closer to T = 0 fluid’s rotation slows down and at T = 0 it completely stops. Thus

when system becomes completely superfluid, angular momentum is completely ”ex-

pelled” from the fluid. Hess-Fairbank effect, i.e. emergence of non-classical moment

of inertia is one of the phenomenological definitions of superfludity complementary to

the ones given in Sec. 3.10)

The non-rotational character of superfluid can be demonstrated by calculating

the vorticity of the superfluid. Vorticity is a pseudo-vector field which measures the

tendency of something to rotate. It is defined as the curl of the flow velocity

~ω = ∇× v. (5.31)

For rigid body rotation like in the non-interacting Fermi gas flow velocity is given

as

v = Ω× r (5.32)

which yields a uniform vorticity

~ω = ∇×Ω× r = 2Ω. (5.33)

The flow velocity of the superfluid vs is given by the gradient of the phase of the

order parameter ∆(r) = |∆(r)|eiθ(r) as

vs =
1

2M
∇θ(r) (5.34)

where 2M is the mass of the Cooper pairs. From this relation it is clear why superfluid

has non-rotational character, its vorticity vanishes

~ω =
1

2M
∇×∇θ(r) = 0. (5.35)
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Another useful concept is the circulation Γ, which is the line integral around a

closed curve of the flow velocity and can be related to the vorticity via the Stokes

theorem. The circulation of simply connected geometry is trivially zero

Γ =

∫
∇× vs · da =

∮
vs · dl = 0. (5.36)

Thus under normal conditions superfluids can not carry any angular momentum

due to their irrotationality. But if the phase θ(r) has singularity than irrotationality

condition can be satisfied even though system carries angular momentum. Even in

the presence of singularity order parameter, which is the wave function of boson in

BEC limit must be single valued. Hence the change in the phase around some closed

contour must be integer multiple of 2π

∆θ =

∮
∇θ(r) · dl = 2πm (5.37)

where m is some integer. This leads to circulation

Γ =

∮
v · dl =

1

2M

∮
∇θ(r) · dl =

2πm

2M
. (5.38)

The vorticity of this system is given by

~ω =
2πm

2M
δ2(r)ẑ. (5.39)

This result is known as the Onsager-Feynman quantization condition [Onsager, 1949,

Feynman, 1955]. Note that circulation is quantized, which implies that this is a

macroscopic quantum phenomenon. The singularity is known as the vortex. The

superfluid systems can carry angular momentum via vortices. Vortices may appear

in normal fluids, but they are meta-stable, if there is finite viscosity system will

start to rotate like rigid body eventually. On the other hand quantized vortices
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are direct and unique signature of the superfludity and they can persist for arbi-

trary long times. These vortices are analogous to the vortices which appear in the

type II superconductors, where beyond certain critical magnetic field Bc1 the ap-

plied magnetic field starts to penetrate the sample via vortices. Analogously for ap-

pearance of vortices in the superfluids system must be rotated with angular velocity

Ω > Ω1. The first quantized vortices were observed on superfluid Hellium-4 in 1958

by Vinen [Hall and Vinen, 1956]. Later vortices were observed in both bosonic and

fermionic ultracold quantum gases [Abo-Shaeer et al., 2001, Zwierlein et al., 2005].

We should note that if superfluid density is constant with time ∂ns/∂t = 0, con-

tinuity equation implies that ∇ · Js = 0, where Js is the superfluid current. This in

turn implies that ∇ · v = 0, which together with irrotationality condition ∇× v = 0

resemble the Maxwell equations for magnetic field in the vacuum. The analog of vor-

tex line in this picture is wire carrying the electrical current penetrating the surface,

which will modify the corresponding Maxwell equation. From analogy between the

two systems we can conclude that vortices with an opposite circulation attract, while

vortices with same circulation repel each other. As a result of the attraction we can

only have stable vortices with same circulation which will arrange themselves in the

hexagonal lattices as a result of the repulsion. We should also note that vortices with

angular momentum higher than n > 1 will disintegrate to n = 1 vortices, since energy

of such vortex is higher than its decayed counterpart.

Vortex can not appear directly inside the superfluid, rather they enter from the

surface where the order parameter is zero.

5.5 2D Interacting Fermi Gas Under Adiabatic Rotation

As we saw in the previous section an essential signature of the superfluid phase is the

appearance of vortices beyond certain angular velocity when the system is rotated.

The vortex cores consist of rotating normal gas with quantized angular momenta. The

rotation breaks the time-reversal symmetry and eventually leads to the destruction

of the superfluid phase. However, if the rotation is introduced adiabatically without
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exciting vortices, Cooper pairs in a Fermi system may be broken due to the Coriolis

effects and a normal component carrying angular momentum may be created (For

schematic representation of the possible responses of the superfluid to the rotation

see Fig. 5.4). Adiabaticity requires that the rotation is introduced slowly to the

system. In particular the rate of change of rotation frequency should be much smaller

than the quasiparticle excitation frequency for vortex creation.

This possibility was previously considered for a 3D Fermi gas at unitarity us-

ing the energy densities obtained from Monte Carlo simulations together with local-

density approximation [Bausmerth et al., 2008a, Bausmerth et al., 2008b]. It was

shown that adiabatic rotation gives rise to a phase separation between the non-

rotating superfluid (SF) at the center and a rigidly-rotating normal (N) gas at the

edge. This result also follows from the microscopic BCS theory using both the local-

density approximation [Urban and Schuck, 2008] and the Bogoliubov-de Gennes ap-

proaches [Iskin and Tiesinga, 2009]. These studies also showed that besides SF and

N phase, there is also a partially-rotating gapless superfluid phase (gSF) separating

them. Later studies based on BdG approach showed that pair-breaking scenario can

be energetically preferred over vortex formation even in the absence of the adiabaticity

assumption [Warringa and Sedrakian, 2011, Warringa, 2012].

In this section we will study the effect of adiabatic rotation on interacting 2D

Fermi gas using the BCS theory [Doko et al., 2016]. The pair breaking mechanism

can be understood via the Coriolis force in the rotating frame. As we discussed in the

previous sections, superfluidity emerges due to formation of the Cooper pairs with

momentum in opposite direction and spin, i.e. (k, ↑;−k, ↓). As we demonstrated the

Coriolis force is proportional to the velocity of the particle, therefore particles forming

the Cooper pair will feel force in opposite directions. If the force is strong enough

Coriolis force will break the Cooper pairs and hence destroy the superfluidity.

We again analyze the system both under mean-field and LDA. The Hamiltonian

in momentum basis can be written as sum of non-interacting terms given in Eq. (5.16)

and mean-field term. Gap and number equations, as well as the excitation energy
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Figure 5.4: Schematic representation of the possible responses of the superfluid to
the rotation. (a) Hess-Fairbank effect. At low rotations Ω < Ω1 = 1/(2MR2),
superfluid is irrotational and ”expels” the angular momentum. (b) Vortex. At higher
rotational frequencies Ω > Ω1 superfluid can carry angular momentum with the help
of singularities known as the vortex. (c) Vortex lattice. Angular momentum carried
via vortices is quantized and at even higher rotation frequencies hexagonal vortex
array with same circulation emerges. (d) Superfluid-Normal phase separation. If
rotation is introduced adiabatically so that vortices does not emerge, Coriolis force
may break the Cooper pairs at the edge of the trap, creating gappless superfluid
which can rotate non-rigidly and normal fluid which rotates rigidly, surrounding the
non-rotating superfluid core respectively.
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can be derived by the procedure given in Sec. 6.3, where the derivation is done for

rotating Rashba coupled Fermi gas. Simply taking α → 0 will give the gap and

number equations for the case we consider in this section. The excitation energy is

given as

Ek(r) =
√

[εk − µ(r)]2 + |∆(r)|2 − ΩLk(r) (5.40)

where again εk = k2/(2M) is the kinetic energy, µ(r) is the local chemical potential

given in Eq. (3.103) and the rotation term ΩLk(r) = rΩk sin(θk − θr). The number

and gap equations are given as

n(r) =
1

A

∑

k

(
1− εk − µ(r)

[εk − µ(r)]2 + |∆(r)|2 {1− 2f [Ek(r)]}
)
, (5.41)

1

g
=

1

2A

∑

k

1− 2f [Ek(r)]√
[εk − µ(r)]2 + |∆(r)|2

. (5.42)

Rotation enters the gap and number equation via Fermi function, which at T =

0 reduces to a step function. Therefore note that if Ek(r) > 0 for all k values

both number and gap equation are unaffected by the rotation, hence system remains

completely superfluid. We have Hess-Fairbank effect, system does not carry any

current. However if we have fast enough rotation, the Cooper pairs start to break

and emerging normal gas starts to carry current. The pair breaking mechanism can

be analyzed by looking at the excitation spectra. When the gas is not rotating, Ω = 0,

the quasi-particle Ek(r) and quasi-hole

E ′k(r) = −
√

[εk − µ(r)]2 + |∆(r)|2 − ΩLk(r) (5.43)

excitation energies are symmetric. This is the ideal situation for pair formation with

zero center of mass momentum. On the other hand when Ω 6= 0, rotation breaks the

symmetry between the time-reversed pairing states (k, ↑;−k, ↓) and the excitation

energies become dependent on the direction of momentum. This asymmetry can
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Figure 5.5: Schematic diagrams showing the excitation spectrum Ek(r) with Ω 6= 0
for (a) a gapped superfluid at r = 0, (b) a gapless superfluid at r > 0. The regions
with negative quasi-particle energy result in the pair breaking effect.

eventually lead to negative quasi-particle energies and broken pairs in the ground

state. The Ek(r) < 0 and −E ′−k(r) > 0 regions between the gapless boundaries in k-

space, which due to the particle-hole symmetry appear at k and −k respectively, are

occupied not by pairs but by single particles. We can find these intervals k1 < k < k2

by setting Ek(r) = 0, which gives

k2
1,2 = 2M

(
µ(r) +MΩ2r2

)
± 2M

√
A(r) (5.44)

with A(r) = 2MΩ2r2 (µ(r) +MΩ2r2/2)− |∆(r)|2. Hence the condition for the emer-

gence of r-space regions with gapless excitations is A(r) ≥ 0. We assumed in this

computation that θr = 0 without loss of generality because system has an azimuthal

symmetry in the real space.

We should note that having gapless excitations does not imply complete destruc-

tion of the superfludity in that region. As we mentioned above we have three possible

phases:

1. The Superfluid(SF) phase: This is a gapped superfluid phase characterized by

a non-zero order parameter ∆(r) > 0 and a gapped excitation spectrum Ek(r) > 0
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for all k. Alternatively this phase can be a characterized by zero mass current density

J(r) = 0 for Ω > 0 showing Hess-Fairbank effect.

2. The Gapless-Superfluid (gSF) phase: This phase is characterized by a non-

zero order parameter ∆(r) > 0 and a gapless excitation spectrum Ek(r) < 0 for

some k. Alternatively this phase can be characterized by a non-zero mass current

density in azimuthal direction Jθ(r) 6= 0 which differs from the rigid body current

Jθ(r) < MrΩn(r).

3. The Normal(N) phase: This phase is characterized by a zero order parameter∆(r) =

0. This phase is trivially gapless and carries rigid body current in azimuthal direction

Jθ(r) = MrΩn(r).

The mass current density can be calculated from

J(r) =
2

A

∑

k

knk(r) =
2

A

∑

k

k

(
1− εk − µ(r)

[εk − µ(r)]2 + |∆(r)|2 {1− 2f [Ek(r)]}
)
.

(5.45)

In above equation nk(r) is the summand of the number equation and 2 counts the

spin degeneracy. Note that for Ek(r) > 0 for all k, summand of above expression is

same for both k and −k and therefore for gapped superfluid case trivially J(r) = 0.

But if Ek(r) < 0 for some k, the symmetry between k and −k is broken due to

different Fermi function values, and we have J(r) 6= 0. For ∆(r) = 0 above expression

can be calculated analytically to yield rigid body rotation current expression.

When there is no pair breaking (either sufficiently strong interactions or slow

rotation); µ, n(r) and |∆(r)| are not affected by rotation. The whole gas is in the

SF phase and the edge is located at RO = RF . At the critical rotation frequency Ωc

for the onset of pair breaking, the gapless excitations appear at the edge of the gas,

i.e. A(RF ) = 0. At the same time, the radius of the normal gas having the same

chemical potential coincides with the Thomas-Fermi radius at Ωc, i.e. R0
O = RF .

This indicates the phase transition from the SF phase to the N phase at the edge.

Hence the occurrence of the gSF and N phases start at the edge of the gas and the
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Figure 5.6: Critical rotation frequency for the onset of pair breaking as a function of
binding energy Eb. Since rotation frequency is limited by the trap frequency, Ω ≤ ω,
it follows that pair breaking cannot occur in the trapped gas for Eb > 2EF .

SF boundary moves toward the center of the trap as Ω further increases. In 2D, as

opposed to the 3D case, one can analytically obtain the critical rotation frequency for

onset of pair breaking [Doko et al., 2016]

Ωc = ω

√
Eb

2EF
. (5.46)

This expression can be obtained from A(RF ) = 0, using Eq. (3.94) and is plotted

in Fig. 5.6. Since rotation frequency is limited by the trap frequency, Ω ≤ ω, it follows

that pair breaking cannot occur in the trapped gas for Eb > 2EF . Incidentally, the

point Eb = 2EF above which no pair breaking is possible, corresponds to the point

where µ changes sign. This is consistent with the 3D results where it is known that

when µ < 0 there is no pair breaking [Urban and Schuck, 2008].

Beyond Ωc pair breaking occurs and the trap profile consists of three regions. At

the center of the trap there is a SF followed by a gSF region and an unpaired N phase

at the outer edge. For Ω > Ωc, the SF region monotonically shrinks with increasing

Ω, but survives in the limit Ω → ω since the center is never directly affected by the
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Figure 5.7: Trap profile of an adiabatically rotating interacting Fermi gas with Ω > Ωc.
We present density, order parameter and mass current density for representative (a)
Eb = 0.1EF (Ωc = 0.2236ω), Ω = 0.3ω and (b)Eb = 0.5EF (Ωc = 0.5ω), Ω = 0.6ω.
gSF region is very small but still visible between the SF and N phase.

rotation. The ring of N phase expands both inwards and outwards as Ω increases.

For fast rotations, the density may form a kink at the SF-N interface, a feature which

is also similar to the 3D results [Urban and Schuck, 2008]. This kink is a direct result

from the fact that curvature of the superfluid density is not effected by the rotation,

whereas the curvature of the N phase density increases with increasing Ω. In Fig. 5.7

we plot trap profile of an adiabatically rotating interacting Fermi gas with Ω > Ωc for

representative Eb = 0.1EF (Ωc = 0.2236ω), Ω = 0.3ω and Eb = 0.5EF (Ωc = 0.5ω),

Ω = 0.6ω. We clearly see that at the center we have SF (Jθ(r) = 0) and at the edge

of the trap we have N phase (∆(r) = 0). gSF phase is present but occupies very small

region and is hardly visible. SF-N phase transition in the trap can be also detected

from the kink at the density.

Again in order to check validity of the LDA, we use the full quantum mechanical

BdG equations. The BdG equations used in these calculations can be deduced by

taking α→ 0 limit of the more general BdG equations derived in Sec. 6.5. In Fig. 5.8

we compare density and order parameter profiles computed via both LDA and BdG

calculations. LDA provides a reasonable approximation to BdG calculations. Ro-
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tation breaks the Cooper pairs and leads to emergence of normal phase, as a result

of this Friedel oscillations are resurrected at the edge of the trap. This results in a

detectable difference between LDA and BdG in the outer regions of the trap for low

particle numbers such as N = 100. LDA also fails at the region where ∆(r) falls

sharply as expected, but this failure also becomes less prominent as particle number

increases.
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Figure 5.8: The trap profiles for representative Eb = 0.5EF and Ω = 0.7ω. (a) n(r)
for N = 100, (b) ∆(r) for N = 100, (c) n(r) for N = 500, (d) ∆(r) for N = 500. LDA
provides reasonable approximation to BdG calculations. Rotation breaks the Cooper
pairs and leads to the emergence of a normal phase. As a result of this Friedel
oscillations are resurrected at the edge of the trap. This results in a considerable
amount of difference between LDA and BdG in the outer regions of the trap for low
particle numbers such as N = 100. We should note that the sharp decrease in ∆(r)
is not present in BdG where ∆(r) decreases continuously.



Chapter 6

ROTATING RASHBA COUPLED 2D FERMI GAS

6.1 Rotating Non-Interacting 2D Fermi Gas with Rashba SOC: Local

Density Approximation

In this section we analyze the behavior of the non-interacting Fermi gas confined

by the harmonic trap in the presence of Rashba SOC and rotation using LDA. But

before we present the theoretical analysis let us briefly discuss experimental realizabil-

ity of the systems we discuss in this chapter. In previous chapter we demonstrated

that Hamiltonian describing the system with rotating trap can be made time in-

dependent by describing the system in the rotating frame. But in the presence of

SOC, this approach may not work in straightforward way. As discussed in Sec. 4.3

SOC is created with a pair of Raman lasers which in the rotating frame will not

be stationary but will rotate with the frame’s angular velocity with respect to the

lab frame. The time dependence created from these lasers can not be eliminated

in general with any unitary transformation, rendering tools of equilibrium statistical

mechanics inapplicable. Fortunately there are two ways to solve this problem. First

lasers can be rotated with the rotating frame so that they are stationary in the ro-

tating frame. Or synthetic SOC can be combined with synthetic Abelian magnetic

field which imitates rotation [Radić et al., 2011]. For example the NIST scheme im-

plemented in the recent experiments yields time independent Hamiltonian if lasers

are rotated with the same frequency as the trap. On the other hand rotating Rashba

coupled Fermi gas, which is ur focus in this section can be realized with the so called

tripod scheme [Ruseckas et al., 2005, Stanescu et al., 2007], where three degenerate

ground states couple with an excited state. Interestingly in the tripod scheme, if

we rotate just the trap and leave the lasers stationary, if the SOC is Rashba type
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and an effective Zeeman splitting is zero, i.e. δ0 = 0 the non-interacting part of the

Hamiltonian becomes time independent [Radić et al., 2011]

H =

[
p2

2M
+ w(r)− Ω Lz(r,p)

]
I− α (pxσy + pyσz)−

Ωσx
2

(6.1)

where w(r) is the spin-independent part of the Hamiltonian. Alternatively, again by

just rotating the trap in so called 4-level-scheme [Campbell et al., 2011] and choosing

the parameters so that we have Rashba type SOC, the non-interacting part of the

Hamiltonian becomes time independent [Radić et al., 2011]

H =

[
k2

2M
+ V (r)− Ω Lz(r,k)

]
I + α (kyσx − kxσy) +

(
∆z

2
− Ω

2

)
σz (6.2)

where ∆z is the effective Zeeman field. Thus we have at least two schemes for crating

non-interacting rotating Fermi gas with Rashba SOC, which does not even relay on

rotating the lasers, besides rotating the set up on the experimentally realized NIST

scheme. Alternatively spatially-dependent detuning can be used to generate effective

rotation. Thus while there are many technical challenges which needs to be overcame,

rotating Fermi gas with Rashba SOC in principle can be realized. Motivated with

this analysis we first study the non-interacting Fermi gas with SOC under LDA. The

Hamilonian of non-interacting Fermi gas with SOC can be written as a sum of three

terms:

Hni = Hsho +Hrot +Hsoc (6.3)

where Hsho is the simple harmonic oscillator term given in Eq. (3.113), Hrot is the

rotation term in the rotating frame given in Eq. (5.15) and lastly Hsoc is the SOC

term expressed in Eq. (4.58). We again make LDA and transform our Hamiltonian

to momentum basis using standard relation , ψσ(r) = (1/
√
A)
∑

k e
ik·rakσ,

HLDA
ni =

∑

k

(
â†k↑ â†k↓

)



k2

2M
− µ(r)− ΩLk(r) α(kx − iky)
α(kx + iky)

k2

2M
− µ(r)− ΩLk(r)




âk↑
âk↓


 .
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Figure 6.1: Illustration of negative helicity Fermi surfaces: (Ω/ω, αkF/EF ) = (0, 0.5)
in (a), (0, 2) in (b), (0.8, 0) in (c), (0.35, 1) in (d), (0.35, 1.47) (e), (0.35, 1.49) in
(f), respectively. See text for discussion.

(6.4)

Above Hamiltonian can be easily diagonalized to yield the dispersion relation for

a s helicity particle

εks(r) =
k2

2M
+ sαk − rΩk sin(θk − θr)− µ(r). (6.5)

Since the trap is rotationally symmetric without loss of generality, we take θr = 0

corresponding to the positive x-direction in the real space. Note that the negative

helicity dispersion minima is tilted by rotation, breaking the degeneracy in the lowest

energy state resulting from SOC. Within LDA the tilting effect is proportional to k,

hence the effect can be enhanced by SOC.

The curves describing the Fermi surface of s helicity particles can be calculated

by setting εks(r) = 0, and is given as

ks1,2 = M(Ωr sin θk − sα)±
√
M2(Ωr sin θk − sα)2 + 2Mµ(r). (6.6)
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Figure 6.2: Local energy density of states in the trap for increasing values of Ω
and α. Within LDA for a gas without SOC (a) (Ω = 0, α = 0) and (b) (Ω =
0.4ω, α = 0) LDOS displays standard constant behavior for the energy DOS in 2D
except the outward extension due to rotation. SOC enhances LDOS for lowest energies
as in (c) (Ω = 0, α = 3EF/kF ). For the most general case (d) (Ω = 0.8ω, α =
3EF/kF ), rotation pushes the minimum of LDOS away from the center and removes
the divergence for r 6= 0 as discussed in the main text in detail.

This new excitation spectrum gives rise to three topologically distinct Fermi

surfaces for negative and one for positive helicity particles. For µ(r) > 0, the

Fermi surface of negative helicity particles is a circle around some finite k (see

Fig. 6.1(d)). For µ(r) < 0 and
(√
−2µ(r)/M − α

)
/(2rΩ) ≤ −1, the Fermi sur-

face is a deformed ring centered around k = 0 (see Fig. 6.1(e)). For µ(r) < 0 and∣∣∣
(√
−2µ(r)/M − α

)
/(rΩ)

∣∣∣ ≤ 1, negative helicity particles form a crescent shaped

Fermi surface (see Fig. 6.1(f)). On the other hand the positive helicity Fermi surface

is a deformed circle centered at some finite k. Unlike the non-rotating case, positive

helicity particles exist even when µr ≤ 0 as long as
(√
−4µ(r) + α

)
/(2rΩ) ≤ 1.

The position of the lowest energy state in the trap can be obtained by minimizing
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the lower energy branch εk−(r) with respect to both k and r. Whereas for α = 0 or

Ω = 0 the lowest energy state is located at the center of the trap, in the general case

it has momentum k = αMω2/(ω2−Ω2) in the opposite flow direction (θk = π/2) and

is located at the radial distance

r =
αΩ

ω2 − Ω2
. (6.7)

Thus lowest energy state moves to higher radial distances when either α or Ω is

increased and it can be only at finite r if they both are present.

In this most general case LDOS D(r, ε) =
∑

k,s δ[ε− εks(r)] can not be calculated

analytically, but we can calculate it numerically using the following representation of

Dirac delta function

δ(x) ≈ ς

π(x2 + ς2)
(6.8)

with ς = 10−3. In Fig. 6.2(d) we show an example LDOS profile. The higher angular

momentum states, which are localized at higher radial distances, have lowest energy.

Therefore the energy at finite angular momentum is lower than the non-rotating SOC

level at the center of the trap. For high enough Ω and α, all the particles leave the

center giving rise to a ring shaped density profile discussed below and requires the

presence of both SOC and rotation simultaneously. Since as we discussed above for

α = 0 or Ω = 0 lowest energy state is at the center of the trap and therefore we

always have particle in the center of the trap. Rotation removes the 1D character and

the divergence of LDOS with SOC for r 6= 0 because it breaks the degeneracy of the

negative helicity dispersion minima.

Since we do not know the LDOS analytically, we can not obtain an expression

for density distribution in the trap. Nevertheless we can obtain the central density

analytically since the rotation term is zero there. Thus the density is same as that

given in Sec. (4.6)

n(0) =
M

π
(α2M + µ) (6.9)
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for µ ≥ 0 and

n(0) =
αM2

π

√
α2 +

2µ

M
(6.10)

for µ < 0. This result is important because we can identify the critical condition

α2 +
2µ

M
≤ 0 (6.11)

for which the trap center is empty due to the above mentioned effect.

The points where the local density vanishes and thus the local Fermi surfaces

disappear define the inner and outer radii forming the edges of the gas. The presence

of the Fermi surface implies real ks1,2, thus we can find the edge(s) from the vanishing

of the square root in Eq. (6.6) as the solutions to M2(Ωr−sα)2 +2Mµ(r) = 0 so that

R0
I,O = RF

ωΩα± ω
√
α2ω2 + 2µ(ω2 − Ω2)/M

kF (ω2 − Ω2)/M
. (6.12)

The inner radius appears R0
I ≥ 0 only when α2 + 2µ/M ≤ 0 and the gas forms an

annulus.

The density distribution can be calculated by integrating numerically

n(r) =
1

A

∑

k,s

Θ [−εks(r)] . (6.13)

We should note that we again relate the particle number to Fermi energy of trapped

2D Fermi gas EF = ω
√
N . In Fig. 6.3, we show the density profiles for different values

of Ω and α. For Ω = 0.15ω shown in Fig. 6.3(a) we plot the density in the whole

trap as a function of α. Fig. 6.3(c) shows the trap profile at representative values of

α corresponding to horizontal cuts from the surface plot in Fig. 6.3(a). The density

at the center of the trap increases with SOC due to increasing low energy density of

states we discussed in Ch.4. However, SOC energetically favors some finite angular

momentum states as well. As α is increased, the latter effect causes the gas to

expand, while the density at the center also increases as result of the former effect.
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This competition results in a sharp decrease of density as we move away from the

center. Further increasing α approaching the critical value of α =
√
−2µ/M , the

latter effect completely dominates and the center density starts to decrease as the gas

continues to expand. As we get very close to this critical value, the density develops

a second local maximum. When we reach the critical value, the density at the center

of the trap depletes. The radius R0
I of the empty core region in the center of the trap

grows linearly with α once it forms. For faster rotation Ω = 0.5ω shown in Fig. 6.3(b)

even for a small α the latter effect mentioned above is dominant and the gas expands

immediately as α is increased. The center density decreases, however this can happen

non-monotonically by first decreasing than increasing and as we get close to critical

value decreasing again. Note that depletion of the center takes place at lower critical

α for faster rotating traps, which is expected from Eq. (6.7) since at faster rotation

minimum energy states move to higher r.

The same expansion effect can also be observed as Ω is increased at fixed α as

shown in Fig. 6.4. In contrast to changing α, increasing rotation results in monotonic

expansion and decrease of density at the center of the trap, which is more pronounced

for large values of α. [Compare Fig. 6.4(a) and Fig. 6.4(b)]. The edges of the gas show

a nonlinear behavior as a function of Ω. The lower panel of Fig. 6.4 similarly shows

the radial density of representative values of Ω corresponding to various different

distributions.

The critical rotation frequency Ω0
c for the emergence of the annulus can be calcu-

lated by self consistent solution of Eq. (6.13) together with the condition α2+2µ/M =

0 and is plotted in Fig. 6.5. In the α → 0 limit, there is no ring formation but the

confinement disappears when Ω = Ω0
c → ω. However any finite α eventually leads to

an annulus for some Ω < ω. Ω0
c monotonically decreases for increasing α as seen in

Fig. 6.5.

Since the experiments are done in finite temperatures, it is an interesting question

whether this ring shaped annulus persist in experimentally accessible finite T . The

finite temperature density profile can obtained by integrating
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Figure 6.3: Non-interacting density profiles in the trap with changing SOC strength
α for (a) Ω = 0.15ω and (b) Ω = 0.5ω. The density at representative SOC values
from (a) and (b) are plotted in (c) and (d), respectively. The rotating gas takes up a
ring-shaped form as α is increased.
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Figure 6.4: Non-interacting density profiles in the trap with changing Ω for (a) α =
1kF/EF and (b) α = 4kF/EF . The density at representative Ω values from (a) and
(b) are plotted in (c) and (d), respectively. The SOC gas takes up a ring-shaped form
as Ω is increased.
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Figure 6.5: The critical rotation frequency Ω0
c for the depletion of the center as a

function of SOC strength α, at which the disked shaped density of the non-interacting
gas transforms into a ring. An annulus forms at Ω < ω for any finite α. The α → 0
limit of Ω0

c gives the trap frequency ω indicating the necessity of SOC for this effect.
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n(r) =
1

A

∑

k,s

f [εks(r)] . (6.14)

Fig.6.6 shows the effects of temperature T on the density profiles at the simulta-

neous presence of α and Ω. The temperature broadening effect is most significant for

the ring shaped density distributions, which eventually recover a disk profile at some

high enough temperature. However the ring shaped annulus can persist at higher

temperatures by increasing α and/or Ω, reaching the order of Fermi temperature

TF = EF/kB, therefore making experimental observation possible. We also note that

before the high temperature Gaussian density profile is recovered, we observe a flat

density distribution, the width of which can be on the order of RF , at the intermediate

temperature region.

Another interesting quantity to compute is the local spin polarization defined as

Pi(r) =
1

A

∑

σσ′

〈â†kσσiσσ′ âkσ′〉
n(r)

(6.15)

where i denotes the components. The components of the local polarization vector can

be calculated via

Px(r) + iPy(r) =
2

A

∑

k

〈â†k↑âk↓〉
n(r)

. (6.16)

As we discussed, while the presence of α creates helicity bands with definite spin

orientation with respect to momentum direction, the rotation favors momenta parallel

to the rotational flow. These two facts combined also lead to finite local polarization

of spin in angular direction

Pθ(r) = − sin(θr)Px(r) + cos(θr)Py(r). (6.17)

Such spin polarization is absent in Ω = 0 limit since opposite momentum states

contribute equally with opposite spin polarizations, whereas in α = 0 limit the de-

coupled spins again average to zero polarization. Therefore the effect relies on Ω > 0
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Figure 6.6: Finite temperature non-interacting density profiles for Ω > 0 and α > 0.
Increasing either Ω or α from (a) (Ω = 0.5ω, α = 1EF/kF ), the disk profile transform
into a ring for (b) (Ω = 0.8ω, α = 1EF/kF ) and (c) (Ω = 0.5ω, α = 3EF/kF ), where
the depletion of the central density is visible for low T . Increasing either Ω or α
further, the effect persists for higher temperatures as in (d) (Ω = 0.8ω, α = 3EF/kF ).
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Figure 6.7: The polarization in angular direction for α > 0 and Ω > 0, increases
monotonically starting from zero at the center and becoming unity at the edge. When
the gas takes up a ring shape, it becomes almost fully polarized.
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and α > 0 similar to the ring formation phenomenon. The spin polarization in this

non-trivial case is shown in Fig. 6.7 for increasing values of α and Ω. The polariza-

tion starts from zero at the center which is not effected from the rotation and reaches

unity at the edge where only the negative helicity lowest energy non-degenerate state

with spin anti-parallel to the angular direction is occupied. For increasing α and Ω

spin polarization in between the edge and the center increases monotonically because

of the disappearance of the positive helicity band and increasing asymmetry in the

dispersion. For a ring shaped density profile, full polarization similarly appears at

the inner and outer edges with polarization approaching almost unity in between as

seen for the Ω = 0.5ω, α = 3EF/kF curve in Fig. 6.7.

6.2 Rotating Non-Interacting 2D Fermi Gas with Rashba SOC: Exact

Quantum Mechanical Approach

In this section we will compute the density distribution of rotating 2D Fermi gas with

SOC exactly using the 2D harmonic oscillator basis to check the validity of LDA. We

use the real space Hamiltonian in Eq. (6.3) without making any approximation

Hni =

∫
dr ψ̂†(r)

[
p̂2

2M
+

1

2
Mω2r̂2 + αp̂ · ~̂σ − ΩL̂z − µ+

]
ψ̂(r) , (6.18)

where ψ̂†(r) = (ψ̂†↑(r), ψ̂†↓(r)) denotes the particle creation operators. We make use

of the rotational symmetry of the system, and expand the field operators in terms of

the angular momentum basis of the 2D harmonic oscillator as

ψ̂σ(r) =
∑

n,l

R|l|n (r)eilθĉn,l,σ , (6.19)

where ĉn,l,σ annihilates a spin σ particle in the |n, l〉 state that is given by the nor-

malized real-space wave function given in Eq. (2.72). Using the relations given in

Sec. (4.6) and Sec. (5.3) Hamiltonian can be written in this basis as
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Hni =
∑

n,l,σ

[ω(n+ 1)− Ωl − µ] ĉ†n,l,σ ĉn,l,σ (6.20)

+
α

2a0

∑

n,l

(
i

√
n+ l

2
+ 1ĉ†n+1,l+1,↓ĉn,l,↑ − i

√
n− l

2
ĉ†n−1,l+1,↓ĉn,l,↑ + H.c.

)
,

where H.c. is the Hermitian conjugate. The Rashba coupling αp̂ · ~̂σ does not preserve

the individual spin or real-space rotational symmetry but the full rotational symmetry

is still manifest. The Hamiltonian Hni commutes and therefore can be simultaneously

diagonalized with the total angular-momentum operator

Ĵz = L̂z + Ŝz =
∑

n,l,σ

(
l +

σz
2

)
ĉ†n,l,σ ĉn,l,σ, (6.21)

where σz = ±1 for σ = (↑, ↓), respectively. Using the conservation of Ĵz, the Hamil-

tonian can be expressed in a block-diagonal form. Writing

Hni =
∑

l

Ψ̂†lHlΨ̂l (6.22)

we obtain a tri-diagonal matrix Hl in each block with the following ordering of basis

states. For l ≥ 0 corresponding to the Ĵz subspace (l ↑, l + 1 ↓) with eigenvalue

j = l + 1/2 > 0 we have

Hl =




εl,l a
√
l + 1

a∗
√
l + 1 εl+1,l+1 a

√
1

a∗
√

1 εl+2,l a
√
l + 2

a∗
√
l + 2 εl+3,l+1 a

√
2

a∗
√

2 εl+4,l
. . .

. . . . . .




, Ψ̂l =




ĉn=l,l,↑

ĉl+1,l+1,↓

ĉl+2,l,↑

ĉl+3,l+1,↓
...




(6.23)
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where εn,l = ω(n+ 1)− Ωl − µ and a = iα/2a0. Similarly for l < 0 corresponding to

j = l+1/2 < 0 (−|l|+1 ↓,−|l| ↑) subspace we have (with spin ordering interchanged)

Hl =




ε−l−1,l+1 a
√
−l

a∗
√
−l ε−l,l a

√
1

a∗
√

1 ε−l+1,l+1 a
√
−l + 1

a∗
√
−l + 1 ε−l+2,l a

√
2

a∗
√

2 ε−l+3,l+1
. . .

. . . . . .




, Ψ̂l =




ĉn=−l−1,l+1,↓

ĉ−l,l,↑

ĉ−l+1,l+1,↓

ĉ−l+2,l,↑
...




.

(6.24)

Note that this particular form of the Hamiltonian is similar to that of a BdG Hamil-

tonian of a harmonically-trapped spinless p-wave superconductor [Stone and Anduaga, 2008].

Furthermore, the complex number i in the complex factor a can be absorbed in the

even numbered eigenvector components so that numerically a tridiagonal symmetric

matrix can be diagonalized. This Hamiltonian can be diagonalized via the unitary

transformation

ĉn,l,σ =
∑

m

u(j)
nσ,mĈj,m (6.25)

resulting in

Hni =
∑

j,m

E(j)
m Ĉ†j,mĈj,m (6.26)

where j = l + σz/2 and the {u(j)
nσ,m} is the eigenvector characterizing the mth energy

eigenstate in the j = l + 1/2 subspace. Than using the eigenvectors we can easily

express the density distribution as

n(r) =
∑

σ

〈ψ̂†σ(r)ψ̂σ(r)〉 =
∑

n,n′,l,l′,σ

R|l|n (r)e−ilθR
|l′|
n′ (r)e

il′θ〈ĉ†n,l,σ ĉn′,l′,σ〉

=
∑

j

∑

m

[
n

(j)
↑,m(r) + n

(j)
↓,m(r)

]
f
[
E(j)
m

]
(6.27)
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where f
[
E

(j)
m

]
= 〈Ĉ†j,mĈj,m〉. Here the density n

(j)
σ,m(r) for the mth energy eigenstate

with total angular momentum j are given by

n
(j)
↑,m(r) =

∣∣∣∣∣∣

nc/2∑

k=0

u
(j)
l+2k↑,mR

|l|
l+2k(r)

∣∣∣∣∣∣

2

, n
(j)
↓,m(r) =

∣∣∣∣∣∣

nc/2∑

k=0

u
(j)
l+1+2k↓,mR

|l+1|
l+2k(r)

∣∣∣∣∣∣

2

, (6.28)

for j > 0 (l ≥ 0) and

n
(j)
↑,m(r) =

∣∣∣∣∣∣

nc/2∑

k=0

u
(j)
−l+2k↑,mR

|l|
l+2k(r)

∣∣∣∣∣∣

2

, n
(j)
↓,m(r) =

∣∣∣∣∣∣

nc/2∑

k=0

u
(j)
−l−1+2k↓,mR

|l+1|
l+2k(r)

∣∣∣∣∣∣

2

, (6.29)

for j < 0 (l < 0) and nc = (|l|max− |l|)/2 is the cut-off which can be related to cut-off

energy Ec = ω(|l|max + 1) � EF . We make sure that cut-off is high enough so that

results are cut-off independent. Note that the density is independent of the angle θ.

Another useful expression is the mass current density. Since the presence of SOC

mixes ↑ and ↓ spins, the mass current density should be identified from the continuity

equation

∂tρ(r) +∇ · J(r) = 0 (6.30)

where ρ(r) = Mn(r) is the mass density. This yields

Jθ(r) =
∑

σ

=〈ψ̂†σ(r)
∂

r∂θ
ψ̂σ(r)〉+ 2Mα|〈ψ̂†↑(r)ψ̂↓(r)〉|

= M
∑

j

∑

m

J
(j)
θ,m(r)f

[
E(j)
m

]
, (6.31)

where = denotes the imaginary part. The angular component of the mass current

density J
(j)
θ,m(r) for the mth energy eigenstate with total angular momentum j are

given by

J
(j)
θ,m(r) =

l

r
n

(j)
↑,m(r) +

l + 1

r
n

(j)
↓,m(r) (6.32)

+ 2α

∣∣∣∣∣∣



nc/2∑

k=0

u
(j)
l+2k↑,mR

|l|
l+2k(r)e

ilθ



∗ 

nc/2∑

k=0

u
(j)
l+1+2k↓,mR

|l+1|
l+2k(r)e

i(l+1)θ



∣∣∣∣∣∣
,
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Figure 6.8: Exact solutions for the (a)-(c) number density, and (d)-(f) mass-current
density are compared with those of semi-classical LDA approach, where Ω/ω = 0.5
in (a) and (d), 0.68 in (b) and (e), and 0.7 in (c) and (f). We also set N = 800 and
α = 1.33EF/kF in all figures. The overall results are in excellent agreement with each
other up to minor deviations due to finite-size effects.

for j > 0 (l ≥ 0) and

J
(j)
θ,m(r) =

l

r
n

(j)
↑,m(r) +

l + 1

r
n

(j)
↓,m(r) (6.33)

+ 2α

∣∣∣∣∣∣



nc/2∑

k=0

u
(j)
−l+2k↑,mR

|l|
l+2k(r)e

ilθ



∗ 

nc/2∑

k=0

u
(j)
−l−1+2k↓,mR

|l+1|
l+2k(r)e

i(l+1)θ



∣∣∣∣∣∣
,

for j < 0 (l < 0). In Fig. 6.8, we present the number density and mass-current density

profiles in the trap that are obtained from the exact calculation given above and the

LDA approach described in the text, showing an excellent agreement between the two.

The total number of particles is N = 2π
∫

dr rn(r) = 800. The finite size effects such

as Friedel oscillations vanish in the thermodynamic limit when N → ∞. The LDA

expression for mass-current density is the rigid body rotation value Jθ(r) = rΩn(r).

As we demonstrated in previous section LDA developed in this thesis fails to

capture the physics of rapidly rotating limit Ω → ω, where we have Landau level

structure which leads to ziggurat shaped density profile. Let us now discuss the

effect of SOC on the density profile in rapid rotating limit using the exact quantum
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mechanical calculations developed in this section.

The introduction of SOC breaks the spin degeneracy within each Landau level

resulting in two helicity branches. In the perturbative regime when α� 2a0ω, where

a0 = 1/
√
mω is the harmonic oscillator length, the helicity s = ± energies can be

approximated by

εnL,l,s = ω(2nL + 1) + ω−l + ω−/2
[
1 + s

√
1 + α2(nL + l + 1)/(a0ω−)2

]
(6.34)

and are shown with lines along with numerical values indicated by (green) crosses in

Fig. 6.9(a). The helicity branches display avoided level crossings for larger angular

momenta as in Fig. 6.9(b) and negative helicity branches develop a minimum for

α & a0ω− at finite angular momentum located near lmin = α2/(4a0ω−)2 as can be seen

in Fig. 6.9(c). The energy gap between same helicity branches remains approximately

2ω in this perturbative regime.

Therefore the effect of small SOC on the density in the Landau regime is to double

the number of quantized steps initially and then to eventually lead to a ring shaped

profile as SOC is increased to α & a0ω− which is demonstrated for the lowest Landau

level in Fig. 6.10(a) by the (green) dashed and solid (blue) lines, respectively. The

density of the ring is exactly half of that of the lowest Landau level without SOC.

With more than one Landau level filled the energy level structure may lead to dips

in between two plateaus as in Fig. 6.10(b) or a ziggurat ring shown in Fig. 6.10(c).

6.3 Rashba Coupled 2D Interacting Fermi Gas Under Adiabatic Rota-

tion: Local Density Approximation

In this section we turn our attention to the 2D interacting Fermi gas with SOC. We

assume that system is rotated adiabatically so that no vortices are excited. We will

investigate the effect of SOC on the pair breaking effect of the rotation. Naive expec-

tation based on our observation in Ch. 4. that SOC enhances the order parameter,

i.e. pairing may be that SOC will resist the pair breaking effect of rotation. But
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Fermi gas with Rashba coupling in the Landau regime when Ω = 0.99ω. Here, α = 0
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α = 0.2

√
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Figure 6.10: Radial-density profiles at T = 0 in the Landau regime when Ω = 0.99ω.
The (purple) dotted, (green) dashed and solid (blue) lines correspond, respectively,
to higher Rashba couplings where α = 0, 0.2, 0.4

√
ω/M in (a) with N = 750 in

the lowest-Landau level, α = 0, 0.2, 0.4
√
ω/M in (b) with N = 900 in the first two

Landau levels, and α = 0, 0.4, 0.8
√
ω/M in (c) with N = 1600 in the first three

Landau levels. These intriguing profiles directly reflect the corresponding energy-
level structures shown in Fig. 6.9, where the higher the angular momentum of the
single-particle state the further away its localization distance from the trap center.

as we will demonstrate below this expectation is not quite right, and there are more

than one mechanisms involved. We will again analyze the system in the mean-field

approximation, and derive the gap and number equations using LDA. The mean-field

Hamiltonian describing the system can be written as



160 Chapter 6: Rotating Rashba Coupled 2D Fermi Gas

Hmf = Hni +Hmf
int (6.35)

where Hni is the non-interacting Hamiltonian introduced in the previous sections

and Hmf
int is the mean-field interaction term given in given in Eq. (3.115), with order

parameter defined again as ∆(r) = g〈ψ̂↑(r)ψ̂↓(r)〉. We make LDA and define the local

chemical potential µ(r) = µ − V (r) and the effective local rotation term ΩLk(r) =

v(r) · k, where v(r) = Ωẑ × r. We go to the momentum basis where the local

Hamiltonian density HLDA(r) can be written as

HLDA(r) =
1

2

∑

k

Ψ̂†kH
LDA
k (r)Ψ̂k + C(r) (6.36)

with

HLDA
k (r) =




ξk(r) Sk 0 ∆(r)

S∗k ξk(r) −∆(r) 0

0 −∆∗(r) −ξk(r) S∗k

∆∗(r) 0 Sk −ξk(r)



− ΩLk(r), (6.37)

Ψ̂†k = [â†k↑, â
†
k↓, âk↑, â−k↓] and C(r) =

∑
k[ξk(r) + ΩLk(r)] + A|∆(r)|2/g. Above,

∆(r) = (g/A)
∑

k〈âk↑â−k↓〉 is the local mean-field order parameter ξk(r) = εk − µ(r)

with εk = k2/(2M), and Sk = α(kx − iky) is the SOC term. We can diagonalize the

local Hamiltonian analytically and get

HLDA(r) =
∑

ks

[
Eks(r)γ†ksγks −

Eks(r)

2

]
+ C(r), (6.38)

where γ†ks (γks) denotes the quasi-particle creation (annihilation) operator with mo-

mentum k and helicity s = ±. The quasi-particle excitation energies are

Eks(r) =
√

[ξk(r) + sαk]2 + |∆(r)|2 − ΩLk(r). (6.39)
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We can calculate the thermodynamic potential G(r) = −(1/β)Tr[ln e−βH
LDA(r)] as

G(r) =
∑

ks

{
1

2β
ln (1− f [Eks(r)])− Eks(r)

2

}
+ C(r) (6.40)

and get the gap and the number equations by minimizing the thermodynamic poten-

tial, ∂G(r)/∂|∆(r)| = 0 and n(r) = −(1/A)∂G(r)/∂µ(r), as

1

g
=

1

4A

∑

ks

1− 2f [Eks(r)]√
[ξk(r) + sαk]2 + |∆(r)|2

, (6.41)

n(r) =
1

2A

∑

ks

{
1− ξk(r) + sαk√

[ξk(r) + sαk]2 + |∆(r)|2
(1− 2f [Eks(r)])

}
, (6.42)

respectively. These equations are to be solved locally within the trap and the total

particle number is obtained by integrating the density, i.e., N =
∫
drn(r). We renor-

malize the bare s-wave interaction g using the binding energy as before. In order to

differentiate the gSF and SF phase, it may be useful to calculate the mass current

density J(r) = [Jx(r), Jy(r)]. To do so we transfer the expression given in Eq. (6.31)

to momentum basis which yields

[Jx(r), Jy(r)] =
1

A

∑

kσ

(kx, ky)nkσ(r) + [Px(r), Py(r)]Mαn(r), (6.43)

Above, nkσ(r) = 〈â†kσâkσ〉 is the spin momentum distribution, the local den-

sity n(r) =
∑

kσ nkσ(r)/A is explicitly given by the summand of Eq. (6.42) and the

components of the local polarization vector can be calculated via Px(r) + iPy(r) =

2
A

∑
k〈â†k↑âk↓〉/n(r).

In the following section we consider the zero temperature ground states and study

the simultaneous effects of SOC and rotation on trap profiles and superfluidity.

6.4 Phase Diagram and Trap Profiles

The simultaneous presence of SOC and rotation has interesting consequences for the

interacting gas similar to the non-interacting case. Whereas rotation always has a pair
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Figure 6.11: Typical profiles showing (a) a partially-rotating gSF region, and (b) a
vacuum seperating the non-rotating SF pairs from the rigidly-rotating N particles.
Here, Eb = 0.1EF , α = 0.8EF/kF and Ω = 0.3ω in (a), and Eb = 1EF , α = 7EF/kF
and Ω = 0.5ω in (b), where n0 = k2

F/(2π) and J0 = Mn0ωRF .

breaking effect, depending on interaction and relative strengths of the parameters,

SOC can either enhance pairing or pair breaking.

Similar to no SOC case, SF is robust and not affected by rotation for Ω < Ωc,

so that the trap profile and other physical quantities remain the same as in the non-

rotating case, which we can use to determine Ωc. The critical value Ωc is the smallest

Ω satisfying the inequality

R0
O(α,Ω = Ωc) ≥ RO(α,Ω = 0). (6.44)

When the equality is satisfied, the N phase appears at the edge of the cloud

separated from the SF phase by the gSF layer as in no SOC case we studied in

previous section. Whereas in the case of an inequality, the N phase appears at a

larger radius disconnected from the SF phase. The appearance of a normal ring is

reminiscent of the same ring formation phenomenon for the non-interacting case. For

Ω > Ωc, the former profile is realized for α2 + 2µ/M > 0 with the non-rotating SF

phase [|∆(r)| 6= 0 and Jθ(r) = 0] at the center of the trap, a N component at the
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Figure 6.12: (a) In the absence of rotation the whole gas is superfluid (SF). (b)
High enough rotation can through pair breaking induce an intermediate gSF phase
separating SF from the normal (N) gas. (c) N phase can appear disconnected from
the SF as a ring for higher rotation in the presence of spin-orbit coupling.

edge of the trap [|∆(r)| = 0 and Jθ(r) 6= 0] and a gSF [|∆(r)| 6= 0 and Jθ(r) 6= 0] in

between. The N gas rotates rigidly as a whole, i.e. Jθ(r) = Mn(r)Ωr, and gSF phase

rotates only partially as in α = 0 case.

In Fig. 6.11(a), an example of such a trap profile is shown. On the other hand,

under more extreme cases (provided that α2 +2µ/M < 0) it is possible to observe the

latter trap profile where N is separated from SF core by vacuum. An example of this

interesting scenario is shown in Fig. 6.11(b) where a rigid Jθ(r) overlaps with the N

phase and there is no gSF region. Both trap profiles are generated by self consistent

solution of gap and number equation derived in previous section. In Fig. 6.12 we show

schematic representation of the possible phase profiles of adiabatically rotating Fermi

gas with SOC.

We start with analyzing the effect of SOC on the Ωc. We calculate Ωc using

Eq. (6.44), R0
O(α,Ω = Ωc) is given in Eq. (6.12), and RO(α,Ω = 0) is determined by

solving the gap and number equation self-consistently to determine the edge of the

gas.

In contrast to the α = 0 case, finite α eventually leads to pair breaking and

appearance of the N phase at some Ωc for all Eb as shown as a function of α for

different Eb in Fig. 6.13(a). The critical value for pair breaking at fixed α increases
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Figure 6.13: The critical rotation frequency for pair breaking and the appearance of
a normal phase for (a) different interaction strengths characterized by binding energy
Eb as function of SOC strength α and (b) fixed values of α as a function of Eb. The
“x” indicate the point beyond which the normal phase emerges disconnected from
the superfluid separated by vacuum as the relevant curve is crossed. The details of
the structures of the curves are discussed in the text. The phase profiles in the trap
along the horizontal (blue) arrows in (a) are shown in Fig. 6.16 as a function of α
and the phase profiles along the vertical (red) arrows in (a) are shown in Fig. 6.17
as a function of Ω in horizontal and vertical panels, respectively. Similarly the phase
profiles along the horizontal lines in (b) are shown in Fig. 6.18.
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Figure 6.14: Schematic diagrams showing the excitation spectrum of negative helicity
particles Ek−(r) with Ω 6= 0 and α 6= 0 for (a) a gapped superfluid at r = 0, (b) a
gapless superfluid at r > 0. The regions with negative quasi-particle energy result
in the pair breaking effect. Finite α shifts excitation minimum to higher momenta,
which can make pair breaking easier.

with increasing Eb as expected intuitively. For large Eb & 2EF , we find that there

is also a threshold value α > 0 required for pair breaking. Increasing α from zero,

Ωc = ω until large enough α (depending on Eb) after which point the Ωc(α) decreases

monotonically as pair breaking starts at smaller Ω for larger α (top three curves in the

figure). In this strong interaction regime the N phase always appears disconnected

from the SF core for Ω > Ωc. However, the structure of Ωc(α) curves for Eb . 2EF

(bottom three curves in the figure) show a different behavior. Ωc decreases as α is

increased from zero and develops a minimum. This form is a result of the multiple

effects of SOC discussed in Sec. (4.7). For small α, the dominant effect comes from the

simultaneous action of SOC and rotation making pair breaking easier. This is directly

related to shifting of the excitation minima to higher momentum states (see Fig. 6.14)

some of which are more susceptible to rotation. As α becomes significant for given

Eb, it has two further effects. It enhances |∆(r)| and decreases the gas radius both of

which make pair breaking more difficult. Therefore when these effects dominate, Ωc

starts to increase with α which explains the minimum in the shape of Ωc(α) curve.

The minimum moves to higher values of α for stronger interactions because the latter

effects of SOC become significant only at relatively greater values of α. Before this
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Figure 6.15: The rotation frequency Ωs for complete destruction of the superfluid
phase for (a) various interaction strengths characterized by the binding energy Eb as
function of SOC strength α and (b) fixed α values as a function of Eb. The horizontal
part at Ω = ω of each curve indicates the persistence of the superfluid for all rotation
frequencies up to a threshold value of α for the corresponding Eb or vice versa. The
complete disappearance of SF in 2D requires the simultaneous presence of SOC and
rotation and is accompanied by the depletion of the central density. The trap profiles
along the dashed arrows are as given in Fig. 6.13.

minimum, we can estimate Ωc by neglecting the effect of SOC on the radius of the

trap, i.e., taking RO ≈ RF , and inserting µ given in Sec. (4.7) for small SOC into the

dispersion relation. The rotation for which the dispersion relation becomes zero at

the edge of the gas then gives the critical rotation

Ωc ≈
ω

2

(√
2α2k2

F

E2
F

+
2Eb
EF
− αkF

EF

)
. (6.45)

This agrees very well with the numerical data given in Fig. 6.13(a) in the small

α regime (not plotted). For even greater values of α, the N phase is favored under

rotation and appears at larger distances from the center. This changes the mechanism

of suppressing the SF phase by directly favoring previously unoccupied unpaired states

and alters the behavior of Ωc(α) curve. Beyond the points marked by “x”s in Fig. 6.13,
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Figure 6.16: Radial phase profile in the trap with changing SOC: SF-Superfluid (dark
blue), N-Normal phase (green) and V-Vacuum (white). (a) Eb = 3EF Ω = 0.8ω, (b)
Eb = 2EF Ω = 0.68ω, (c) Eb = 1EF Ω = 0.5ω. The three panels show the different
possibilities of the appearance of the normal phase as a function of the SOC strength
α.

the curve goes through a maximum after which it eventually decreases with increasing

α. For parameters in this region, the N phase appears disconnected from the SF phase.

This point occurs at smaller values of α as the interaction increases which can also

be seen by the condition given above and the fact that µ decreases with increasing

Eb. Therefore, for Eb & 2.5EF , the “x” occurs at (α = 0,Ω = ω).

We plot Ωc(Eb) for different α values in Fig. 6.13(b), where Ωc increases monoton-

ically with Eb until it saturates at Ωc = ω. For small and large Eb, α plays opposite

roles as seen from the crossing of Ωc(Eb) curves and the reversing order of the curves.

The points indicated by “x” again mark the interaction strength beyond which N

phase appears as a separated annulus. The presence of gSF therefore requires increas-

ing Ω from zero on the left of the relevant “x” mark and happens up to Eb . 2.5EF .
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Figure 6.17: Radial phase profile in the trap with changing Ω: SF-Superfluid (dark
blue), gSF-gapless superfluid (light blue), N-Normal phase (green) and V-Vacuum
(white). (a) Eb = 0.1EF , α = 0.6EF/kF , (b) Eb = 0.1EF , α = 7EF/kF . The two
panels show the different possibilities of the appearance of the normal phase as a
function of the rotation frequency Ω.

The disconnected appearance of the normal annulus between Eb ∼ 2−2.5EF actually

happens twice as a function of α where after the first appearance the ring merges

with the SF core and separates again as α is increased further. This is not shown

in Fig. 6.13(a) but is the reason for the behavior of “x” marks in Fig. 6.13(b) for

Eb ∼ 2− 2.5EF curves.

The simultaneous presence of SOC and rotation can lead to complete destruction

of the SF phase within our model. The disappearance of SF also means the depletion

of the density at the center of the trap because the center of the trap is not rotat-

ing. We use this reasoning to estimate the frequency Ωs for which SF is completely

destroyed by solving the gap and number equations with vanishing density n(r = 0)

and vanishing |∆(r = 0)| at the center of the trap. One can obtain µ for vanishing

|∆(r = 0)| from the gap equation and then use the number equation for a N gas to
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Figure 6.18: Radial phase profile in the trap with changing interaction: SF-Superfluid
(dark blue), gSF-gapless superfluid (light blue), N-Normal phase (green) and V-
Vacuum (white). (a) α = 0.5EF/kF , Ω = 0.7ω, (b) α = 2EF/kF , Ω = 0.7ω,
(c) α = 4EF/kF , Ω = 0.6ω. The three panels show the different possibilities of the
appearance of the SF phase as a function of the interaction strength Eb.

solve for Ωs.

In Fig. 6.15(a) we present Ωs as a function of α for different Eb. For greater Eb, Ωs

curves move up towards higher frequencies as complete destruction of the SF phase

is expected to take place at higher Ω. SF persists for finite α up to a threshold value

which translates to the horizontal part at Ω = ω of the Ωs(α) curve. This threshold

value is higher for higher Eb, beyond which Ωs(α) starts to decrease monotonically.

Fig. 6.15(b) shows Ωs(Eb) for fixed α values when the interaction strength is increased

at fixed SOC. Each curve now saturates again at Ωs = ω when Eb is strong enough

to hold up pairs together until the rotation frequency equals the trap frequency.

Next we analyze all possible phase diagrams using Ωc(α) in Fig. 6.13(a) and Ωs(α)

in Fig. 6.15(a). In order to demonstrate this, we check the phase profiles along the
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horizontal (blue) arrows as a function of α in Fig. 6.16 where different phases in the

trap are shown. The three panels show the different possibilities for the appearance

and disappearance of gSF/N phases obtained from the self-consistent solution of the

gap and number equations as a function of α and r.

Fig. 6.16(c) shows the profile along the bottom horizontal (blue) arrow in Fig. 6.13(a)

and gives an example of the appearance of the N phase at the edge of the cloud at

fixed Ω = 0.5ω and Eb = EF as α is increased from zero. (The N and SF bound-

ary has a very thin layer of gSF which is not visible on this scale.) This α value

agrees with the first intersection of the Ω = 0.5ω horizontal line with Ωc(α) curve in

Fig. 6.13(a). As α is increased further at this Eb and Ω, we see the N phase region

first widening and then contracting. The disappearance of the N phase due to the

discussed interplay of different SOC effects takes places at the α value which corre-

sponds to the second intersection point of the Ω = 0.5ω horizontal line with Ωc(α).

Finally, at very large α values, the N phase is favored at large r separated from the

SF core forming an annulus of increasing width as SF is suppressed for greater α

values (beyond the third intersection point in Fig. 6.13(a)). The point of complete

destruction of SF happens at α ≈ 8EF/kF , which can also be read by following the

bottom dashed (blue) horizontal arrow at Ω = 0.5ω to the end of the plotted x-axis,

i.e. to its intersection with Eb/EF = 1 curve in Fig. 6.15(a). Fig. 6.16(b) shows the

phase profile at Eb = 2EF and Ω = 0.68ω where the N phase region shows up at

the SF edge, separates from it and moves outward as the width of its annular shape

increases with increasing α. The α value at which the N phase appears corresponds

to the single intersection point of the Ω = 0.68ω line along the middle horizontal

(blue) arrow with the Ωc(α) curve in Fig. 6.13(a). For even stronger interactions, the

SF disappears only through the appearance of the N phase at large α and Ω as can

be seen in Fig. 6.16(a) with Eb = 3EF and Ω = 0.8ω (to be compared with the top

horizontal (blue) arrow in Fig. 6.13(a)).

We perform a similar analysis also for fixed α and Eb when Ω is increased from

zero. The two possible trap profiles are demonstrated in Fig. 6.17, where different
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phases in the trap are shown as a function of Ω. For small α < 2EF/kF and Eb < 2EF ,

Fig. 6.17(a) shows how the gSF and N phases appear first at the edge of the cloud

at Ω = Ωc and following left dashed (red) vertical arrow in Fig. 6.13(a) the N phase

disconnects simultaneously with the disappearance of the gSF phase as Ω is increased.

For large enough α or large enough interaction, the appearance of a disconnected N

phase starts immediately at Ωc as can be seen in Fig. 6.17(b), i.e. when right dashed

(red) vertical arrow crosses the Ωc curve to the right of the corresponding “x” mark.

Finally, in Fig. 6.18 we show all possible phase profiles in the trap as a function

of the interaction strength for representative values of Ω and α. For small α or Ω, SF

emerges in the center as Eb increases with gSF in between the SF core and the N ring

as in Fig. 6.18(a). The interaction value for SF to emerge can be read from Fig. 6.15(b)

by following the horizontal line at given Ω and the curve for given α. Similarly, the

point of complete disappearance of N (Eb ∼ 1.6EF ) can be read from Fig. 6.13(b) by

looking at the intersection of the top horizontal (blue) arrow at Ω = 0.7ω level with

the α = 0.5EF/kF curve. For large values of Eb only the SF phase is present. In

Fig. 6.18(b),(c) with larger values of α and Ω such that (α,Ω) is above the Ω0
c(α) in

Fig. 6.5 and the non-interacting gas forms a ring, increasing Eb makes SF core appear

disconnected from N. Further increase of Eb results in the whole gas becoming SF.

An important result of the simultaneous presence of SOC and rotation is that the

gSF phase can occupy a much larger region in the trap as shown in Fig. 6.19. This

is possible for weak Eb and intermediate α values (Eb = 0.1EF and α ∼ EF/kF in

Fig. 6.19(a) where the gSF phase shows itself as an annulus in the middle of the gas.

An example of such a trap profile is shown in Fig. 6.19(b) where the order parameter

and the mass current are plotted. In next section we will show that trap region

occupied by gSF phase is slightly larger under BdG calculations. The ultimate fate

of this phase is determined by both its local stability as well as its robustness against

a coexistence of N and SF phases.
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Figure 6.19: (a) Radial phase profile in the trap as a function of SOC for weak inter-
action Eb = 0.1EF and rotation Ω = 0.3ω: SF-Superfluid (dark blue), gSF-gapless
superfluid (light blue), N-Normal phase (green) and V-Vacuum (white). The inter-
play of SOC and rotation effects may allow for an increased gSF region. (b) Sample
gSF trap profile along the dashed (red) arrow in (a) showing the order parameter and
current comparing LDA (dot-dashed) and BdG (solid lines) with N = 500 results for
α = 0.8EF/kF .

6.5 Rashba Coupled 2D Interacting Fermi Gas Under Adiabatic Rota-

tion: Bogoliubov de-Gennes Approach

In this section we develop a full quantum mechanical BdG approach to check the

validity of the results we presented in the previous section using LDA. We again start

with mean-field Hamiltonian given in Eq. (6.35). We diagonalize Hmf via a generalized

Bogoliubov-Valatin transformation, which gives the BdG eigenvalue equation

HBdG(r)Ψη(r) = EηΨη(r) (6.46)

where the BdG Hamiltonian can be written as

HBdG(r)=




K(r) S(r) 0 ∆(r)

S†(r) K(r) −∆(r) 0

0 −∆∗(r) −K(r) −S†(r)

∆∗(r) 0 −S(r) −K(r)



− ΩLz(r) (6.47)
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with K(r) = −∇2/(2M) + V (r) − µ, Lz(r) = x∂y − y∂x and and and and and and

and S(r) = α(∂x − i∂y). The eigenfunctions are formed by a four component Nambu

spinor Ψη(r) = [u↑η(r), u↓η(r), v↑η(r), v↓η(r)]T. The associated quasi-particles have

energy Eη > 0 and creation/annihilation operators γ̂†η/γ̂η so that

Hmf = Egs +
∑

η

Eηγ̂
†
ηγ̂η (6.48)

with Egs being the ground state energy of the system. The inverse transformations

ψ̂σ(r) =
∑

η

[
uση(r)γ̂η + v∗ση(r)γ̂†η

]
(6.49)

can be used to determine the self-consistency equations. By inserting this relations

to the definition ∆(r) = g〈ψ̂↑(r)ψ̂↓(r)〉 we get the gap equation

∆(r) = g
∑

η

[
u↑η(r)v∗↓η(r)f(−Eη) + u↓η(r)v∗↑η(r)f(Eη)

]
. (6.50)

Similarly we can calculate the local density n(r) =
∑

σ〈ψ̂†σ(r)ψ̂σ(r)〉 given by

n(r) =
∑

ησ

[
|uση(r)|2 f(Eη) + |vση(r)|2 f(−Eη)

]
. (6.51)

The total particle number is again obtained by integrating the density N =
∫
drn(r). In order to classify different superfluid phases we also calculate the mass

current density J(r). The non-zero angular component of the current density can be

computed using Eq. (6.31)

Jθ(r) =
∑

σ

Jθσ(r) + 2MαJθ↑↓(r) (6.52)

with
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Jθσ(r) =
∑

ησ

[
u∗ση(r)

∂

r∂θ
uση(r)f(Eη) + vση(r)

∂

r∂θ
v∗ση(r)f(−Eη)

]
,

Jθ↑↓(r) =
∑

η

[
|u∗↑η(r)u↓η(r)|f(Eη) + |v↑η(r)v∗↓η(r)|f(−Eη)

]
. (6.53)

In order to make use of the rotational symmetry we further expand the eigenvectors

in 2D harmonic oscillator basis. Using the conservation of total angular momentum

around the rotation axis we first decompose BdG eigenvectors into (|l|+1/2) (|l| ≥ 0)

sectors. Then by defining u↑η(r) = ul↑m(r), u↓η(r) = ul+1
↓m (r), u↑η(r) = ul↑m(r) and

v↑η(r) = vl+1
↑m (r) we expand the functions in terms of the angular momentum basis of

the 2D harmonic oscillator as

ul↑m(r) =
∑

n

uln↑mR
|l|
n (r)eilθ, ul+1

↓m (r) =
∑

n

ul+1
n+1↓mR

|l|+1
n+1 (r)ei(l+1)θ (6.54)

vl↓m(r) =
∑

n

vln↓mR
|l|
n (r)eilθ, vl+1

↑m (r) =
∑

n

vl+1
n+1↑mR

|l|+1
n+1 (r)ei(l+1)θ (6.55)

Using the orthogonality of the basis we can obtain the following eigenvalue equa-

tion for each (|l|+ 1/2) sector:

∑

n′




K l
nn′ S−,l+1

n,n′+1 0 ∆l′

nn′

S+,l
n+1,n′ K l+1

n+1,n′+1 −∆l+1
n+1,n′+1 0

0 −(∆l+1
n+1,n′+1)∗ −K−l−1

n+1,n′+1 −S+,−l
n+1,n′

(∆l
nn′)

∗ 0 −S−,−l−1
n,n′+1 −K−l′nn′







uln′↑m

ul+1
n′+1↓m

vl+1
n′+1↑m

vln′↓m




= El
m




uln↑m

ul+1
n+1↓m

vl+1
n+1↑m

vln↓m




(6.56)

with

K l
nn′ = 〈nl|K(r)− ΩLz(r)|n′l〉 = [ω(n+ 1)− µ− Ωl]δnn′ (6.57)
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∆l
nn′ = 〈nl|∆(r)|n′l〉 = 2π

∫ ∞

0

rdr∆(r)R|l|n (r)R
|l|
n′(r) (6.58)

S−,lnn′ = αi/(2a0)〈nl − 1|Sr|n′l〉 = αi/(2a0)

[∫
drR|l|−1

rn e−i(l−1)θSrR
|l|
rn′e

ilθ

]

= αi/(2a0)[
√

(n′ + l)/2δn,n′−1 −
√

(n′ − l)/2 + 1δn,n′+1] = −S+,l−1
n′n (6.59)

where we have assumed a rotationally symmetric solution ∆(r). The gap, number

and current expressions can be written as

∆(r) = g
∑

lm

(∑

n

uln↑mR
|l|
n (r)

∑

n′

v∗ln′↓mR
|l|
n′(r)f(−El

m)

+
∑

n

ul+1
n+1↓mR

|l|+1
n+1 (r)

∑

n′

v∗l+1
n′+1↑mR

|l|+1
n′+1(r)f(El

m)

)
(6.60)

n(r) =
∑

lm





∣∣∣∣∣
∑

n

uln↑mR
|l|
n (r)

∣∣∣∣∣

2

+

∣∣∣∣∣
∑

n

ul+1
n+1↓mR

|l|+1
n+1 (r)

∣∣∣∣∣

2

 f(El

m)

+



∣∣∣∣∣
∑

n

vl+1
n+1↑mR

|l|+1
n+1 (r)

∣∣∣∣∣

2

+

∣∣∣∣∣
∑

n

vln↓mR
|l|
n (r)

∣∣∣∣∣

2

 f(−El

m)


 (6.61)

Jθ(r) =
∑

lm






 l
r

∣∣∣∣∣
∑

n

uln↑mR
|l|
n (r)

∣∣∣∣∣

2

+
l + 1

r

∣∣∣∣∣
∑

n

ul+1
n+1↓mR

|l|+1
n+1 (r)

∣∣∣∣∣

2

 f(El

m)

−


 l + 1

r

∣∣∣∣∣
∑

n

vl+1
n+1↑mR

|l|+1
n+1 (r)

∣∣∣∣∣

2

+
l

r

∣∣∣∣∣
∑

n

vln↓mR
|l|
n (r)

∣∣∣∣∣

2

 f(−El

m)

+ 2Mα

[∣∣∣∣∣
∑

n

(uln↑m)∗R|l|n (r)
∑

n′

ul+1
n′+1↓mR

|l|+1
n′+1(r)

∣∣∣∣∣ f(El
m)

+

∣∣∣∣∣
∑

n

(vln↓m)∗R|l|n (r)
∑

n′

vl+1
n′+1↑mR

|l|+1
n′+1(r)

∣∣∣∣∣ f(−El
m)

]}
. (6.62)

The above sums are performed for El
m < Ec and Ec is chosen sufficiently large so

that the results become cut-off independent. Note that Ec is used also in renormal-

ization equation given in Eq. (3.129), which we use to interchange g with Eb.
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Figure 6.20: The trap profiles for representative Eb = 2EF , α = 2EF/kF and Ω =
0.7ω for N = 100. (a) ∆(r), (b) n(r). LDA is in very good agreement with BdG
calculations even for N = 100. Cut-off used in BdG calculation is Ec ∼ 60EF .

Similar to the non-interacting case we find that within the mean-field approxima-

tion, LDA provides a very good approximation to the full quantum mechanical BdG

calculations. The comparison between LDA and BdG results is shown in Fig. 6.20

and Fig. 6.19. The difference between the two calculations becomes visible only in

regions where quantities change rapidly and LDA is expected to fail. As a result,

∆(r) survives in larger radius in BdG approach. As a result of this gSF is wider in

BdG approach compared to LDA. This expected difference means that gSF in the

phase diagrams presented in previous section may occupy a slightly larger region in

the trap and the parameter space.
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CONCLUSION AND OUTLOOK

In this section we summarize our findings on the spin-orbit coupled 2D Fermi gas

in a rotating harmonic trap and point out relevant directions for future research.

First, we analyzed the combined effects of spin-orbit coupling and rotation on the

ground state of the non-interacting system under local density approximation (LDA)

using the the local density of states and obtained parameter regimes for the formation

of the characteristic ring shaped density profile. It is important to emphasize that

neither rotation nor SOC alone can deplete the central density to zero no matter how

fast the rotation or large SOC is, and the formation of such an intriguing annulus

requires both of them simultaneously. The analysis yields analytic and semi-analytic

results for the density and the inner and outer radii of the gas cloud. In this way, we

determined the critical rotation frequency for the depletion of the central density as

a function of SOC. We benchmark our semi-classical LDA results with those of exact

quantum-mechanical treatment and found an excellent agreement between the two

for all relevant parameter regimes.

An interesting extension of our study would be the effects of anisotropy regard-

ing both the trapping potential in real space and SOC in momentum space. The

anisotropy is expected to deform the ring shaped density profile and in extreme limits

split the ring into parts. We note that although finite temperature smears out the

edges of the ring shaped density and a Gaussian profile emerges at high temperatures,

the effect remains visible up to temperatures ∼ TF with comparable SOC values.

We have found that the rotation induced particle current polarizes the system

along the flow via SOC. In the presence of an imbalance of between different psudo-

spin types , which is the analog of a perpendicular Zeeman field, SOC and rotation
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can further affect the spin polarization creating non-trivial spin textures.

Another important limit of this model is that of extremely rapid rotation which

gives rise to Landau levels in the absence of SOC and interactions. It is known that

semi-classical approach will fail in this limit, thus we resorted to the full quantum

mechanical formalism and studied how the Landau levels are modified as SOC is

introduced to the system. Our model predicts a ring shaped density starting from

smaller and smaller SOC as Ω → ω. However, the eventual ring shaped gas has

constant density in this limit, which equals the density at half filling in the no SOC

case. Furthermore, the splitting of Landau levels for different total angular momentul

sectors allows for various staircase like disk and ring density distributions with equal

height up and down steps inbetween the initial Landau level picture and the final ring

of constant density formed by half of the lowest Landau level finite angular momentum

states.

Secondly, we studied the interacting system under the BCS mean-field approxima-

tion. Assuming that rotation is introduced adiabatically and no vortices are excited,

we studied the superfluid phase and its robustness. Interestingly, the presence of SOC

can either facilitate or resist the pair breaking effects of rotation. We calculated the

critical frequency for the onset of pair breaking, identifying different mechanisms for

it, and discussed the consequences.In particular, we find that SOC works in favor of

pairing for weak interactions, whereas it helps pair breaking for strong interactions

in a rotating gas. Unlike the no SOC case, it is possible to break pairs for any in-

teraction strength given sufficiently high rotation and/or SOC. We showed that the

cooperation of rotation and SOC allows for the possibility of creating either an iso-

lated annulus of rigidly rotating normal particles that is disconnected from the central

core of non-rotating supefluid pairs or an intermediate gapless supefluid phase which

is characterized by the coexistence of superfluid pairs and normal particles. Although

similar effects of separation between the SF and N phases are known for the case

with excess unpaired particles in a non-rotating imbalanced gas, in that case the

combined effect of rotation and SOC is expected to result in more interesting profiles
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with different successive rings in density.

The appearance of the gSF and the N phase is accompanied by a non-zero current.

The system acquires only partial mass current as opposed to a rigidly rotating gas.

For sufficiently fast rotation or high SOC strength, gSF and SF components eventually

and successively disappear leaving the characteristic annulus of the rigidly rotating

normal phase behind. Hence in the presence of SOC, superfluidity can be completely

destroyed. We calculated the minimum rotation frequency for complete disappearance

of the SF phase as a function of SOC and interaction strengths. The critical frequency

curves that we obtain can be used to predict all possible phase profiles in the trap.

We presented extensive phase diagrams and corresponding trap profiles for various

values of SOC, rotation frequency and interaction strength demonstrating all possi-

ble scenarios of pair breaking and complete destruction of the superfluid phase as a

function of these three parameters. We discussed in detail how these phase diagrams

can also be predicted from the critical rotation frequency curves for the onset of pair-

breaking and complete destruction of SF. We hope that the phase diagrams will be

helpful in exploring different parameter regimes for future experiments. For example,

it may be possible to observe a gSF phase for weak interactions in an appreciable

region within the trap. In the absence of SOC, this phase is present only as a sliver

in the radial trap profile. Furthermore the effects of rotation on the topologically

non-trivial phases of the imbalanced gas have so far not been investigated.

We compared the LDA results with those of the BdG approach finding excellent

agreement in all cases including the most general case considered in this paper. As

expected, for finite number of particles LDA findings deviate from BdG results in

regions of low density and rapidly changing order parameter. However, this small

difference becomes negligible as the number of particles in the system increases. The

BdG formalism can easily be extended to calculate the critical rotation frequency

for vortex formation and its stability which will be subject of a future study. This

will be important to judge our no vortex assumption in the case of non-adiabatic

rotation. In 3D without SOC, pair breaking with no vortices can indeed be pre-
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ferred [Warringa and Sedrakian, 2011, Warringa, 2012].

We hope that, given the ongoing push towards simulating Rashba-coupled Fermi

gases by many groups worldwide, our compelling results may soon be realized once

the technical experimental difficulties are cleared out of the way.
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[Žutić and Das Sarma, 2004] Žutić, I. and Das Sarma, S. (2004). Spintronics: Fun-

damentals and applications. Reviews of Modern Physics, 76(2):323–410.

[Zwierlein et al., 2005] Zwierlein, M. W., Abo-Shaeer, J. R., Schirotzek, A., Schunck,

C. H., and Ketterle, W. (2005). Vortices and superfluidity in a strongly interacting

Fermi gas. Nature, 435(7045):1047–1051.

[Zwierlein et al., 2003] Zwierlein, M. W., Stan, C. A., Schunck, C. H., Raupach, S.

M. F., Gupta, S., Hadzibabic, Z., and Ketterle, W. (2003). Observation of Bose-

Einstein condensation of molecules. Physical review letters, 91(25):250401.


