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Abstract

The CCCD problem is motivated by its applications in pattern classification.
The domination number is an important measurement of the complexity of CCCD
classifiers. Priebe et al. found the exact distribution of the domination number of
CCCDs for the uniform distribution in one dimension. Under the same conditions,
DeVinney and Wierman proved the Strong Law of Large Numbers (SLLN).

Based on DeVinney and Wierman’s result, our research establishes the SLLN for
general distributions in one dimension. In addition, we give an upper bound for the
limiting value in the SLLN, which could lead to a statistical test for the equality of two
distributions. After a lengthy calculation, we obtain the variance of the domination
number in one dimension, and find the limiting variance. From this result, by using
two limit theorems for negatively associated random variables, we prove the Central
Limit Theorem (CLT) for the domination number in this one-dimensional case.

In two dimensions, we resort to “subadditive processes” to prove the Law of Large
Numbers for the domination number. We first consider a Poissonized problem, then

convert the SLLN in the Poisson case to the Weak Law of Large Numbers (WLLN)

i



in the uniform distribution case. We finally generalize the WLLN to more general
distributions, using the same idea in the one dimensional problem. At the end of this
dissertation, we describe Monte Carlo simulations to empirically test the SLLN and
CLT. The results support the limit theorems proved in this dissertation, and strongly
suggest the CLT still holds in higher dimensions.

Advisor: John C. Wierman

Readers: John C. Wierman and Carey E. Priebe
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Chapter 1

Introduction

1.1 Mathematical Model

1.1.1 Class Cover Problem

The study of the class cover problem (CCP) was initiated by Cowen and Can-
non [1], motivated by applications in statistical pattern classification [2]. Priebe et
al. [3] introduced a general version of the CCP, described in the following way.

For a sample space 2, a dissimilarity function d : Q x @ — R satisfies d(«, 5) =
d(f,a) > d(a,a) = 0 for all o, 5 € Q. Note that throughout this dissertation we
will only consider the case where d is the Euclidean norm. Suppose there are two
classes of Q-elements, denoted as X ={z; € Q:i=1,--- ;nfand Y={y; € Q:j =

1.---

, ,m}. For each x;, its covering ball is defined as follows.



Definition 1.1.1. B(z;) = {w € Q : d(w, z;) < mind(y;,z;)}.
j

A class cover of X is a subset of covering balls whose union contains all x; € X.
Suppose d(a, 3) = 0 if and only if a = (§ for any a, § € Q. If we assume each point in
X is distinct from each point in ), then every covering ball B(x;) will be nonempty
and contain x;, hence the set consisting of all covering balls is a class cover. The CCP

considered by Priebe et al. is to find a minimum cardinality class cover.

1.1.2 Class Cover Catch Digraph

The CCP can be converted to a graph theory problem, as follows.

Definition 1.1.2. The class cover catch digraph (CCCD) induced by a CCP is the
digraph D = (V, A) with vertex set V = {x;: i =1,--- ,n} and arc set A = {(:Ui,xj) :

x; € B(z;)}.

The definition above basically says that the CCCD induced by a CCP contains
the directed edge from z; to z; if and only if z; is included in the covering ball of
x;. An illustration of the construction of a CCCD is given in Figure 1.1. In this
figure, the covering balls are drawn on the left as dashed circles, with the class X
observations indicated by black dots and the class Y observations indicated by small
circles; the induced CCCD is shown on the right.

A dominating set of a general digraph is defined as follows.

Definition 1.1.3. The set S C V is a dominating set of a digraph D = (V, A) if and
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Figure 1.1: An illustration of the construction of a CCCD

only if for allv € V, either v € S or (s,v) € A for some s € S.

In other words, for any vertex v of a digraph, v is either contained in a dominating
set, or there exists a directed edge from some vertex in the same dominating set to
v. Recall that in a CCCD, there is a directed edge from z; to z; if and only if z; is
contained in the covering ball of x;. Therefore, finding a minimum cardinality class
cover of a CCP is equivalent to finding a minimum cardinality dominating set of the
induced CCCD. We still use Figure 1.1 to illustrate this concept. In Figure 1.1, the
darkened covering balls of x5, x3, 24 and x7; make up a minimum cardinality class
cover, and {zy, x3, 4, r7} is a minimum cardinality dominating set of the induced
CCCD.

Note that the covering balls of xs, 23,24 and x5 constitute another minimum
cardinality class cover of the same CCP. Generally, there could be more than one

solution to a CCP. Hence the minimum cardinality dominating set of a CCCD could



be non-unique as well.

Finding a minimum cardinality dominating set in a general digraph is an NP-hard
problem. However, this does not immediately imply that the CCP is NP-hard, since
we have not characterized which digraphs are CCCDs. This topic is more thoroughly

covered in DeVinney’s dissertation [4].

1.1.3 Domination Number

Definition 1.1.4. The domination number of a CCCD 1is the cardinality of the

CCCD’s minimum dominating set.

Since Ore [5] first used the name “domination number” in 1962, there has been
increasing interest in this topic because of its computational complexity and many
applications in computer networks, social sciences and other fields. Haynes, Hedet-
niemi and Slater provide a comprehensive discussion of both the fundamentals [6] and
advanced topics [7] of domination in graphs. In the CCCD setting, the domination
number is the size of the minimum cardinality class cover, which in turn determines
the complexity of the CCCD classifiers as shown in Section 1.2. This dissertation
is devoted to the study of the domination number of CCCDs due to its theoretical

importance in analyzing the CCCD classifiers.



1.1.4 Randomization

To study the problem from a statistical angle, randomness needs to be added to
the Q-valued points x; and y;. Specifically, z; is replaced by a random variable X,
and y; is replaced by a random variable Y;. We assume that the X;,¢ = 1,--- ' n
are independent of the Y;,j = 1,---,m, and all X;’s and Yj’s are distinct with
probability one. After such randomization, all the previous definitions still apply. In
particular, we let X = {X; :¢=1,--- ,n}and Y ={Y,; : j=1,--- ,m} be two sets
of i.i.d. random variables taking values in €2, with distribution functions F'x and Fy,
respectively. In addition, we denote the domination number by I',, ,,,(X, V), or simply

-

)

1.2 Applications in Pattern Classification

Pattern classification, “the assignment of a physical object or event to one of
several prespecified categories” [8, page 2], has wide applications to various real world
problems such as automated speech recognition, DNA sequence identification and
fingerprint identification. For a thorough description of pattern classification, see the
seminal texts by Duda et al. [9] and Lugosi et al. [10].

The abstract mathematical model of the pattern classification problem is for-
mulated in the following way [2]. For simplicity, but without loss of generality, we

suppose there are two classes of objects of interest, referred to as class X and class



Y, respectively. Assuming that the objects of both classes belong to a sample space
2, to model the uncertainty about which class the objects belong to, we assume prior
probabilities Py and Py for these two classes (Zce (X} P. = 1). We further assume
that given the class, X or Y, the objects of that class are drawn according to the
class-conditional distribution functions, F'x (z) or Fy (y), respectively. A random pair
(c(\I/), \I/) is then generated in a two-step process: first we choose the random class
label ¢(¥) € {X, Y} according to the prior probabilities; and then, based on the cho-
sen class, we select ¥ according to the corresponding class-conditional distribution
function.

In a classification problem, for an observation pair (c(w), w) generated as above,
only the data part v is given; the class label part ¢(¢) is unknown. Therefore, the
goal of a classifier is to guess correctly whether () is X or Y. Given a training

sample Dy, of size k with known class labels

Dy = { (e, n), -+ () v) }.

then a classifier is a function ¢ (¢) = ¢,(¥, Dy) that, based on the training data Dy,
assigns a class label X or Y to any input point ¢ € ). The performance of a classifier

¢ is measured by the probability of error, or misclassification rate, given by

B[P(e(®) # e(w) | Dy)].

The CCP has been actively studied recently because its solution can be directly

used to generate classifiers competitive with other methods. The data point sets



X={X;:i=1,--- ,nfand Y ={Y; : j = 1,--- ,m} constitute the training data
from classes X and Y, respectively. Thus, in the setting of classification, the CCP is
simply a problem of selecting a small set of data points to be representative of a class.
This set is chosen to be as small as possible, i.e., a minimal cardinality dominating
set, to make the classifier less complex while keeping most of the relevant information.
A simple CCCD classifier is constructed as follows: by switching the roles of X and
Y, a pair of dual CCPs generates two solutions such as Bx = {B(XZ-) 11 € [}, I C
{1,---,n}, and By = {B(Y;) : j € J},J C {1,--- ,m}, respectively. If we define
Cx ={weQ:we B(X;)st. B(X;) € Bx},Cy ={weQ:we B(Y))st. B(Y;) e

By}, incorporating these two solutions gives a classifier ¢(¢) : Q@ — {X, Y} as follows:

;

X weCXmCYC7

W)=y W € Cy NCxE,

\determined by further criteria otherwise.

More details about the CCP’s application to classification are presented in Preibe et
al. [11]. Note that the complexity of the classifier ¢(¢)) is determined by the sizes
of Bx and By, i.e., the domination numbers I',, ,,(X,)) and I';,, ,(Y, X). In other

words, the domination number serves as a measure of efficiency in distinguishing the

classes X and Y from each other.



1.3 Our Results

In this dissertation, we investigate the limit theory for the domination number
of CCCDs. DeVinney and Wierman [12] have proved the the strong law of large
numbers (SLLN) for the domination number generated by uniformly distributed data
in one dimension (see Theorem 2.1.2). In Chapter 2, we extend their result to more
general cases in which the class-conditional densities fx and fy are bounded and
continuous in any bounded interval.

To obtain the central limit theorem (CLT) for the domination number T, ,, of
CCCDs, we calculate the variance of ', ,,, (see Chapter 3). This calculation is con-
ducted in one dimension for uniform class-conditional distributions. Under the same
assumptions, in Chapter 4, we prove the CLT for the domination number in one
dimension. An important tool used in this proof is negative association.

The work in two dimensions is more challenging because the exact distribution of
I';,.m is unavailable in any dimension higher than one. In Chapter 5, by using subad-
ditive processes, we prove the SLLN for the domination number generated by Poisson
points. Based on this result, we obtain the weak law of large numbers (WLLN) when
the points are uniformly distributed in the unit square [0,1]?. Then, applying the
same technique used in Chapter 2, we generalize the WLLN to the case in which fx
and fy are positive, bounded and continuous.

In Chapter 6, we explore the empirical evidence for the CLT by Monte Carlo sim-

ulation methods. Although the CLT for the domination number in two dimensions is



not obtained in this dissertation, we find that, as expected, the empirical distribution

of the domination number in this situation is asymptotically normally distributed.
The techniques and ideas used in this research are not exclusive to the domination

number. In Chapter 7, we present possibilities for applying our methods to other

properties of CCCDs and suggest other research directions.



Chapter 2

SLLN for the Domination Number

in One Dimension

Our first interest is to establish the SLLN for the domination number in one
dimension. There have been several research results on the probabilistic properties of
the domination number generated by uniform data. In Section 2.1, we introduce these
previous results, which we will rely upon to prove the SLLN for continuous densities
in later sections. The proof is first done for the case of piecewise constant densities
in Section 2.2, and then extended to the case of continuous densities in Section 2.3.
Finally, in Section 2.4, we discuss an upper bound for the limiting value in the SLLN,

and its potential in building a statistical test for the equality of two distributions.

10



2.1 Previous Results

In one-dimensional space, we denote Y{;y as the jth order statistic of Y7, -, Y,
and define Yoy = 0, Y{;41) = 1. The random variable o ,, is defined as the minimum
number of covering balls needed to cover the NN;,, X-points located between Y(;
and Y{;j;1). The random variables g, and ,,, are referred to as the external
components, and «;,, for j = 1,--- ,m—1 are referred to as the internal components.
It should be noted that I',, ,,, = Z;n:() @jm; thus, the original CCP is decomposed into
m + 1 sub-CCPs of finding the domination number «;,, in the interval [Y{;), Y{;11))-

It is obvious that «;,, = 0 if and only if N;,, = 0. It should also be noted that
@ is at most 2, because all X;’s in [Y(;), Y{;41)) are contained in the covering balls
of the two X-points that are closest to the midpoint of this interval on the right and
left. Since the domination number is a non-negative integer, o, can only be 0,1 or
2. In particular, external components «y,, and o, , can only be 0 or 1.

Through careful analysis, the probability of each of these values was determined
exactly by Priebe, DeVinney and Marchette [3]. They found the conditional distri-
bution of «;,, given Nj,, for the special case of Fy = Fy = U|0, 1], where U[0, 1] is

the uniform distribution on the interval [0, 1].
Theorem 2.1.1. If Q=R and Fx = Fy = U|0,1], then the following are true:
o Forje{0,1,--- ,m}, if Nj,,, =0 then o, = 0.

o Forj e {0,m}, if Nj,, > 0 then o, = 1.
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o Forje{1,2,--- ,m—1}, if Nj,, =njm > 0 then

P(Oéjm@ =1 ’ Nj,m = njm) = 1- P(Oéj’m =2 ‘ Nj,m = nj’m)
5 4 1

9 + 9 4njm=1"

Also, it should be noted that the internal components o;,,,j =1,--- ,m — 1 are
identically distributed, and the external components o ,,,, 7 = 0, m are also identically
distributed.

The theorem above shows that for j € {1,2,--- ,m — 1}, given N;,, = nj, > 0,
the conditional probability of o ,,, = 2 is an increasing function of n; ,,, meaning that
for fixed m, each component «; ,, tends to become larger as the number of X-points
increases.

Basing on Theorem 2.1.1, DeVinney and Wierman [12] proved the SLLN for uni-

form data, stated as follows:

Theorem 2.1.2. IfQ =R, Fx = Fy =U[0,1] and m = |rn],r € (0,00), then

r
li S = 8.
Jm == g(r) a.s.,
where
r(12r + 13

o) = 2 L

3(r+1)(4r +3)
The result above is equivalent to lirf F’;,’lm = ¢g(r)/r a.s. From the formula g(r),

it is apparent that g(r)/r — 0 when r — oo, which is justified by the fact that
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Figure 2.1: A graph of the limiting function g(r), plotted using MATLAB.

asymptotically a typical interval between Y(; and Y;,) almost certainly contains no

X-point. Moreover, g(r)/r — % as v — 0, which corresponds to the situation in

which each interval between Y(;) and Y{;,) contains a very large number of X-points.

According to Theorem 1.1, the probability that «;,, = 1 is approximately g, while

the probability that a;,, = 2 is approximately %, SO % = g -1+ % -2 can be viewed
simply as an asymptotic expectation value of a; p,.

In their proof [12], DeVinney and Wierman first treated the special case of r = 1.
First, they constructed two Poisson processes, A and B, with a common rate \ €
(0,00). A-points play the role of X-points, and B-points play the role of Y-points.
There are a random number N, of A-points before the (m+1)-st B-point. Conditional

on the (m + 1)-st arrival of the B process, the m B-points and N,,, A-points before it

are uniformly distributed. DeVinney and Wierman proved the complete convergence
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result for the domination number of the CCCD induced by these A-points and B-

points. Hence the complete convergence result holds in the original setting with N,

X-points and m Y-points uniformly distributed on [0,1]. Writing N,,, as m + G,

then for 0 < € < 1, according to Chernoft’s theorem,

P(le_n’ Z€> — P(‘Nm_m
m m

m

’26)
)

< Cremmeh) p gyemozime=l) (2.1.1)

for all m > 1, where aq,as > 0 and C; and (5 are constants. Thus, the difference

between N,, and n is negligible in the limit. Based on the exponential bound above,

complete convergence for the domination number in the case with N,, X-points is

proved to be still true in the case with n X-points, and therefore almost sure conver-

gence holds in the original setting.

For the r # 1 case, the proof can be extended by letting process A have rate r\

and process B have rate A.

In the following theorem, we weaken the condition of m = [rn] in Theorem 2.1.2

to m/n —r.

Theorem 2.1.3. If Q = R, Fx = Fy = U[0,1], and m = m(n) with m/n — r as

n — oo where r € (0,00), then

r
lim — = .
Jm == g(r) a.s,

where g(r) is the same as in Theorem 2.1.2.
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Proof. The whole proof is almost the same as that for Theorem 2.1.2, with the only

difference given below. Given that m/n — r, when n is sufficiently large, we have

[m—rn]| <
P

Hence, from Inequality (2.1.1), we get

(‘Nm—rn‘ ) (‘m+Gm—rn| )
Pl——>¢] = P > €
m m
P(M>£)
m 2

< Cle—al(me/2—1) + 026—a2(me/2—1)‘ H

£
5

In the next two sections, we extend Theorem 2.1.3 to the general case in which

the densities fx and fy are bounded and continuous.

2.2 Piecewise Constant Densities

First, we consider a simpler situation in which fx and fy are piecewise constant
densities. Without loss of generality, the intervals of constancy for fx and fy can be

taken to be the same. Hence we suppose

k
fX(‘Qj) = Z al[[cthcz)(x)?
=1

k
fY(y) = Zblj[cl_l,cl)(y>7
=1

where a = ¢y < ¢; < --- < ¢ = b and q;, b; are nonnegative. We define the following

random variables:

Nl = HXZ : Xz € [lel,Cl>}

M, = HY} : Y} S [lel,cl>}‘ .
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Lemma 2.2.1. If m/n — r,r € (0,00), then for [c;_1,¢),l=1,--- k, as n — o0,

M,
—l — bl(Cl — Cl—l) a.s.,
m
N,
— = alag—c-1) a.s.,
n
and if a; # 0, then
M,
— — 7 a.s.
Nl l )
where
fy (u) b
r=r- =r— forallu € |[c_1,q).
1 Fx(u) a f [c1-1, )
Proof. Since Y;,j = 1,--- ,m, are i.i.d., the indicator random variables ]{Yje[c;_hc;)}

are also i.i.d. Therefore, by applying the standard SLLN, we get

M {YirYi€laa)}
mo m
Z;nzl I{YjE[szhCl)}
- m

— F ([{Yje[clfhcl)})

= P(Y; - [Cl—lacl»

= blg—c_1) as.

Similarly,

Ny
-_— al(cl—cl_l) a.s.
n

16



Hence,

M, m %
Nl N n- %
bi(c; — ¢
— - bla —a-1) a.s. provided that a; # 0
ai(c; — ¢-1)
= 1. O

Dividing the original CCP into k sub-CCPs, each induced by X! = {Xi c X, €
[cl_l,cl)} and ) = {YJ Y € [cl_l,cl)}, l=1,---,k, we denote the cardinality of a
minimum class cover of the I-th CCP by T',,,, (X", V'). Since Lemma 2.2.1 shows that

M;/N; — r;, from Theorem 2.1.3 it follows that

an Xl’ !
The points ¢;,l = 1,--- k — 1, are referred to as “filter” points in that for each

l€{1, -+ k}, only X-points and Y-points in [¢;_1, ¢;) determine T, (X", V'). (Note
that ¢p = a and ¢, = b are fixed.) Recall that the domination number in one dimen-
sion is additive over intervals between Y-points. Specifically, we have I, ,,(X,)) =
ZT:O ajm, Where each component «;,, is determined by the X-points contained in
[Yij), Yij4+1)). For any interval [Y{;),Y(;;1)) containing no filter point, a;,, must be a
component of I',,,,, (X", V') for the [ such that Yy, Yij+1)) C [ci-1,¢). However, if
[Y(j), Y{j+1)) contains one “filter” point ¢;, then o, is decomposed into the right exter-
nal component of T, ,,,(X?, V') plus the left external component of I',, (X", Y1),
Finally, if [Y(;), Y(j+1)) contains two or more “filter” points: ¢, - \ Cu, (T; > 2), then
o m is divided into the following 75 41 components: the right external component of
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Ly (X1, V1), plus Ty (X2, 152) - T (X775, Y75, plus the left external com-
ponent of Fnym(XlTj“, )/ZTJ‘“). In summary, for any interval [Y(;), Y(;;1)) containing
no filter point, the corresponding component «;,, of I';,,,(X,)) is also a compo-
nent of érn,m(xl,yl); for any interval [Y{;),Y(;+1)) containing Tj filter points, the

corresponding component ¢, of I',, ,, (X, ) is decomposed into T; + 1 components

k
of 3T, (Xh V). Furthermore, since any component mentioned above could only
=1

be 0,1 or 2 (see Theorem 2.1.1), the 7; “filter” points contained in a given interval

k
[Y(j), Y{j+1)) could contribute to the difference I',, ,,, (X, V) = Lo (XL V1) by at least
=1
0—2x(T;+1) = —-2T; — 2 and at most 2 — 0 (7; + 1) = 2. Supposing the set J
consists of all j such that [Y(;),Y(;41)) contains at least one “filter” point, we have
k

jed 1=1 jed

There are k—1 “filter” points, hence there are at most k—1 such intervals [Y{;, Y{;41))

that contain one or more “filter” points, thus |J| < k — 1. Therefore, from the

inequality above we obtain
k
—2) Ty = 2(k = 1) S T (X, P) = 3 Tp(X1, V) < 2(k — 1),
jedJ =1
By considering > T; = k — 1, the inequality above becomes

Jj€J

—A(k —=1) S Tpm(X,¥) =D Tom(XL V) <2(k - 1),

=1
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Since k is fixed,

k-1

. an(X;y) . an(‘)(l?yl)
1 _— = 1 0
Jm e Jm > =
1=0
k—1
an(xl yl) Nl
- lim —m\ o) (2.2.1)
=0 N "
If @ # 0, then by Lemma 2.1.3, %)jlyl) — g¢g(r;) a.s., and by Lemma 2.2.1,
% — a)(¢; — ¢—1) a.s. Hence lim %/flyl) . % = g(r))ai(cg — ¢—1) a.s. If instead

n—oo
a; = 0, then, almost surely, there are no X-points in [¢;_1, ¢;), 80 Ty (XL, V1) = 0 a.s.

Do (XLVY

Thus we still have lim =0 = g(r)a(e — ¢_1) a.s. where r; = oo and

n—oo

g(oco) = lim g(r) = 0. Therefore from Equation (2.2.1) we get

T—00

Ly (X .
lim M = Zg(rl)al(cl—cl_l) a.s.

n— oo n
=1

Rewriting the expressions in the sum in the form of integrals generates
 Toun(X, ) - / ( fy(u))
lim ———= = glr- fx(uw)du
n—oo  m ; fx(u) x (@)

/abg (r' géz;) fx(w)du a.s.

2.3 Continuous Densities

The formula obtained in the previous section is also valid when the densities fx
and fy are bounded and continuous. Specifically, we address the following main

theorem in this chapter.
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Theorem 2.3.1. If 2 = R, the density functions fx, fy are bounded and continuous

on la,b], and m/n — r,r € (0,00), then

n—o00 n

lim M:/b9<r_fy(U)

fx(u)> fx(udu as.,

where g(r) is the same as in Theorem 2.1.2.

Proof. Since the density functions fx, fy are bounded and continuous on |[a, b], fx and
fy are uniformly continuous. Thus for any € > 0, there exists a § = d(e¢) > 0 such that
for all z and y with |z —y| <0, |fx () — fx ()| < p= and [y (2) = fy W) < 5=
Let Ay =[a+ (I —1)d,a+10) N[a,b] for [ > 1. Define piecewise constant functions

that approximate fx and fy by

fx(x) = min{fx(u) Tu € Al} forz € Ay,

fr(y) = min{fy(u):uel} foryeA,.

Note that fx and fy both depend on € via §; hence all functions and random variables
derived from fx and fy are also e-dependent, but for simplicity we drop an explicit
reference to e throughout the proof.

Since fx < fx, fy < fy, it follows that fab fx <1 and f; fy < 1. Re-scaling fy
and fy gives density functions f ¥ and fy, which approximate fx and fy, respectively.

Our next step is to construct two classes of coupled random vectors: X vs. X ,
and ) vs. Y. Every component of the random vector X has density function fx,
whereas every component of X has density function f x; and a similar property holds

for ) and ji as well. Now that we have introduced all the key notations, we first
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describe the overall structure of the proof before getting into the details. Recall that
the ultimate goal is to prove that Vn > 0, with probability 1, there exists an N, > 0

such that, when n > N,,

Fn,m<X7y> b fY(u)
B s
Hence it suffices to prove that when n > N,),
n n
Lon®D) [ i ;
% _/a g (7’ . ;;EZ%) x(u)du| < n/3, (2.3.3)

and

< n/3. (2.3.4)

[ (- 29 i [a(r 22 st

We first consider Inequality (2.3.4). Note that the expressions inside the integral

above are polynomials in the density functions fX and fy. Since as € — 0, fX(u) —
fx(u) and fy(u) — fy(u) for any u € [a,b], the Dominated Convergence Theorem

gives

(8 e [ ) v i

Thus, for any given n, there must exist an €, < n/3 such that

/abg (r- J{;Eg) .fX(u)du—/abg (r. giz;) F(u)du

where fX and fy are constructed as described in the very beginning of the proof by

<n/3,

choosing € = ¢,. In the rest of this proof, we show that for the € = ¢,, Inequalities
(2.3.2) and (2.3.3) hold when n is sufficiently large.
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We continue to describe the construction of X and ). First, consider i.i.d. random
points (Xi4, X9;),1 < i < n, distributed uniformly over the region bounded by the

z-axis, the line x = a, the line x = b, and the graph of fx. Then,
t
P(s < Xy; <t)= / fx(u)du foralla <s<t<b,

so the marginal density function of Xi; is fx. Similarly, construct i.i.d. random
points (Y7;,Y2;),1 < j < m, with Yj;’s marginal density function being fy. Denote
X={Xy:i=1-- ,ntand Y ={Yy;:j=1,--- ,m}.

Next, let (X;, Xo;) and (Y3, Ya;) be ii.d. random points uniformly distributed
over the regions under the graph of fy and fy respectively. By the same argument
as in the last paragraph, we can prove that the marginal density function of Xj; is
fx, and the marginal density function of Y;; is fy.

Denote Ry as the region between the graphs of fy and fx, and Ry as the region

between the graphs of fy and fy. Finally, define
(Xli’ XQZ) = (Xli]{(X1i7X2i)¢Rx} + Xli]{(xlivX%)ERX}’
XQiI{(X1i7X2i)¢Rx} + X%]{(XIZ"XM)GRX})
and
<Y1j7 ng) = (Yu[{mjymeéy} + Vil
Y?J'[{(YU,YM)%RY} + Ej[{(YmYzj)ERY}) :
Here the idea 1s to set <X17;,X27;> = <X1i7X2i> lf (Xli; X2z> g_ﬁ RX, and <X1i, ngL) =

22



(Xli:XZi) if (X1;, Xo;) € Rx. The same idea applies for Y-points. Denote X =
{Xliii: 1, ’n} al’ldj;: {}Aflj ]: 17 ’m}'
Lemma 2.3.1. Xu‘ and 371]- have piecewise constant density functions fX and fy,

respectively.

Proof. Any interval [s,t] C [a, b] can be written as a disjoint union U}* ;[s, tx], where
each [sy, tx] C Ay for distinct k. Denote fX(Ak) = f;g(ac) for all x € Ay. If we can

prove P(sp < X1 < t) = (tx — s) fx(Ay) for each k, then it follows that
P(SSXliSt Ztk—sk Ak)
k=0

hence X; has piecewise constant density functions fX. In fact, we know that for any

P <3k: < Xy < tk) = P <3k < Xy <ty | (Xu, Xoi) ¢ RX) P (X1, X2) ¢ Rx)

+ P <5k < X <ty | (Xus, Xoi) € PLX) P ((X1, X2) € Rx) .

By recalling that (Xli,XQi) = <X1i7X2i> if (Xli,XQi) ¢ RX7 and <X1i7X2i> =

()_(h-, )_(21-) if (X1, Xo;) € Rx, the equation above becomes

P (Sk <Xy < tk) = P(sp < Xu <ty | (X1, X2i) € Rx) P ((Xu, X2) ¢ Rx)

+ P (Sk < Xy <ty | (X, Xog) € RX) P (<X1i7X2i) € RX) :

Observe that given (X1, Xo;) ¢ Ry, the random point (Xy;, Xo;) is bounded above

by fx, hence the random variable X;; has conditional density fX. Meanwhile, given
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(X1, Xo;) € Ry, the conditional density of random variable X;; is the same as its

unconditional density fX, because Xi; is independent of X3; and Xs,;. Therefore,

Pse<Xu<t) = (b—s)fx(B0P ((Xu Xa) ¢ R)
+ (tr — si) fx (Ax) P ((Xu, Xs) € Rx)

= (tr — si) fx (D).

A similar result for }Aflj can be obtained by the same argument. |

Recall that the random variable I, ,,(X,)) represents the size of a minimum
class cover of X = {Xy;,i =1,--- ,n} with respect to Y = {¥3,,7 = 1,--- ,m}, and
anm(é’f.’, )AJ) represents the size of a minimum class cover of X = {Xli,i =1,---,n}
with respect to ) = {}Aflj,j =1,---,m}. For any point (Xy;, Xo;) € Rx, we have set
X 1 = X1;, which is equivalent to replacing Xi; by X1;, hence the original domination
number I, ,,,(X,)) changes. Note that deleting any X;; can decrease the original
domination number I';, ,,(X,)) by at most 1, while adding any Xy; can further de-
crease I', (X, Y) by at most 1. Therefore, replacing Xy; by X1, can contribute to

the difference ‘Fn,m(?(, V) — Fn,m(‘)e; )>) by at most 2. Similarly, (Y3;, Y2;) in Ry can

also change the difference between I'y, ,,, (X, Y) and Fn,m(?e , J>) by at most 2. Thus,

’Fn,m<X’ y) - Fn,m(‘)ea y)

<2 (Z ]{(XM,XQi)ERX} + Z I{(Yli»Y%)ERY}) :
=1

V= i=1

Since the Iy(x,; x,,)eky}>¢ = 1,7+ ,n are L.i.d. random variables, applying the SLLN
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yields

; [{(X1i7X2i)ERX}

n — B (I{(X1i7X2i)€RX})
= P ((XliaXQi) € RX)
€ €
< b—a)- 1 = .S. 2.3.5
and
Z I{(Yu,Yzi)GRY} m Z I{(Yli,Y%)ERY}
i=1 _ o=l
n n m

— r- B (I{(Yh Y2z)€RY})
= r-P ((YmYzi) € RY)

re(b—a)- ﬁ = % a.s. (2.3.6)

IN

Recall that €, < n/3. Consequently, with probability 1, there exists an N'(e,) > 0

such that when n > N'(e,),

Fn,m(‘)(ay) - Fn,m(‘if;j))

n

which is exactly Inequality (2.3.2).
By the SLLN for piecewise constant densities, with probability 1, there exists an

N"(e,) > 0 such that when n > N"(¢,),

nn (X, D) [ T_fy(ﬂ) () du
" /ag< fX(u)>f()

which is exactly Inequality (2.3.3).

< e <n/3,

25



Therefore, both Inequalities (2.3.2) and (2.3.3) hold when n > N, = max{N'(,),
N"(e,)}. Hence, Inequality (2.3.1) immediately follows as we have showed Inequality

(2.3.4) holds when choosing € = ¢,. Considering n > 0 is arbitrary, we conclude that

limM:/bgG‘fY(U)

fX(U))fX(“)dU a.s. [

n—o0 n
Remark 2.3.1. For simplicity, we assumed that the density functions fx and fy are
continuous and bounded. However, for some more general cases (e.g., when the
densities are bounded but with only a finite number of discontinuities, when the
densities have a finite number of vertical asymptotes, or when the densities are defined
on unbounded intervals), our proof can apply as well by a slight modification. The
key is to find appropriate piecewise constant functions fx (bounded above by fx)
and fx (bounded above by fy), where fy and fy sufficiently approximate fy and
fv, respectively, so that Inequality (2.3.4), P((Xli, Xy;) € RX) < < as in Inequality

(2.3.5), and P((Yy;,Y2;) € Ry) < ¢ as in Inequality (2.3.6) still hold.

2.4 An Upper Bound for the Limiting Value in the

SLLN

We obtain the following upper bound for the limiting value in Theorem 2.3.1:

Corollary 2.4.1. Under the same conditions as in Theorem 2.3.1, we have

/abg ( fY(“)) Fx(u)du < g(r),

fx(u)
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where the equality holds if and only iof fx = fy a.e.

Proof. From elementary calculus, g(r) has a negative second derivative, so it is a
strictly concave function. Let U denote the random variable that has density function

fx. Then, by applying Jensen’s inequality on the function g, we get

Lo (i) st = ([ e it actom)

= g(r).

Since ¢ is strictly concave, Jensen’s theorem also tells us that the equality in the

inequality above holds if and only if r - ]J:;Eg; = by (7"- ]’;Y(Egg) =, le, fx = fy

a.e. O]

The corollary above can be viewed in the following intuitive way. When class
X and class Y both have the same distribution pattern, their objects tend to be
interspersed. In this case, a larger domination number I';, ,,(X,)) would be needed
to distinguish X from Y than when they have different distributions, because the
domination number serves as a measure of efficiency in distinguishing the classes X
and Y from each other.

We can apply Corollary 2.4.1 to build a distribution-free statistical test for the
equality of two distributions, described as follows. Under the null hypothesis Hy :
fx = fy a.e., the limiting value of F"Tm achieves the maximum value g(r). Therefore,

r . :
> ¢, and reject Hy otherwise,
n

one form of statistical test would be to accept Hy if

r

where the critical value ¢, is determined by solving P( <y | HO) = « for a given
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significance level . Thus, in order to calculate the critical value, we need to know
the distribution of the domination number I',, ,,, under Hy. This issue is partly solved
in Chapter 4 where we prove the CLT for I',, ,,, when Fx = Fy = U|0, 1]. However, it
remains as an open problem whether the CLT still holds when fx and fy are any two
equal densities. Although in this dissertation we haven’t been able to establish the
CLT for any equal densities other than the uniform densities, Monte Carlo simulation

does suggest the CLT is still valid in this case (see Chapter 6).
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Chapter 3

Variance of the Domination

Number in One Dimension

As an important first step in proving the CLT for the domination number I',, ,,,
we need to compute its variance Var(I',, ). By decomposing I',, ,,, into internal and

external components, we can write the variance as follows:

m—1
Var(Tpm) = Var(agm + Z Qjm + Q)
j=1

The formula above can be expressed as a sum of the variance and covariance of the

components:

Var(Tpm) = 2Var(aom) + (m — 1)Var(agm,)
+ 2 Cov(om, Qmm) + 2(m — 1)Cov(ag m, a1m) + m(m — 1)Cov(ay m, @om),
(3.0.1)
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since the internal components are identically distributed and the external components
are also identically distributed (refer to Lemma 3.2.2), and the covariance between any
two components only depends on whether each component is an internal component
or external component (refer forward to Lemma 3.2.3).

Thus, to obtain Var(I',,,), we need to calculate the Var(a;m,),j = 0,---,m,
and Cov(aj, m, Qjym), J1,J2 = 0,- -+ ,m, j1 # jo. Throughout this chapter we assume
that Fx = Fy = U|0,1]. Section 3.1 gives some facts about the distribution of
Njm. In Section 3.2, we first calculate the conditional moments of «;,, given Nj ,,
and then we obtain the exact formula of Var(l',,,) in terms of the expectations
of some expressions involving N;,,. In Section 3.3, based on the knowledge about
the distribution of Nj,,, we further express Var(I',,,) in terms of n and m. But
such expression is too complicated to evaluate explicitly, so we settle for the limiting
variance. In Section 3.4, we apply the dominated convergence theorem to determine

the limiting value of Var (I, ) when m/n — r as n — oo.

3.1 Preliminary Distribution Facts
We let Y{;) denote the jth order statistic of Y7, .-+ ,Y},, and define Y(g) = 0, Y, 41)

= 1. Let Lj,m:Y(j-&-l)_}/(j) f()rj:(]7... , M.

Proposition 3.1.1. Gwen Lj,, =1, >0,j =0,---,m, the random vector {N;p, :

Jj=0,---,m} is multinomially distributed with parameters {n,l;, : > ljm = 1}.
7=0
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Proof. Recall that Nj,, is the number of X-points contained in the interval [Y{;,
Y{(j+1)). Since the length of [Y{;y, Y{; 1)) is fixed as [ ,, and the X-points are uniformly

distributed on [0, 1], each X-point falls into [Y{;y, Y{;41)) with probability ;,,. Thus,

n
P(NO,m — n07m, PPN 7Nm,m = nm,m) = ( )(lomn)n(),m e (lm,m)nm,m,
no,m, s Mm,m

m
where > nj., = n. O
=0

Proposition 3.1.2. For any different ji, j2, given Nj, n, and Nj, n,, the correspond-
ing components o, m, and o, , are conditionally independent, and the conditional

distribution of o, ., is independent of Nj, .

Proof. When Nj, . = 1, m, Njy.m = Nj,.m, there are exactly n;, ,, X-points in L; ,,
and n;, , X-points in L;, ,,, while all other X-points fall in (L, n, U Lj,.m) . So the
event {Nj, m = 1, .ms Njym = Njy.m t can be decomposed into a union of the following
disjoint sub-events indexed by two disjoint subsets {sq, -+, s,, . }and {t,-- ,t,, }

of {1,--- ,n}:

Ao sng, bl tng, )

J2,m

= {XZ S le,m for ¢ € {817 ... 75nj1,m}7Xi € ng,m for 1 € {tl’ et }7

) an’m

Xz' c (Lj1,m U Lj27m)c fOI‘ 7 ¢ {81, cee 787’Lj1,m7 tl, s ,tn].%m}}.

Given any sub-event A{31,~--,snjlym},{t1,~-~,tnmm}a o, m is a function of X, ,---, X,

J1.m

and «j,, is a function of X, ,---, X, , and these two groups of X-points are

Mjg,m
independent of each other, so «j, , and «j, , are also independent of each other.
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Therefore, for any integer p, v,

P (aj1,m = M Qjpom =V | A{Sly"'73njlym}’{t1:'”:tn' }>

J2,m

=P (Oéjhm = U | A{Sly“‘7Snj1!m}7{t17“‘7tn4 })'P (O{j%m =Vr | A{Slw“7tnj1,m}7{t17'“7tn- }> .

J2,m Jj2,m

(3.1.1)

Recall that the event {Nj, m = 1j,.m, Njp.m = Nj,.m} is the union of the disjoint sub-

events Ay, ... P N (TR A hence

P(Oéjl,m = {le,m = Mjrm; Njgm = nj2’m}>
P<aj1,m = 11 ANjum = 151 m, Njp o = an,m}>
P({le,m = Ny my Njpm = njz,m})
S P (ajl,m = [, A{sl,-..,snjl,m},{tu--,t,Lh’m})
P({le,m = N> Njgm = ”jzvm})
P (ajl,m =y | A{Sh...,th’m},{th...,tn_ }> P <A{Sl,...,snh,m}itl,...,t%,m})

jo,m

P({leym = Ny ,m; Nj2,m = njz,?ﬂ})

Since the probability P (ajljm = 0| Asy e s, YAt tn, m}> is the same for every

Ji,m

Afstssn Aty 30 We can factor out P (ajl,m =] A{S1,---,snjl,m},{tl,---,tnjz,m}>

J1,m

from the sum in the equation above. It follows that for any Ags, .5, 3t ta, b
1,m 2t T gg,m

P<O‘j17m =K | {le,m = Nj1,m; NjQum = nj2,m})

= P <aj1,m =K | A{s1,-~~,th’m},{hy",tn]-Q’m}) : (312)
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Similarly,

P<aj27m =V | {Njhm = Nj1,m; Nj27m = njz,m}>

= P(Ozj%m =v| A{sl,-~-,sn '1,m}7{t1"“’t"g’2,m}>' (3.1.3)

J

Plugging Equations (3.1.2) and (3.1.3) into Equation (3.1.1) yields

J

P (levm = /'1/7 Oéj27m =V ‘ A{slv"'73"'17m}7{t1""’t’n]'2,m}>
= P<aj1,m =K | {Njhm = Nj1,m; Nj27m = nsz”})

'P(Oéj%m =V | {le,m = njhm, Njg,m = nj%m}). (314)

Recall that the event {N;, m = nj, m, Njy.m = Njpm} is the union of the disjoint sub-

events Ay, . Py 01 g b thus

P<aj1,m =My Qo =V | {Njhm = Njym, Njam = nj2,m}>
P<a/j1,m = ,u, ajz,m =V, {Nj1,m = njhm, Njg,m = nj%m})
P({le,m = Nji,m, sz,m = nj2,m})
> P(ozjhm =, Qjyp =V, A{Sl,"',snjlym},{tlw7tnj2,m}>
P({le,m = Njym, Njpm = njzml})
B Z P<aj1,m = U, Qjoom =V ’A{sl,m 7s"j1,m}7{t17"' ,tnj2ym}>P(A{81,--~ 7Snj1,77l}’{t1’.“ ’t"jz,nL})
P({Nim = v Nizan = Mz} .
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By substituting Equation (3.1.4) into the formula above, we get

= ZP(ajhm =1 | {Nj;.m = Mjrms Njgym = ”jz»m}>
-P(aj%m = v [ {Njim = 1, > Njym = ”jmm})
'P(A{51,~--,s%m},{n,w,t%,m})/P({Njhm = M Njom = ”ﬂ'zﬁm}>
= P(ajl,m = 1 | {Njr.m = 1jy.m Njpom = njg,m})
~P<ozj2,m =V [ {Njim = 1m0 Njpom = njz:m})
Z P<A{31""’Snjl,m}v{tlv""t"jzym}>/P({Nj1’m = M Njgm = njzm})
= P(O[jhm = {le,m = Ny ms Njgm = ”jzvm}>

'P<O‘j2,m =V | {le,m = nij?sz,m = nj27m})'

Hence a;j, ., and o, are independent given {Ny, m = 1j,.m, Niyom = Njym }-
Furthermore, given the event {Nj, . = nj, m, Njym = Njym }, for any fixed sub-
set {p1,* ,Pn; ) of {1,---,n}, the event A = {X;, € Ljnfori €

{plv'“ 7p'n,j1’,n} =

{p1,--- ,pnh,m},Xi € (Lj,m) fori & {py,--- ,pnjl’m}} is independent of n;, ,,. Thus,

P( {[pl,n-,p,, } | {le,m = njl,MaNJ'Q,m = njm?ﬂ}) :P< /{p1,~~~,pn. } ’ Njhm = njl,ﬂl) .

J1,m Ji1,m

Therefore, applying once again the technique of decomposing an event into the union
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of disjoint sub-events, we achieve the desired result as follows:

P(ajl,m =K ‘ {Njhm = Mj1,ms Nj27m = njzml})
P — / /
_Z P (ajl’m = | A{plv'"’p”jl,m}) P ( {1 png, |
:Z P <O‘j17m 4 A,{p1,~-~,pnj1,m}> P ( {{pl’“.’pnjlrm} [ Njran = njl’m>
|

=P(jim =t | Njim = nj1m).

le,m = Ny ,m; sz,m = njzm)

Proposition 3.1.3. Supposing that Y;,j = 1,--- ,m are uniformly distributed on
0,1], we let Y(;y,j = 1,--- ,m denote the order statistics of Y1,---,Y,,, and define
Yoy = 0,Ynq1) = 1. If we define Ly = Y41y — Y5y, = 0,--- ,m, then the density
function of L; is

fo, () =m(1 =)™,

and the joint density function of L; and L; is

fr, ., s y) = m(m = 1)(1 =1, — 1;,)™ 2.

Proof. We know that the joint density function of order statistics Y(yy,..., Yy, is

m! HfY(yj)v
j=1

where fy is the common marginal distribution of Yj,j = 1,--- ,m. Since fy(y;) =

Iy.cp0,1), we have

m! 0= Yoy Y1) < S Yim) S Ynmt1) = 1,
Yoy W)y -+ 5 Ym)) =

0 otherwise.
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Therefore, the marginal density function of (Y{;, Y{j11)) is

fY(j)vY<j+1>(y(j)vy(j+1)) = // fays - 7y(m)>dy(1) oy dyige) - - dyen)

0=Y() <yG+n =l
m)! ;
_ J—Le .

m—j—1

Applying the distribution theory of transformations of random vectors using z = y;)

and z + [; = y(j4+1), we obtain

8(y(j), y(j+1))
ij,Z(lj,Z) = ’W 'fY(j),Y(jH)(y(jwy(jH))

= 1 f%)vy(wl)(z’ z2+1y)

m)! , .
— =1 1. — p)ym—i-1
G- im g b=

thus

| 1-1; 4
ij(lj) = (j_l)!<:§_j_1>!/0 Zj*l(l—lj—z)mfjfldz.

By letting Z = z/(1 — [;), the above becomes

m! ! i1 V(1) g
_ ml(1—1;)" lgj—l _ mym—i-lgz
- T, T

Recalling the standard Beta function B(p,q) is defined as fol wP (1 — w)i  du =

(p=D!(g=1)!

rg-Dr o We obtain

Lo mla=pmt (G =Dlm—j—1)!
) = G Dim - -1 (m — 1)

= m(l — lj)m_l.
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Similarly, for any 7; < j2, we have

PV Y0¥ Yoo Y60 Y1412 YG2)s Y1)
:/ / F@s - Ym)dya) - G0 B2 - W1 Y Gar2) - - Bom)

= / s / m!dy(l) .. dy(jl—l) dy(j1+2) . dy(jz_l)dy(j2+2) e dy(m)
Ogy(1)<...<y(m)§1

| .
m! -1

G Dl — = Dl — o — DY W = ¥ (1 = yan)™

If welet I, = y(i41) —YG1)» L = Y(a+1) —Y(jn)» DY again transforming the distribution,

we get

ijl Lo Y(51):Y(jg+1) (ljl s YG)> y(j2+1))

IYi)s Y1) Y(in)» Yo t1))
- a(ljm lj2 Y1) y(j2+1)) ‘ fY(jl)7Y<jl+l)7Y<j2)7Yu2+l) (y(jl)’ Y1), Yiz), y(j2+1))

=1 ) Yo n Yo Yo W00 Y60 + i Y6a+1) = bias YGar)

m! j1—1 jo—j1—2 m—jo—1
= G D= —2Tem =1 Yo Wy = Y0 =l = L7 (1= y)™ 7

It follows that

ijl,Lj2 (lj17lj2)
:/ ij17Lj27Y(j1)’1/(]‘2+1)(ljl’lj27y(jl)’y(j2+1))dy(j1)dy(j2+1)

m! i1 o1 12
- (j1—1)!(j2—j1—2)!(mfj2—1)!// iy =960 " " Wi =Y6n —lin = 1) dygy Yoty

where the integral above is taken over the region {y(,), ¥(o+1) 1 0 < ¥(1) < Ygar1) <

L Ya+1) — Yy = Uiy + 15,1 Calculating the integral generates

Sy, (L ly) = mm—1)(1—1;, —1;,)" % O
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The following two identities are frequently used in our later calculations.

Corollary 3.1.1. If Fx = Fy = U|0,1], then

m

m+n’
m(m — 1)
(m+n)(m+n-—1)

P(Njym =0,Njym =0) =
Proof. From Proposition 3.1.1, we know that
P(Njam =0 Ljm = ljm) = (1 = Ljm)".

Hence,

1
PMNin=0) = [ PNy = 0] Ly = ) o () s
0
1
- / (1= )" m(1 — L) ™ dly
0
Calculating the integration above gives

m

P(Njm =0) =

m+n

Similarly, for j; < j, we have
J1m:O szmzo)
// 31.m=0, Njy =0 | Ly =Ly ims Ly =i m) FL;, Ly (i Linin) ALy iy m
// Livom = Lam)™ - m(m = 1) (1= 1y = Lyn)™ 2y i iy m
= [ [ = D = Ly = )™

38



where the integrating area is {l;;, 0, : 0 < ljym + Lpm < 1,0 < Uy, Liym < 1}

Calculating the integral, we get

3.2

3.2.1

P<Nj17m = O7Nj2,m = 0)
1 1=l m
= / / m(m — 1) (1= Ly — L) ™" 2 dljy i dlj,
0 0

1
m\m — 1) m+n—
= [ R b

B m(m — 1)
 (mAn)(m+n—1) -

Variance Expressed as the Expectations of Func-

tions of N,

Conditional Moments

The next lemma gives the exact formula of the conditional first and second mo-

ments of «;,, given Nj p,.

Lemma 3.2.1. If Fx = Fy = U|0, 1], then
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0 Nj7m:0>j:()7"'7ma

Var(ajm | Njm) =<0 Njpm >0,j=0,m,

20 16 1 256 1 N.

(81 7 814%im — 81 £7Njm jm >0, =1,---,m—1

Proof. We compute the conditional moments of «;,, according to the conditional

distribution formulas given in Theorem 2.1.1.
A) When N;,, =0, since o, = 0, we have
E(ajm | Njm =0)=0 for j=0,---,m,

Var(ajm | Ny =0) =0 for j=0,--- ,m.

B) When N;,, > 0, depending on whether «;,, is an external or internal compo-

nent, we have the following two sub-cases.

B.1) For external components, since o, = 1 given N;,, > 0, we have

E(0jm | Njm =njm) =1 for n;, > 0,7 =0 or m,

Var(ajm | Njm =mnjm) =0 forn;, >0,7 =0 or m.
B.2) For internal components, since a;,, € {1,2} given N;,, > 0, we have

E(jm | Njm =njm) = 1-P(ajm=1|Njm =njm)

+ 2- P(aj,m =2 | Nj,m = nj,m)-
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Plugging the formulas in Theorem 2.1.1 into the equation above yields

5 4 1
E(ajm | Njm =njm) = 1- ( + = >

9 4nj.m—1
4
9

44
9 94%

4ngm—

1B
9
thus,

13 16 1
E(tjm | Njm = njm) = 9 T 9 T for nj, >0,7=1,--- ,m—1.

Similarly, the second conditional moment can be calculated as

E(a?’m | Nj’m - nj7m) = 12 ’ P(aj,m =1 | Nj,m = nj,m)

+ 22 . P(O&j’m =2 | Nj,m = ’I’Lj’m).

Applying Theorem 2.1.1, the above becomes

5 4 1
E(a?,m | Nj,m = nj,m) = 1 (_ + = >

9 94nim—1
4 4 1
4.1 ===
+ (9 94nj,m_1>
7T 401
3 34wl

thus,

E(a,, | Njn = 1jm) =

7T 16 1
37 3 fornj, >0,j=1,--- ,m—1.

It immediately follows that

2
Var(ajm | Njm) = E( Om | Njm) — (E<O‘j,m ‘ Nj,m))

7 16 1 13 16 1 )
3 3 4Nim 9 9 4Nim )
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By expanding the quadratic term and combining similar terms, we get

Var(am | Njm)

B Z_E 1 _ @_416 1 256 1
3 3 4Nim

ST 81 4% 81 2N
20 16 1 256 1
81 814N 81 2N

3.2.2 Variance of the Individual Component

Using some of the distribution facts obtained in Section 3.1, we can further cal-

culate Var(a;,,). The result is given in the following lemma.

Lemma 3.2.2. [f Fx = Fy = U|0,1], then

mn N
(m+n)2 J = 07 m,
Var(ojm) =
20 _n_ | 169 _mn_ _ (16 416 _m 26, 2 ... o
81 mtn T 81 (mn)? (81 5 m+n) Hnm =51 Hnm”  J = 1, ym —1,

where [y, = E <4NﬁI{Nj,m>o}>-
Proof. Since Var(aj,,) = E[Var(ajm | Nijm)| + Var[E(ajm | Njm)], we write
Var(ojm) as
Var(ajm) = E[Var(agm | Nym)] + E[E(@im | Nym)] = (B[ | Nj,m)])Q.
Given that 1 = Iy, >0y + I{n;,,—0}, the equation above can be rewritten as
Var(ajm) = E[Var(ajm | Njm)(I(n, >0 + 1, =0y)]
+ E[E(im | Nim) (1N, >0y + 18, 0]
— (BB | Nim) w0y + L] )
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thus by linearity,

Var(aj,m) = E[VCL’I"(O!ij | Nj,m)I{Nj,m>0}} + E[Var(ajym | Nj,m)I{Nj,mz(J}]
+ E[E(jm | Njgn)*In 03] + E[E(0m | Njm) I i, =0

2

— <E [E(Oéj’m | Nj,m)]{Nj,m>0}] + E[E(Oéjﬁn | Nj,m)I{Njym:O}]> .

Recall that E(ajm | Njm =0) =0 and Var(ojm, | Nj, =0) =0 (Lemma 3.2.1), the

equation above can be simplified as
Var(a,) = E[Va'r(aj,m | Nj,m)[{Nj7m>0}]
+ BE(ajm | Njm) Iy 03]
2
- (E [E(ajm | Nj,m)I{Nj,m>o}D -

By substituting the formulas given in Lemma 3.2.1, we simplify the equations above

as follows:

A) When «;,, is an external component,

2
Var(ejm) = E(li,,.>0) — (E(I{n,,.>01))
— P(Nj,, >0) — (P(N;,, > 0))°

= P(Njp = 0)(1 = P(Njm = 0));

thus, applying Corollary 3.1.1 gives

mn

Var(ajm) )

43



B) When «;,, is an internal component,
20 16 1 256 1
Varlam) = B [(8_1 TR sTm) I{Nmmw}}

13 16 1 \?
90 N ) 10

13 16 1 2
([ )

Expanding the terms on the RHS of the equation above yields

Var(om)

20 16 1 256 1
= aP(Nj’m > 0) — gE (—4Nj,m I{Nj,m>0}> — 8_1E <—42Nj,m I{Nj,m>0}>

169 416 1 256 1
T gp DWW > 0) = 57 E (mf{mw}) T (WI{M»O})

169
81

2 416 1 256 1
(P(Nj,m > 0)) +8—1P(Nj,m >0)F (—4ij I{Nj"”'>0}>_8_1 {E <—4Nj,7n I{Nj,m>0}>ﬁ

and collecting similar terms generates

20 20 16 1
Var(ajm) = o = gqPWNim=0) = F (—4Nj,m I{Nj,m>o})

169
8—1P(Nj,m =0)(1 = P(Njm =0))
416 1

— 8_1P(Nj’m = O)E (mI{Nj’m>0})

256 1 )
B 8—1 |:E <MI{N]',77L>O}):| .

Again, by applying Corollary 3.1.1, the equation above reduces to

20 20 m 16 1
Var(jm) = — — ——— — —F ( — J{Njymw})

81 &8lm+n &1 4N;
169  mn
81 (m+n)?
416 m 1 7
8l m+n (4NJ {N’m>0}>
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Collecting similar terms on the RHS of the above finishes the proof. |

3.2.3 Covariance Between Components

Lemma 3.2.3. If Fx = Fy = U|[0,1], then the covariance between any two compo-
nents is given by

COU<O‘j1,m7 O‘Jéﬁﬂ) =

(
—m J1=0,Ja=m
13 mn 16 S R
—gm—j(sn,m a=0p=1- m-1
169 mn 416 256 2 S
| =81 G tmra ) 81 0nm T 51 (Pam — fam®) Ju g2 =10 m— 1,

where

1 n 1
On,m L <m1{Nj1,m>0,Nj2,m>0}> “ ok <4Nj2,m I{Nj2,m>0}) )

1
o= E(m[{%mw%mw} -

Proof. We first express the covariance in terms of the conditional expectation as

follows:

Cov(jy ms Wym) = B0 mQjym) — By m) E(jym)

= E[E(aj1,majz,m | Ny m, sz,m)}
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From Proposition 3.1.2, the last equality can be further written as

Cov(aym; Qjpm) = E[E(ym | Njy s Njym) By | Niy i Njym)]
- E[E(ajl,m ‘ le,m)]E[E<Oéj2,m ’ ijm)}
= E[E(ajl,m ‘ Nj1,m)E(aj2,m | Nj2,m)]

- E[E(a/jhm | Nj1,m)]E[E(aj2,m | NjQ,m)]'

By substituting the formulas obtained in Lemma 3.2.1, we simplify the equation above

in different cases as follows:
A) When a;, ,, and «, ., are both external components,
2
COU(O{jl’my an,m> = E(I{le’m>0,Nj2,m>0}) - |:E(I{Nj2,m>0})i| .
Since Nj, ,, and Nj, ,, are non-negative,
= I{n;, n>0N >0y LNy, =0} + I{N;, u=0} = J{N;, 1n=0,N;, =0}
Hence,

COU(O‘J’MM O‘jmm)

2
= 1—E(I,, .=0y) — E(Iin,, =0)) + E(Iw;, =0, =0y) — [E(I{n;, 50))]

2
=1—2P(Nj,;n=0)+ P(Nj,;m =0,Nj,m =0) — (1 = P(Nj,,n, =0))".

Applying Corollary 3.1.1 reduces the equation above to

m m(m — 1) m Y’
OU(CY]l, Qjy, ) m+n + (m+n)(m+n_ 1) ( m—{—n)
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If we expand the quadratic term and then cancel similar terms, it follows that

COU(O‘jwm O‘jz,m)

o, ,om m(m — 1) oy . m m \°
=1 2m+n+(m+n)(m+n—1) (1 2m+n+(m+n>>
m(m — 1) m

: -y

(m+n)(m+n—-1) "m+n

Reducing the factions above to a common denominator gives

(m+n)2(m+n-—1)

Cov(aﬁ ms ajg,m) = -

B) When «;, ,, is an external component while a;, ., is an internal component,

13 16 1
Cov(ajym, Qjpm) = E [(3 - gm) ]{Nh,m>o,Nj2,m>0}}

13 16 1
= B (It m>0)) B Kg - 5—4%,,1) I{Nh,m>o}] :
Through expansion of the terms in the expectation, the above is simplified as

Cov(jy ms Wjym)

13 16 1
= ?E (I{le,m>0,Nj2,m>0}) - EE (—4Nj2,m ]{le,m>0,Nj2,m>0})

13 16 1
= 5 B (I o)]” + 5 B (T, o0) B <—4Nj2,m f{NjQ,m>0})
13
== (B Uy, m08m50) = [B (I o0)]?)
1

16 1
Y [E (—4%” I{le,m>o,Nj2,m>o}) - E (I, .500) B (—4Nj2,m I{Nh,m>o}ﬂ :

Recall that in the previous case we obtained

mn
m+n)2(m+n—1)

E (I, 508 m503) — (B (I, on)]* = T
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and that by Corollary 3.1.1 we have

n
E (I{Njg,m>0}) =P (Njpm > 0) = m+n
Therefore, we further write the covariance as
13 mn 16
C i1,ms Xgom ) = — 57 __5nm7
V(1 m: @ m) 9 (m+n)?2m+n—-1) 9

where

1 n 1
Opm = E <—4Nj2,m ]{le,m>0,Nj2,m>o}> - —I—nE <4Nj2,m ]{Nj21m>0}) .
C) When «;, ,, and «j, ,,, are both internal components,

Cov(ajl,rm ajz,m)

13 16 1 13 16 1
R AN Ty A i ey R RSy

13 16 1 13 16 1
_E{Qg‘ﬁqmz)ﬁmwwﬁE{C§‘EQEE)QMW”4'

Expanding the expressions inside the expectations above gives

COU(O‘ﬁ,m? ajz,m)

13\? 1316 1
- (5) E(I{Nn m>0,Nj,, m>0}) 2 9 9 5 (4leml{ Nj1.m>0,Njs, m>0})

( > (4N 1 m+N. jo.,m N]17m>0’Nj2’m>0}>

13)° 13 16 1
—(g) (B (I o)) 420 5 5B (I, o0) B (4Nj2,mf{zvj2,m>0})

( ) {E(mm ]2m>0})r.
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Collecting terms simplifies the above to

COU(O[jhm’ ajg,m)
13\? )
— <§) <E ([{le,m>0,Nj2,m>0}) - [E([{Njg,m>0}>] )
13 16 1 1
_2 . ? . 6 |:E <4Nj2vm [{le’m>0’Nj2vm>0}) - E(I{NJ2,m>O})E (WI{N]27M>O})}

16\ 2 1 1 2
(9 (o) [ (o] )

Denote

1
Vn,m - E (4Nj17m+Nj2,m I{le’m>0,Nj2,m>0}) :
By recalling

(m+n)?(m+n-—1)

2
E (I{Nh,m>07Nj2,m>0}) - [E (I{Nj27m>0})} =
as obtained in the previous case, we have

Cov(jy ms Wjym)

169 mn 416 256

= T 51 __5nm <1 Unm — nm2
81 (m+n)2(m+n—1) 81 ot g (= i)

as desired. O

3.2.4 Summary

In the very beginning of this chapter, we decomposed the variance of the domina-

tion number as follows:
Var(Lym) = 2Var(agm) + (m — 1)Var(aqm)

+ 2 Cov(aom, Qmm) + 2(m — 1)Cov(ag m, @1m) + m(m — 1)Cov(ay m, dam).
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In Lemmas 3.2.2 and 3.2.3 in this section, we proved that

Var(ojm) =

mn
(m+n)?

0 n | 160 mn_ (16 , 416_m 26, 2 .
8L mtn T 81 (mtn)? (81+81 m+n):“mm st Hnm” J=1,m—1,

and

Cov(jy ms Wy m) =
g

mn

T (mAn)2(m4n—1) J1=0,ja=m

13 mn 16 s SR
% G (ma=D) — 9 Onm 1=0jo=1,,m—1

169 mn 416 256 2 q R
8 G meD) 81 Onm T 5T Pnn = Han®) J1sJe = 1o m =1

where

1
Hnm = E (4Nj,m [{Nj7m>0}) )

=%}
5
3
Il

1 n 1
E (—4N]~2,m I{le,m>0,Nj2,m>o}) iy nE (4Nj27m ]{Nh,m>o}) ;

1
s E(4N7j1,m+zvj2,mJ{Nn,m>o,Nj2,m>0} -

Therefore, Var(I',,,) can be expressed in terms of p, m,0nm and v, ,,, which are

expectations of some exponential functions involving N .

20



3.3 Variance Expressed in the Summation Form in

Terms of n and m

We have proved that Nj,,,7 = 1,---,m, are multinomially distributed condi-
tioned on Lj,,,7 = 1,--- ,m, and in Proposition 3.1.3 we obtained the distribution of
L;.,. Therefore, theoretically, we know the distribution of N; ,,, using which we can
integrate the expectations into the formulas for ft,, m, 05 m and v, ,,. In this section,

we calculate the explicit summation forms of (i), 1, Onm and vy, p,.

3.3.1 Component Variance Expressed in the Summation Form
in Terms of n and m

From Lemma 3.2.2, we know that each component’s variance is determined by
n,m- In this sub-section, we convert fi, ,, into a summation form.

Given that g, ,, is defined as £ (ﬁ]{ Nj’m>0}>, it follows that

,m

1
Fnm = ELN—M (I{Nj,m>0}—f{Nj,m=0})}

1

From Proposition 3.1.1, we have

n _
P(Nj,m =dq | Lj,m = lj,m) = (q) lg,m(l - lj,m)n 7

o1



SO

1 "1 /n e
0

Applying Corollary 3.1.1 yields
1
o = ENE{ 75— Lim || = P (Njm = 0)

_ E[iiq( )Lq (1- Lj,m)”—QI —m”ln.

q=0

Using the distribution of L;,, as given in Proposition 3.1.3, the last expectation can

be written in the integration form as

. n—q _ 7. m—1 g7 . m
/Z4q() (L= L) (L = )" =~

When the integration and summation operations are exchanged, the above becomes

"/t (n m
ST = () (1= L) (1 — L) o — .

Computing the integrals above gives

““/(1\?/n m
n,m ”n B 17 - - )
L, qu:%<4> <q) (g+1,m+n—q) e

where B(i,7) is the standard beta function with value % when ¢ and j are

positive integers. Therefore,

o = w32 () “ma”fn?f”’—m?n-

By cancelling the factor ¢! inside the summation and factoring out —=- from the

entire expression, we finally obtain

_m “(1\? nl(m+n—q—1)!
Hom = m—i—n(z (Z) (n—q)!(m+n—1)!_1>' (3.3.)

q=0
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3.3.2 Component Covariance Expressed in the Summation
Form in Terms of n and m

From Lemma 3.2.2, we know that the covariance between any two components is
determined by fiy 1, 0pm and v, . In this sub-section, we convert d,, ,, and v, ,,, into

a summation form.

3.3.2.1 0,,, Expressed in the Summation Form in Terms of n and m

Recall that 0, ,, is defined as

1 1
Oopm = F (WI{NH,WO,ND,WO}) — E(Iin,, >01) B (WI{NDM>O}> :

SinCe ]{leqm>0,Nj2,m>0} + I{le’m:[)} + ]{sz,mzo} - ]{Nh,m:OijQ,m:O} = 1’ we have

1
6”:7” = L |:4Nj2,m (1 o I{ijm:()} B ]{Njg,mzo} + I{N71,77L07Nj2,m0})1

1
—F (1 o I{sz»mzo}) E |:4Nj2,m (1 o [{N127m_0})1 ’

Expanding terms in the equality above gives

1 1 1 1
- E<4Nj2,m > E(4NJ2,m I{le =”‘_0}> E<4Nj2,m I{thm_o}) +E<4Nj2,m I{le’m_()’szvm_O})

1 1 1 1

Collecting similar terms yields

1 1
5n,m =—-& (4Nj2,m [{Nl’l’m:O}) +E <4Nj2,m [{leﬁm:Qszvm:O})

1 1
+ F (I{NjQ,mZO}) FE (m> —F (I{NjQ,m=0}) E <4Nj2,m I{N]‘Q,m=0}) . (332)
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By conditioning on Lj, ,, and Lj, ,, the first term at the RHS of (3.3.2) becomes

1 1
E (—4Nj2,m [{le,mzo}) = E |:E (ml{levm:O} | le,mijQ,m>:| .

From the distribution of N;,, as given in Proposition 3.1.1, the above becomes

> (i) (Z) (Lipm)” (1= Ljy o — Lh,m)"-q] |

q=0

1
E <4Nj2,m ]{le,mO}) = b

Similarly, the third term in (3.3.2) can be written as

1
E ([{N]Q m—O}) E (4 J2 m)

5 Qo]

By applying Corollary 3.1.1, the last equality becomes

213 (5) () - Lm)"q] .

The second and fourth terms in Equation (3.3.2) can be calculated as

= P( sz_o

1 m
E (Iiny, n=0y) B (4Nj2,m) =

m(m — 1)
(m+n)(m+n-—1)

1
E (Wf{le,mo,Nh,mO}) =P (Njym =0,Nj,m =0) =

and

1 m 2
L (I{NjQ,m=0}> E (4Nj2,m [{NjQ’m:U}) = [P (sz,m = O)]2 = ( ) .

Therefore, Equation (3.3.2) becomes

it (2 (5) () i ng,m>”q]

b ()

o4



The two expectations above can be calculated as

S (5) (7) (1= L - LjQ,mW]

q=0

n 1 q n 1 l_ljl,m -
L OL [
q=0

m(m = 1)L = Ly n = Lpm)™ " gy mljy m

z:lj?j’lmm n 1\? /n 1 1 1 s
=" mim = 1)) 1 / (1 —Ljym) dzjhm/ 29(1 — )2 g
a; Jo 0

"1\ /n\ 1
= m(m—1) 1) g —Blatlmtn—q-1),

E

q=0
and
i 1 7 n q n—q
E Z Z q (ng,m) (1_LJ2,m>
q=0
" 1IN? /n 1 - —
= Z (Z ( )/ l?m(l — L) Im(1 = Ly ) ldlj%m
g q 0
n 1 q
- mZ(E) ( )B(q+1,m+n—Q)‘
q=0
Hence,

Som = —m(m—l)zn: G)q (n)ﬁB(q+l,m+n—q—l)
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By considering B(z,y) = %, it follows that

S = _m(m_l)i(})q( nl ql(m+n—q—2)

4/ (n—q)lq (m +n)!

q=0

m? = 1) n! (m+n—q—1)!
4 Z <_> g(m+n—q—1)
m+n i\ 4 (n—q)!q! (m +n)!

Collecting similar terms gives

6 = i(1>qn!(m+n—q—2)! <m2(m+n—q—1) —m(m—l))

g 4 (n—q)l(m+n)! m+n
(m+n)?’(m+n-—1)

5 _ Zn: 1 qn!(m+n—q—2)!mn—m2q_ mn
e (n—g)l(m+n)! m+n (m+n)2(m+n-—1)

(3.3.3)

3.3.2.2 vy — un’mQ Expressed in the Summation Form in Terms of n and

m

Since [{le,m>0,Nj27m>0} + [{le,m=0} + I{Nj%m:()} — [{le,m=0,Nj2,m=0} =1, we get

1 1 1
Vn7m = E (4Nj1,m+Nj2’m) - E (4Nj2’m I{Nh,mzo}) - E (4Nj1,m I{Njg,m:[)})

+ E (I{thm:O’sz,m:O}) .

In the previous section, we found that the second term is equal to

1 "1\ /) 1
E (—4Nj2_,mf{zvh,m0}) =m(m—1)) (g) ( )m+nB<Q+ Lm+n—q—1),

q=0 q

o6



and the third term, by symmetry, is equal to the second term. By Corollary 3.1.1,

the fourth term is equal to

m(m — 1)
(m+n)(m+n-—1)

E (I{le,m:O,N]-%m:o}) =P (le,m =0, sz,m = O) =

Next, we focus on calculating the first term in the expression of v, ,,,. By applying

Proposition 3.1.1, we get

FE —1 I
4Nj1,m+NJ'2,m {le’mZO’NjQ’mzo}

1
= E |:E (mI{le,m>oyNj2,m>O} | Lj17m>Lj27m>:|

ptq
= F 1 n (LA )p(LA )‘1 (1—L- — L. )n*p*q
§>O: 4 D,q Jji,m J2,m Ji,m J2,m

p+q<n

Interchanging the expectation and summation yields

E - 1
ANjym+TNjy.m {Nj1,m20,Njy,m 20}

1 p+q n -
B I;) (Z) <p7 q) B [(leym)p (LJQ,m)q (]— - le,m —_ sz,m) p q] )

p+q<n

By plugging in the joint distribution of Lj, ,,, and Lj, ,,,, the expectation above can

be integrated as

E Lt I
4Nj1,m+N]~2,m {Nj;.m=0,Njy,m=>0}

— m(m - 1>Z(i)(p”q) [ W

pt+g<n

(1= Lyn = L))" T Ay Ly

o7



A simple substitution of z = yields

J
1=l m

1
E (mI{N]1 m=>0, ]\7J2 m>0})

1 r n ' p m+n—p—1
= m(m—1) Y 1 va) ); L™ (1 = Lim) dlj, m

p,q>0
p+q<n

1
/ 29(1 — z)m P2 gy,
0

By the definition of a Beta function, the above becomes

1
Z?(Z‘Tzrizzhwnm>0Nmm>m>

1 p+q
=m(m—1) ) (g) <pnq)3(p+1,m+n—p)B(Q+1,m+n—p—q—1)-
p,q>0 ’

pt+qa<n

Therefore, we can finally write v, ,, in the following summation form:
Unm

1 p+q n
= =0 X (3) ([ )B0+ Lm b n B L g
p,q>0 ?

P+q2"

—2m(m—1 i(i)( )minB(q—i—l,m—l—n—q—l)

mm 1)
T nmn—1)

By factoring out m(m — 1) and substituting for the Beta function, we get

ot (n—p—q)l(m+n)!

_22( ) o

1
+(m+nmn+n—n}‘

o8



Let k = p+ q. Then the first double-sum term in the bracket above can be reduced

to a single-sum form as follows:

"N nlm 4 —k—2)!
Z(Z) (= Rlm oy F L

k=0

Combining the above with the second term in the expression of v, ,,, we get

N B N e ) LT L
Vnm = m(m 1){2(4> (n—q)(m +n)! (¢ 1)+(m+n)(m+n—1)}'

q=0

This together with Equation (3.3.1) gives

2
Vn,m - ,un,m

_ s (L nlman—q -2 L
= m(m 1){2(4> (n —@)!(m +n)! (@ 1)+(m+n)(m—|—n—1)}

B mn N nlm+n—qg-1! m ’
{ ;(4) (n —q)!(m+ n)! m+n}'

Multiplying the factor m(m — 1) with the two terms inside the first bracket and

expanding the quadratic term in the equation above yields

Unom — Hnm
- - 1 qn!(M—l—n—q—Q)! m(m—l)
—m(m—1)q:0 (Z) (n—q)!(m+n)! (q_1)+(m+n)(m+n_1)
2 (5 lqn!(m—i—n—q_l)! i 2m? lqn!(m—l—n—q—l)!
—m (qo (4) (n —q)!(m + n)! ) +m+nq:0 (4) (n—q)l(m +n)!
 (mtn)?

Combining the first summation with the third summation in the last equality, keeping
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the second summation, and adding up the two non-summmational terms, we get

2
- ,un,m

o = lqn!(m—i—n—q—l)! (m—1)(¢g—1) 2m
B ;(4) (n—q)l(m+n)! (m+n—q—1+m+n)
2 = 1 “nlm+n—q—1) ’
(;;QJ <n—@mn+m!>
(m+n)?!(m+n—1)

A reduction to a common denominator in the final factor in the first summation above

produces

Vi — fnm”
- nlm+n—qg—1)'m—-1)(¢g—1)(m+n)+2m(m+n—q—1)
25

(= @)W + ) (mtm)(m +n—q 1)
oom? —~ (1\? al(m+n—q-—1) ’
(m+n)? (; (4) (n—q)l(m+n-— 1)!>

(m+n)2(m+n-—1)
Cancelling the factor (m +n — ¢ — 1) and applying (m + n)! = (m +n — 2)!(m +

n)(m +n — 1) in the first summation gives

_,U/nmz
—m "allm+n—q-—2)! (m—1(g—1)(m+n)+2mm+n—qg—1)
Z() CErrEe] CEETETES)
G O A R VAN
(m + n)? (; (4) (n—q)!(m+n—1)!>

C (m+n2(m+n—1)
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Once we factor out ﬁ from the first two terms in the equation above, it follows

that

2
Vn,m - ljln,m

m? (N nlm+n—q—2)! (m—1)(g—1)(m+n)+2mm-+n—q—1)
20

~ (m+n)? —\4) (n—q)!(m+n—2) m(m-+n—1)
B - 1\ nl(m+n—g-1) ’
(qz; (4) (n—q)!(m—i—n—l)!) }

(m+n)2(m+n-—1)

By using (m+")(mflzrg‘(’;r)ﬁ’s(mw’q’l) =q+1+ %, the above reduces to

2
Vn,m — Hnm

~r {EGM S (1 )
(S0 per) )

B T (3.3.4)

3.4 Asymptotic Results

In this section, we show that if m/n — r as n — oo, then

Hnm = /~Lr+0(1)7

5n,m = 5r'_+0

(i)
Vnom — Hnm = Vr—+Fo|—),
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where i, 0., v, are all constants determined by r.
In the calculation of the exact limiting values p,,d,,v,, we rely heavily on the

following version of the dominated convergence theorem (DCT).

Theorem 3.4.1. If D,,(¢) == D(q), and |D,(q)| < D*(q) for alln, where Y. D*(q) <

q=0

oo, then

Y Dula) == D(a).

q=0
3.4.1 Limiting Value of p,,

Recall that in Equation (3.3.1),

om 1\ nlfm4n—qg—1)!
Ponm = m+n<z(4) (n—q)!(m+n—1)! 1>7

q=0

(l)q n!(m;&—n—q—l)!' q <n
and let D, (q) = A7 nmtlmn =Dt = e nm can be written as
0 q>n
m oo
D,(q) —1
R S

Recall that m = m(n) and m/n — r as n — oco. It can be easily checked that

Dulg) = 1\ n n—1 n—q+1
= 4) m+n—1m+n—-2 m+n—gq

00 1\? 1 1 1
X hl
4 d+rl+r L+

total of: factors
1 q
- (4(r+ 1)) ’
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and

<

1\¢ n
4/ m+n—1m-+n—2

1‘1
i)

n—1 n—q+1

.m+n—q

where > (i)q = % < 00. Therefore, by Theorem 3.4.1, the limiting value of ji,, , is

thus,

q=0

fhr

Hnm = G ) (ar + 3)

r+1\s 4(r+1)
1
T+ I TC
e

(r+ 1)(4r +3)’

r

+o(1). (3.4.1)

3.4.2 Limiting Value of o, ,,

As shown at the end of this subsection, the limiting value of 4, ,, is actually 0.

However, we need a finer result since Var(I', ;) is expressed in terms of n - d,,,. In

fact, we can prove that d,,,, = 9, - % +o0 (%) as follows.

Recall Equation (3.3.3):

5n,m

mn

4

q=0

i <1>qn!(m+n—q—2)!mn—m2q

(n—q)l(m+n)!

m+n (m+n)?!(m+n—1)
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The summand above multiplied by n becomes

<1>qn!(m+n—q—2)!mn—m2q
n- —

4 (n—@)!(m+n)l m+n
B I\ n n—1 n—q+1 1 1 mn —m?q
N n<1> m+nm+n—1.Hm—l—n—qm—i-n—qm—i-n—q—l m—+n
1\ n n—1 n—q+1 n n mn — m2q
- (Z) 7n+nrn—|—n—1'”m—l—n—qm—l—n—qm—l—n—q—1n(m—kn)7

(3.4.2)

which, as m/n — r, converges to

NN 1 1 1 r—r%  (1\"/ 1 \"r—r%
4) 1+rl+r 1+r r+1  \4) \r+1 r+1°

total of ¢+2 factors

Also note that in (3.4.2) each factor after (i)q is less than 1, so the whole expression

(3.4.2) is bounded above by (i)q. Since ) (%)q = 3 < 00, applying Theorem 3.4.1
q=0

as in the last subsection, we get

f: <1>qn!(m+n—q—2)!mn—m2q
n- —
4

= n—q)!(m+n) m+n

= /1\? 1\ r -1y
- ;(Z) <r+1> r+1
12r
(r+1)(4r +3)3°

Hence, considering n - m — —(T++)3 as m/n — r, we know that n - d,,,
converges to
_ 12r (=47 +3)
T (r+D)@r 433 (r4+1)3 (r+1)34r+3)%
Thus,
A2
b L) e

64



3.4.3 Limiting Value of v, — ,un,mQ

Recall Equation (3.3.4):

2
Vn,m - ,U/n,m

e e (e S
B (Z; G) (Z!qu;(;;qn—_lm }

(m+n)2(m+n-—1)

The summand of the first summation above can be written as

<1>q n n-1  n-g+1 <q+1+n—(2m+n)q>

4) m+n—-2m+n-—3 m+n—q-—1 m2+mn —m

Since

n _ n 2 n—1 _ n _2n—m . n—q+1 _
m+n—2 = m+n (]' + m+n72)’ m+n—3 = m+n <]' + n(m+n73))’ b m4n—g—1

n + 2n—(qg—1)m
m+n n(m+n—q—1

el el amints) (e )

By expanding the factors after (i)q (

)), the above becomes

n
m-+n

Gjl(mimj]{ﬁl* e <m+i—2 +n(7311_71n23) et 712(::7%:2—@ o (%) } |

(3.4.4)

)q, the above reduces to

We now consider the summand of the second summation in Equation (3.3.4). By the

same techniques used above, this summand can be simplified as follows.

Gl)q <(Z!(—n;;(;1qn_—li!)!> B G)q (m +7:z— 1 m::l—z %)
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Since —— = = (1+-—2=), 5 =t (14_%)»,,, n—g+l _ _n

m+n m+4n—1/7 m+n—2 m+n n(m+n—2 ? m+n—q m+n

) (1 + %), the above becomes

“plm+n—q—1)!

(n—q)l(m+n—1)!

o

=
- @ (min)+® (min) (m—ljz— 1+n(7: e R wﬂiﬂl 1)>+0(%)'

(3.4.5)

Substituting Expression (3.4.4) for the summand of the first summation in Equation
(3.3.4), and Expression (3.4.5) for the summand of the second summation in Equation

(3.3.4), we get

2
Vnom — MBnm

i:o@qgr%rvz)q{q+1+ T;z;fgﬁr)f et (mJjL—Q +n(72nr—bk_nrf3) i '+5(T7:J£Z_—;)—Wll)>+o <%>}

q=

D o e = 0

p=0

m2

(m+n)?

S (m+n)?(m+n—1)
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Note that we have changed the index in the second summation from ¢ to p. Breaking

the first summation into two parts, and expanding the quadratic term, we get

S

+_0<%><m1n>{2n;f$;fr)f ) )}
ST}

S} Sy e

B e L = (0]

q=0

m2

()2

S (m+n)?(m4n—1)

Combining the summation in the first line with the summation in the third line, and
combining the summation in the second line with the summation in the fourth line,

it follows that

2
Unm — Hn,m

Sl (S0

p=0
N/ n X[n—@m+n)q 2 2n—m 2n—(g—1)m
+Z <Z><m+n){m2+mn—m Hat) <m+n—2 +n(m+n—3) LA n(m+n—q— 1)>

q=0

2 {g(i)p<ﬂ£nj}<m+2—l +n(77:Hj 771712) L +nz:n_~S’L_—13]Tl))}
N n Y n—m n—(g—m \)"

a {%G) (m—l—n)(m—;z—l +n(m+n— 2) ot n(m—i-(fl—}])— 1)) } + 0(%)

(m+n)2(m+n—1)

m2

~ (m+n)?
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Distributing the factor i 71 2 to each term inside the square bracket, and multiplying

the whole equation by n, we obtain

n(Vn,m - Hn,mz)

=<m?l>2 S (S0
o St o2ty )

Ayt

p=0

_m;g{ﬁ;)q(n)q( n_, nln-m +...+n<n—<q—1>m>>}2
(m+n)? n Fﬂ4 mt+n/\m+n—1 n(m+n—2) n(m+n—q—1)
mn?

TR (3.4.6)

As shown later, the first line at the RHS of the equation above converges to 0 as
m/n —r, ie.,

n[; G)q (min)q(qﬂ)— (i (i)p (miny?)?] 0. (34.7)

p=0

Meanwhile, we can check that, as m/n — r, the summand in the second and third

line at the RHS of Equation (3.4.6) converges to

G)q(ril)q{lz((f:t)l)“(“l)( i1+2—2+...+%>

1 1 1—r 1—(¢g—1Dr
L ( - 1+...+<q71>)},
1*74(1«“) r+ r+ 4+

hence by applying Theorem 3.4.1 as before, the term in the second and third line at

the RHS of Equation (3.4.6) converges to

PV (N 1 N\ f1=@r+1)g | (g+DQRg—glg—Dr/2)  4(r+1) g—q(g—1)r/2)
<r+1> ,0<7> <r+1>{ r(r+1) * r+1 24r+3 r+1 }

4
- (#)2 gﬁﬁ)q{%;—lnq%(ril " 4j13)q2+<;((i:+1;) +'zr(rﬁ) fi:i?)“r(rlﬂ)}'
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Let z = m. Note that 0 < z < 1 since r > 0. Recall that for any = € (0,1),

the following identities hold: Zoxq = =, Y alg = R Zﬂcqq2 = (1(1+3)63 and
= =

Z i = %‘%H) Hence, the limiting value above is further reduced to

r\? —r  z(x?44x+1) 2 | dr \z(l4z) (—(2r+])  r+4 4(r+2) x 1 1
<r+1> {2(r+1) (1—z)* +<r+1 ‘4r+3) 1—x)3 +( r(r+1) +2(r+1)_ 4r+3 )(lfx)2+r(r+1) 1_}

Lf{ —r 4(r+1)+64(r+1)2+64(r+1)2  4r2+12r +6 4(r+ 1)(4r +5)
(

r+1 2(r+1) (4r + 3)4 (r+1)(4r +3) (4r + 3)3
—4r3 — 2172 —24r — 6 4(r +1) 1 4(r+1)
2r(r+1)(4r+3) (4r+3)2  r(r+1) 4r+3
( ) —r(32r2 + 96r +66)  4(4r2 + 127 + 6)(4r + 5) N 2(—4r3 — 2172 — 247 — 6) 4
r+1 (4r +3)* (4r 4 3)* r(4r +3)3 r(4r +3)
_( ) —32r—96r3—66r>  64r4+272r3+336r>+120r  —32r*—192r3—318r*—192r—36  256r°+576r24+432r4108
N r(4r + 3)4 ' r(4r + 3)4 ' r(4r + 3)4 ' r(4r + 3)4
B 2 24013 + 52812 4 360r + 72
T \r+1 r(4r + 3)4
1)(30r2 + 36r +9
( ) (r+ r? + 367 + ) (3.4.8)
r+1 r(4r + 3)4

Similarly, we can prove that, as m/n — r, the summation in the fourth line at the

RHS of Equation (3.4.6) converges to a constant C' > 0, i.e.,

"M/ n Y n n—m n—(qg—1)m
> (= + o) = C.
g 4) \m+n/\m+n—1 m4+n—2 m+n—qg—1

3
+13,
S
S|
—N—
3
B

2
‘N n n—m n—(g—1m
+ I — 0
m+n/\m+n—1 m+n—2 m+n—q—1
(3.4.9)

Applying the limiting expressions (3.4.7), (3.4.8) and (3.4.9) to Equation (3.4.6), and

: : mn?2 r _ 2
considering TR G S m/n — r, we conclude that n(vy, ., — tnm”)
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converges to

vV, =

r \” 8(r +1)(30r2 + 36r + 9) r
(r—l—l) r(4r + 3)4 B (r+1)3
8r(r +1)%(30r? + 36r +9) — r(4r + 3)*

(r+41)3(4r + 3)*
r(=16r* + 24r% — 9)
(r+1)3(4r +3)4
r(4r? — 3)?
C(r 4 1)3(4r + 3)

Hence,

9 r(4r? — 3)? 1 1
g ? = ro(=). 3.4.10
Hn, (r+1)3(4r+3)* n to n ( )

We now go back to prove that Expression (3.4.7) is indeed true.
Proof of Formula (3.4.7). Given 6 > 0, for n sufficiently large, 0 < r —e < m/n <

r + €. Then the first series inside the square brackets in (3.4.7) can be bounded as

follows:

S () e 5 () () e

- (1 m+n> S m+n)) (a+1)
< ( m+n)> m—l—n)) (n+1+1).

When n is sufficiently large, m/n < r + ¢, so the above reduces to

;ZO G)q (min>q(q+ 1) < (%)2 — (myﬂ (n+2).
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On the other hand, the second series inside the square brackets in (3.4.7) can be

bounded as follows:

S0 G- 6 G

n n+1
1 B (4(m+n)>

L= 4(mn+n) 1= 4(mn+n)

1 1 i
> —— |\ .
L= 4(m+n) <4(T —€+ 1))

Applying the last two bounds to the LHS of (3.4.7), we get

S0 G - {50 ) Y]

p=0

R [ e R = B = ]

By expanding the quadratic term in the brackets, the RHS of the inequality above

can be simplified as

1 2 1 n+1
Nl — - n+2) | ——
" lfm (n )(4(r+e+1)>
( 1 )2 ( 1 >2 1 n+1 1 2 1 2(n+1)
e +2 - < ) — - < >
L 1 ) L= atmrmy Ar—e+1) - 1t Ar—e+1)

S (4(r +1€ +1) >"“+ ? ( 1- % >2( 4(r —le +1) )"“_ ( 1— % >2<4(T _16 " 1))2(n+1)} :

The above is further bounded by

1 nt1 1 2 1 n+1 1 2 1 2(n+1)
~os () 2 Ji=een) ™ Ja=n)
A(r+e+1) 1—4(7,7—1&1) 4r —e+1) 1—4<T1€+1) A(r —e+1)

1 nt1 1 2 1 n41 1 2 1 2(n+1)
= — 2 - 2 _ )
nlnt )(4(T+e+1)) +en 1’@ (4(r—6+1)> " 1*@ (4(”_6+1))

Since ’Z’—: — 0 for any fixed s > 0 and ¢ > 1, it follows that the three terms above all

=n-

n-

converge to 0. Hence, the whole bound converges to 0. OJ
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3.4.4 Summary

Using all the limiting values achieved before, we are now able to prove the following

main theorem in this chapter.

Theorem 3.4.2. If F'x = Fy = U|[0,1] and m/n — r,r € (0,00), then for internal

components,
Var(ojm) = wvar, +o(1),

1 1
Cov(jym, Wjym) = cCOUy - - +o (E) ;

and the variance of the domination number is in the order of m, i.e.,

VaT(Fn,m) N U(T) :
m

where

B 14473 + 36012 4+ 237r + 20
vare = o(r + 1)2(4r + 3)2

B 7“2(23047“4 + 998473 + 16096712 + 11440r + 3025)
o= - O(r + 1)3(4r + 3)3 ’
153675 + 6848r* 4+ 1153673 + 883612 4 2793r + 180

9(r + 1)3(4r + 3)4

Proof. Substituting the limiting value of i, ,, given in Equation (3.4.1) into Lemma

3.2.2 gives

14473 + 360r% + 237r + 20

Var(ajm) = 9(r + 1)2(4r + 3)?

+o(l) for je{l,--- ,m—1}.
Substituting the limiting value of fiy 1, 0pnm and vy, ., — ,un,m2 (given in Equations
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(3.4.1), (3.4.3) and (3.4.10), respectively) into Lemma 3.2.3 yields

COU(aj1,m7aj2,m) = - T

9(r 4+ 1)3(4r + 3)? m

r2(—64r® + 208r? + 312r +187) 1 N ( 1 )
0
m

fOI'jlzo,jQ:l,"' ,m—l,

and

o r2(2304r" + 9984r® + 160961° + 11440r +3025) 1 (1
o m Xjgm) = = O(r + 1)3(4r + 3)* %\

fOI'jl,jQ = 17 ,m—l.
Recall Equation (3.0.1):

Var(Tnm) = 2Var(agm) + (m — 1)Var(agm,)

+ 2 Cov(aom, Qmm) + 2(m — 1)Cov(ag m, @1m) +m(m — 1)Cov(ay m, dam).

From the orders of the variances and covariances obtained above, we can see that only

Var(rn,'m)
m

the terms Var(o,,) and Cov(aym, as,,) contribute to lim . Specifically,

n—oo

applying the limiting values of variances and covariances above to Equation (3.0.1)

and dividing the equation by m, we obtain

Var(Tym)
m

14473 4 360r% +237r +20  72(2304r* + 998473 + 1609612 + 114401 + 3025)
9(r +1)2(4r +3)2 9(r + 1)3(4r + 3)*

15367° + 68481t + 115367 + 883672 + 2793r + 180
9(r +1)3(4r + 3)4 '

Remark 3.4.1. The complicated formula above is empirically checked by using Monte
Carlo simulations in Section 6.1.1. The result (see Figure 6.2) shows that, when n and
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m are sufficiently large, the sample variance is in good agreement with the theoretical

limiting variance.
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Chapter 4

CLT for the Domination Number

in One Dimension

In this chapter, we prove the central limit theorem (CLT) for the domination num-
ber in one dimension. An important tool used in the proof is “negative association.”
In Section 4.1, we define negatively associated random variables and their CLT; in
Section 4.2, by using characteristic functions and applying this CLT for negatively
associated random variables, we establish the CLT for the domination number in one

dimension.

4.1 Negative Association

The concept of negatively associated (NA) random variables was introduced and
carefully studied by Joag-Dev and Proschan [13]. The law of large numbers for NA

5



random variables was established by Taylor et al. [14], and the CLT for NA random

variables was proven by Newman [15].

Definition 4.1.1. Consider random variables X1, --- , Xy. For every pair of disjoint
subsets I, J of {1, -+ k} and any increasing functions fr, f; such that the following

covariance exists, if
CO’U{fI(Xiai € I)va(X]aj € J)} S Oa
then Xy, .-, Xy are said to be negatively associated (NA).

In this chapter, “NA” may also refer to the vector X = (X, -+, X}) or to the
underlying distribution of X.

The following propositions easily follow from the definition above:
Proposition 4.1.1. A subset of two or more NA random variables is NA.
Proposition 4.1.2. A set of independent random variables is NA.

Proposition 4.1.3. Random wvariables defined as increasing functions on disjoint

subsets of a set of NA random variables are NA.

Joag-Dev and Proschan [13] have proven several distributions to be NA, particu-

larly the following:

Proposition 4.1.4. A multinomial distribution is NA.
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Proposition 4.1.5. If Xy, ---,X,, are m independent random variables with log-

concave densities, then the joint conditional distribution of Xq,--- , Xy given Y X;
i=1

is NA.

Occasionally, as illustrated below, a dependence condition weaker than NA may

be used.

Definition 4.1.2. Random variables X1, -+, Xy are said to be negatively dependent

(ND) if for all real xv,- -, zy,
k
i=1
and
k
P(X; <api=1,--- k) <[[P(Xi < wy).
i=1

Note: It has been shown that that negative association implies negative depen-
dence [13].

Taylor, Patterson and Bozorgnia proved that the SLLN holds for ND random
variables [14]. However, here we quote only that part of their theorem to be used in

this chapter.

Theorem 4.1.1. Let {Xg, 0 1 < k < m,m > 1} be row-wise ND random variable

arrays such that E[ Xy, =0 for each k and m. If | Xy | < M, then

1
ml/p

> X “50, 0<p<2.
k=1
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Newman established the CLT for ND sequences [15]. We now state the distribu-
tional limit theorem for row-wise ND random variable arrays, which was proved in

[15, Theorem 11].

Theorem 4.1.2. Suppose X, and Yi(1 < k < m,m > 1) are triangular arrays
such that for each m and k, random variable Xy, ,, is equidistributed with Yy, ,,,. Assume
for each m, the random variables Xy m,k =1,--- ,m are ND, but Yy, k =1,--- ,m

are independent. If in addition,

lim Zl§i<j§m Cov(Xim, Xjm)

m— o0 m

=0,

m m
then # > Xkm converges in distribution to X if and only if # > Yim converges
k=0 k=0

i distribution to the same X.

When the classical CLT for bounded i.i.d. random variable arrays is applied to

{Yim} in the theorem above, it immediately follows the following theorem.

Theorem 4.1.3. Let { Xy, : 1 <k <m,m > 1} be identically distributed row-wise
ND random variable arrays such that E[ Xy | = 0 for each k and m. If | X.m| < M,

and

I Zl§k<l§m Cov(Xgmy Xim)
im

m— o0 m

)

then

1 & r
WZXk,m - N(0702)7
k=1

Var[z;cnzl Xk’m]
—_—

where 02 = lim

m—00
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Remark 4.1.1. Since negative association implies negative dependence, Theorems 4.1.1,

4.1.2 and 4.1.3 are all valid if {X,, : 1 <k <m,m > 1} is row-wise NA.

In our problem, if we could show that {a;,,j = 0,---,m} is NA, then by The-
orem 4.1.3, we would immediately obtain the CLT for I',, ,,, = Z;n:o a;m. However,
we haven’t been able to prove the negative association of {c,,7 = 0,---,m}. In-
stead, we first prove that {L;,,,j = 0,---,m} is NA, based on which we show
that {N;,,j = 0,---,m} is also NA. Next, we express the conditional character-
istic function of I',, ,, given Nj,,,7 = 0,---,m, in terms of increasing functions of
{Njm,j = 0,---,m}. Since {N,,,,j = 0,---,m} is NA, the increasing functions
above are also NA. Finally, applying the SLLN and CLT for the increasing function
of {Njm,j =0,---,m}, we show that the expectation of conditional characteristic
function converges to a constant, thus the CLT for I',, ,, is established. In the rest

of this section, we show the negative association of both {L;,,,j = 0,--- ,m} and

{Nj,m7j = 07 Jm}'

Lemma 4.1.1. If Fx = Fy = U|0,1], then the random vector (Lo, s Limm) 1S

NA.

Proof. Recall that L;,, = Y(;j41)—Y(;) and suppose that Zy,--- , Z,, are i.i.d. random
variables with an exponential distribution, where {Zy,---, Z,} are independent of
{Loms-*+ , Limm}. Since the exponential distribution is log-concave, from Proposi-

tion 4.1.5 we know that given > Z;, the random vector (Zy, - , Z,,) is NA. Hence
j=0
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by Definition 4.1.1, we know that for any pair of disjoint subsets I, J of {0,--- ,m}

and any increasing functions f; and f; such that the following covariance exists,
Cov {fI(Zi,i el), f,(Z;,5€J) ‘ Z::o Zy = a} <0, foranya>0.

Since fr (%,2 € ]) and f; (%,j € J) are still increasing functions of Z;,7 € I and

Zj,j € J, respectively, we have

ie.,

Z; Z m
= el = A < 0.
Cov {fI <E;n:0 ZkJ © ) ’fJ (ZZL:O Zk’] © J> ‘ Zk:o ; a} =0

Note that the conditional distribution of (Eé‘; 7 Zé; PR E,%zvg Z¢> given Y "o Zy

= a is independent of a, so must be the unconditional distribution. Thus, the inequal-

ity above yields

Cov {fI (Z?:()Zk’Z © I) 7fJ <ZZL=0Z’€’] © J)} =0

Therefore, the random vector

< Zo Zy Zom )
ZZZO Zi’ ZZO Zi’ 7 Z?io Z;

: Z Z
is NA. However, (Zﬁg 7o ST ’ZQ%JZ Zi) and (Lom, -+ » Limm) have the same

distribution, hence (Lo, -+, Lmm) is also NA. O

Using Lemma 4.1.1, we show in the following theorem that (N, -+, Npm) 8

NA.
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Theorem 4.1.4. If Fx = Fy = U[0,1], then the random vector (Nom, - , Nimm) is

NA.

Proof. In Theorem 3.1.1, we have shown that given Ly, = lym,k = 0,--- ,m, the
random vector (Nom,, - -+ , Nppm) is multinomially distributed; hence, it is NA (Propo-
sition 4.1.4). From the definition of negative association, we know that for any disjoint
subsets I, J of {0,---,m} and increasing functions fr, f;, the following inequality

holds:

Elfi(Nim,i €1) f1(Njm.j € J) | Liyn, k=0, ,m]
< E[fi(Nimi €1) | Ly, k=0, ,m] - E[f;(Njm.j €J) | Lim, k=0, ,m].
Note that given Ly, = lgm, k =0, -+, m, the joint distribution of {N;,,,i € I} only
depends on L;,,,i € I, thus E[fI(Ni,m,i €l)| Lim,k=0,--- ,m] = E[fI(Niym,i €
I) | Lim,i € I]; similarly, E[f;(Njm,j € J) | Lin,k =0,--- ,m] = E[f;(Njm,j €

J) | Ljm,j € J]. Therefore,

Elfi(Nigm,i € 1) f1(Njm,j €J) | Lo, k=0, ,m]
< E[fi(Nimi €1)| Lim,t € I| - E[fs(Njm,j € J) | Ljm,j € J].
Taking expectation on both sides of the inequality above yields
E[E [ft(Nigmsi € 1)+ £3(Njumsj € J) | Lk =0, - ,mﬂ
< E[E[fI(Ni,m,z‘ €1V | Limyi € 1] - E[fs(Njymj € J) | Limj € J]].
Since Lemma 4.1.1 showed that (Lom, -, Lmm) is NA, and E[fI(Ni,m,z' el |
Ly, i€ I} and E[fJ(vam,j €J)| Ljm,j€ J] are actually increasing functions of
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{Lim,i € I} and {L;,,j € J}, respectively (see Remark 4.1.2 below), applying the

definition of NA random vectors yields

E|E[fi(Nim,i € I) | Limyi € 1] - E[f(Nym.j € J) | Limsj € J]|

< E|B[fi(Nimi € 1) | Lim,i € 1| - E|E[f(Nyn.j € J) | Lim,j € J]].
Combining the two inequalities above produces

E|E[fi(Nim,i € 1)+ f5(Nym,j € ) | Dgnsk =0, ]|

< EB|B[fi(Nimsi € 1) | Lign,i € 1] - E|E[fs(Nym,j € J) | Limsj € J]]
thus
E[fI(Ni,m7i € I) ' fJ(Nj,maj € J)] S E[fI(Nz,m7Z € I)] : E[fJ<Nj,maj € J)]

Remark 4.1.2. To finish the proof, we now show E[fI(Ni,m,z' €1)| Lim,i € [}
and E[f;(Njm,j € J) | Ljm,j € J] are increasing functions of {L;,,i € I} and
{Ljm,J € J}, respectively. By induction, it suffices to show that f; (or f;) increases
if only one variable increases while other components remain unchanged. That is to

show, for any subset I = {iy,--- ,is} of {0,--- ,m},if [;,, <. t € I, then

E[fI(Ni,m,i €l)| Liym=1,i€ [}

< E[ft(Nim,i €1}) | Lign =1l fori € I — {iz}, Liym =1, ]. (4.1.1)

As illustrated in Figure 4.1, suppose n X-points are independently uniformly dis-
tributed in [0, 1], and denote N, ,,,, 7 € I as the number of X-points falling in the inter-
val with length L, ,,, = [;. Without loss of generality, the intervals have been ordered so
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Figure 4.1: A coupling argument with respect to Inequality (4.1.1)

that [;, corresponds to the leftmost one and [;, corresponding to the rightmost one, as
shown in Figure 4.1. If the length /;, increases to [ , then N, ,,, will not decrease (pos-
sibly increase). This means that when {LZ-,m =1l forie I—{it}, Liym = l;t}, the ran-
dom variable N, is stochastically larger than the original one when L, ,,, = l;,i € I.
Since fr is an increasing function of N;,,i € I, it follows that Inequality (4.1.1)

indeed holds. 0]

4.2 CLT for the Domination Number

The following is our main theorem in this chapter.

Theorem 4.2.1. If Fx = Fy = U|0,1], and m/n — r, then

1

— 175 (T — ElCum]) £ N(0,07),

Var[I'n,m

where 02 = lim L (The exact limiting value was given in Theorem 3.4.2.)

Proof. We define F,,, = o(Nom, -, Nmm) as the o-field generated by Nj,,,7 =
0,---,m, and let

1
Zim = —175 (@ = Elajm])
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and

fm(t) =F

m
it Z Zj,m
e J7=0 ‘ Fm | .

Recall that in Lemma 3.1.2 we have proved that, given F,,, Z;,,7 = 0,--- ,m, are
conditionally independent, and each Z;,, is independent of Nj ,, for any j" # j.

Therefore, the equation above becomes

s

fu®) = ] E[e"%m | Ful

0

<.
Il

I
s

E [ | N -

[
Il
o

Since the Taylor expansion tells us that
iz . L, Elk
e =141z — 57 + A(z), where |A(2)| < 5

the conditional characteristic function of Z;,, can be written as

E [e"%m | Fu] = E[e"%™ | Nyl

‘ t2 1
= 14 tE[Zjm | Njm] — S [Z2,, | Njm] + 7«]{31,
where
1 ’tZ,m|3
= BLAZ3) | Ny < B | 2220

by substituting the formula for F [e“zﬁm \ ]—"m} into the expression of f,(t), we get

logfm(t) = Y logk [e"%m | Fp]

§=0
. . A 1)
= Zlog(l +itE [ Zjm | Njm] = 5B [Z,, | Njm] + rj,m).
j=0
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Again, the Taylor expansion gives

2 3
log(1+0) = 6— % +7(0), where |r(d)] < % for |9] < 1, (4.2.1)

so log fm(t) can be further written as

m

. t? 1
logfm(t) = > (ZfE[Zj,m | Njml = 5B (20 | Nyn] + 75
=0
1/, t2 )2
5 (B Zsn | Nim] = 5B 22, | Nym] +7300)
+)
) 1 £ m |
where gm‘g 57 (B Zim | Nim] = 5B [22,0| Nym] + 750 - (42.2)
Recall that r](?n is bounded by E [% | Nj,m]. Also note that since |aj,,| is

bounded by 2, | Z;m| = | =7 (ajm — Elojm])| is bounded by %. Hence,

|t|343
- 6m3/2'

(1)

j7m

Let C, = %”3 Then the above is equivalent to

1
ma3/2

1)
,m

<

)

(4.2.3)

We now proceed to the quadratic term in Equation (4.2.2). Based on the same

rationale used to derive the bound of ‘r](ly)n

, we conclude that

4
16
‘EV%MMM‘S —. (4.2.5)
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rj(lgq) < Clﬁ, yield the following expansion of

the quadratic term in Equation (4.2.2):

ﬁE[Zj,m | Njm)? 1, (4.2.6)

where
’ < (4 3/2 for some constant Cj. (4.2.7)
7"527% in Equation (4.2.2). From the error bound

given in Formula (4.2.1) and the three bounds in Inequalities (4.2.3), (4.2.4) and

(4.2.5), we know that when m is large enough,

3

t2
2 1
TJ(',r)n‘ < o itE[Z jm | ij] - EE [Zyz,m | Nj,m] +T](',7)n
< CQW for some constant Cs. (4.2.8)

By plugging Formula (4.2.6) back into Equation (4.2.2), we get

m t2 2

) t
logfm(t) = > <ztE[Zj7m | Njpm] — S E (22, | Njm] + 5E[zj,m | Njm)?

J=0

+;3,L+r;2;+7«;;)
t?
— ZtZE ]m|ij —EZVCLT[Zj7m|Nj,m]
j=0

3 (e in)

ie.,

2 m ua 1 2 3
it 32 BlZimlNim] =5 3 VarlZymiNym] 3 <r§,&+r§,;+r§,3@)
fm(t) =e =0 e =0 . eI=0
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Taking the expectation from each side of the equation above gives

om 2 Ul 1 2 3
it Y. ElZjmNjm)  —Y% % VarlZjmNjm] Y. (r§,$+r§-,;+r§-,;>

E[fn(t)] = FE e =0 e =0 - /=0 . (4.2.9)

It should be noted that random vector {N;,,} is NA (Lemma 4.1.4), and Elo;,, |
Njm| — Elojm] is an increasing function of Nj,,. Therefore, by Proposition 4.1.3,
the random vector { E[am | Njm] — Elay,m]} is also NA. Hence, applying the CLT

theorem for row-wise NA random variables (Theorem 4.1.3) yields

m

o 1

> B | Nyl = i D (Blon | Nl = Bl
=0 =0
L 2
— N(0,01%),
where
012 = lim Va’r(E[o%m ] Njym]) + (m — 1)Cov(aj, ms Qjy.m)-

Therefore, by the convergence theorem of characteristic function, we get

m
it 3 E[Zjm|Njm]
e 7=0

5 uniformly o tPo1?/2. (4.2.10)

Similarly, we know that the sequence {Var(a;,, | Njm]} is also NA; hence, by the

SLLN theorem for row-wise NA random variables (Theorem 4.1.1), we have

m
=0

Z Var[Zj,m ‘ N]Jﬂ] = d

J=0 mn

E) 0-227
where 05% = lim E[Var[alm | Njm||. Thus,
m—0oo
2 S Var(Zm|Njm]
. 7 = Gym|NVj,m a.s _t203/2‘



From the bounds given in (4.2.3), (4.2.7) and (4.2.8), we get

ua 1 (2 3
5 (i)
er=

— eV =1.

The two formulas above immediately generate

sy Z Var(Z;m|Njm] Zo (T’](',lvzf'"r;‘,zv)n"'rfr)n

e =0 L ei= > 23, e TtPo3/2, (4.2.11)

According to the definition of almost sure convergence, the result above means that

for any € > 0, with probability 1, there exists an M > 1 such that, when m > M,

2 UL 1 2 3
~ L VerlZimNim] 3. <r§%+r§;+r§)n>

2
e j= . @i=0 —t /2

Since the random variable inside the absolute value sign is bounded, it follows that

when m > M,

2 VarlZmNyjml > (r§};+rfjn+r§f”jn> )
E [le ~i=0 - e1=0 —e "Rl <«
Therefore, by Equation (4.2.9), when m > M,
$% BlZm Nl
it E Zj,m Nj,m 2
i) - B[ Tl
B m 9 m m
08 BNl | 4 5 Vel 5 () s
< E|le 7= e =0 - eI= —e 272
,% > Var[Zjm|Njm] > <7‘J(17)n+r§2731+r1(737)n> 2 o
= Flle =0 . @i=0 — e 2092 <e.

Hence, considering Formula (4.2.10), we get

E[fm(t>] N —t2 2/2 —t20§/2 _ €—t20'2/27

88



where

o = 012—1—022

= lim Var [E Qjm | ij] + (m — 1)Cov(aj, ms Qjym)

m—0o0

+ lim E[Var arm | N]m]]
[

m—o0
. Var Fn,m
= lim
m—oo m

From the definition of f,,(¢) and Z;,,, the result above is equivalent to

1
| etiir (Mnm=BCanl) | 50

Thus, the result follows from the convergence theorem of characteristic functions. [l
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Chapter 5

Law of Large Numbers for the
Domination Number in Higher

Dimensions

Extending the previous results for one dimension to higher dimensions requires
a different approach, since the exact distribution of the domination number in the
latter case is unknown, and the domination number is not additive on regions sepa-
rated by Y-points as in the one-dimensional case. In this chapter, we develop some
limit theorems for the domination number in higher dimensions by using the SLLN
for subadditive processes. Section 5.1 introduces subadditive processes and the re-
lated limit theory. However, the ordinary domination number of CCCDs generated

by Poisson points is not subadditive. Therefore, to enable use of the SLLN for subad-
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ditive processes, we define the constrained domination number, which is then proven
to be subadditive. In Section 5.2, by directly applying the ergodic theorem for sub-
additive processes, we establish the SLLN for the constrained domination number in
the Poisson case. Then, in Section 5.3, we prove that the same result still holds for
the ordinary domination number, and in Section 5.4 the limiting random variable is
proved to be a constant. In Section 5.5, by transferring the Poisson points back to
the unit square, we show the weak law of large numbers (WLLN) for the domination
number in [0, 1)%. Finally, based on the same approach applied in the one-dimensional
problem, in Section 5.6 we generalize the WLLN to the case in which the densities

fx and fy are positive, bounded and continuous on [0, 1]2.

5.1 Introduction to Subadditive Processes

Subadditive ergodic theory was one of probability theory’s major achievements in
the 1960s and 1970s. Its development was initiated by Hammersley and Welsh [16]
and most fully realized by Kingman [17], who also provided an extensive discussion
of the theory [18]. Whereas some examples do occur in Smythe and Wierman [19],
it was Smythe [20], in his introduction and study of higher dimensional subadditive

processes, who defined a two-dimensional subadditive process as follows.

Definition 5.1.1. A process { X, s < t}, where s,t € N2, is subadditive if

P1 Whenever s < t < u and sy < uy < ta, Xy < Xty us) T X(s1,02)us whenever
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s<t<uands; <up <ty, Xeg < Xouite) T Xur,so)u-

P2 The joint distribution of the process {X (s, 41,s)t1+12) ) 01d {X (51 s011)(t1,t241) }

are the same as those of {Xq}.

P3 inf E HT\] > —o0.

{ X, s <t} is called a strongly subadditive process if P1 is replaced by the following

stronger condition:

P1’" Whenever s < u < t,

X'St B X(517u2)t - X(Ul,SQ)t + Xut S XSU,'

Smythe proved a WLLN for two-dimensional subadditive processes [20] and by
adding a complicated condition also gave a SLLN for two-dimensional strongly sub-
additive processes. In 1981, Akcoglu and Krengel obtained a profound SLLN result
for multi-parameter subadditive processes under several natural assumptions [21], and
it is to their theorem that our proof of the SLLN for the domination number in higher
dimensions mainly resorts. Note that in their paper, Akcoglu and Krengel actually
proved the SLLN for superaddtive processes. Since {—X; : I € T} is superadditive if
and only if {X; : I € T} is subadditive, any definition or theorem in their paper [21]
about superadditive processes translates at once into a corresponding result about
subadditive processes. Since we will need to use the SLLN for subadditive processes,

we now introduce the subadditive version of their notation and results as follows.
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Let d > 1 be a fixed integer and S = R?% be the additive semi-group of d-
dimensional vectors with nonnegative real coordinates. If a = (a;) and b = (b;) are
two vectors in S, then [a,b) denotes the set {u | u = (u;) € S,a; < u; < b;} and
T denotes the class of sets of this form. Denote 0 and € as the vectors with all

coordinates equal to 0 and 1, respectively. Let J, = [0, 7€),r > 0.

Definition 5.1.2. A continuous subadditive process {X; : I € T} satisfies the fol-

lowing:

A1 If Iy,--- , 1, are disjoint sets in T, and [ = U!_,1; is also in T, then X; <

Z?:l Xfi'

A2 Forany Iy, I, € T, and anyu € S, the joint distributions of (X, -+, Xy,)

and (Xysr,, -+, Xusr,) are the same.

AS’inf{E[Xﬂ :[ET,‘I|>0}:’}/:’Y(X)>—OO.

1]

Here, v(X) is usually referred to as the time constant of the stochastic process {X;}.

We let S; denote the set of vectors in S with integer coordinates and, for a real
number ¢ > 0, we let S, = {tu | v € Si} and T, = {[@,b) | a,b € S;}. If {X;} is
defined only on 7; for some fixed ¢t > 0 and satisfies A7-A3, then it is called a discrete

subadditive process. Akcoglu and Krengel [21] proved the following theorem.

X
| Jn]

Theorem 5.1.1. If { X} is a discrete subadditive process on Ty, then lim

n—oo

exists

a.e., where J, = [6, ne).
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Because, as Kingman observed, the continuous analogue of Theorem 5.1.1 is false if
no further condition is added, Kingman proposed a natural supplementary condition.
The following theorem, taken from Akcoglu and Krengel [21], gives a multiparameter

generalization of Kingman’s result.

Theorem 5.1.2. Suppose { X1} to be a subadditive process on intervals with rational

end points, and let ® = sup|X;| where the supremum is taken over all intervals

with rational end points in [G,é’). If E[®] < oo, then lim f]‘:’i exists a.e., where

J, = [0,7@),r is rational.

Remark 5.1.1. Note that the set of rational numbers in Theorem 5.1.2 can be replaced
by any other countable dense subset of R* [21]. Recall that a stochastic process X is
defined to be separable if there is some countable set of coordinates { X;} whose values
determine X. Therefore, under any separability condition on the process { X, }, the
a.e.-convergence along each fixed dense countable set implies the a.e.-convergence as

r ranges through positive real numbers.

5.2 SLLN for the Constrained Domination Num-

ber

We consider two independent homogeneous Poisson processes on the whole 2-
dimensional space, {X;} and {Y}}, with respective rates Ax and A\y. We now consider
a slightly different version of the domination number: the constrained domination
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number, which is defined as follows.

Definition 5.2.1. For a rectangle I with boundary D, the constrained covering ball

of X; € I is defined by
Bi(X;) ={w e Q:dw, X;) < mm{minngd(Y},Xl-),mmzepd(z,Xi)}}.

The constrained domination number 'y is the minimum number of constrained cov-
ering balls needed to cover all X -points in I. Similarly, the (ordinary) covering ball

of X; € I is defined by
Br(X;) = {w € Q: d(w, X;) < {miny,erd(Yj, X;)}.

The (ordinary) domination number I'; is the minimum number of ordinary covering

balls needed to cover all X -points in I.

By considering the stochastic process {I'; : I = [a, g), a, b are nonnegative rational

points}, we prove the following lemma.
Lemma 5.2.1. {[';} is a subadditive process.
Proof. We check the three conditions A7-A8 in Definition 5.1.2 as follows:

e Suppose By, is a constrained class cover of the X-points in I;. When the bound-
ary of I; is ignored, the constrained covering balls in By, will not decrease (and
may increase). Hence, no constrained covering ball By, (X;) € By, is any big-

ger than its corresponding new constrained covering ball, which we denote by
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Bur,(X;). Therefore, after ignoring the boundary of I;, the union of the new
constrained covering balls { Buz,(X;) : Br,(X;) € By} still contains all X-points
in ;. As a result, U {Bur(X;) : B (X;) € By} contains all X-points in

P I thus, YO0 Ty > fu;;llz-~

o A2 is due to the homogeneity property of Poisson processes.

e A3 is true since E[[';] > 0 for any I, thus inf{EE’] I eT,|I|>0 } >0 >

—0Q. [
Applying Theorem 5.1.2 to the process {I';,} gives the following lemma.

Lo erists a.e, where J, = [6, ré), and r > 0 is rational.

Lemma 5.2.2. lim A

Proof. To apply Theorem 5.1.2, we need only check E[®] < oo, where & = sup | X/|
when the supremum is taken over all intervals with rational end points in .J;. Since

Vr < 1, it is readily apparent that
[y, < Nx(J,) < Nx(J1).

Hence, & < Nx(J;). Taking the expectation yields F[®] < E[Nx(J;)] = A\x <

00. L]

5.3 SLLN for the Ordinary Domination Number

In Lemma 5.2.2, we established the convergence result for the constrained domi-
nation number generated by Poisson points. In this section, we prove a similar result
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for the ordinary domination number.

Recall that when the boundary of a rectangle I is ignored, the constrained covering
balls of X-points in I will not decrease (and possibly increase), so the constrained
domination number I'; might be bigger (but not smaller) than the domination number
I';. Consider a rectangle I that is sufficiently large. Intuitively, the covering balls of
most X-points, which are located away from the boundary of I, will not be affected
by the existence of the boundary because there are Y-points closer. Therefore, the
difference between I'; and I'; is only caused by the X and Y-points that are near

the boundary of I. In the following formal proof, we show that the effect of these

points is negligible in the limit, thus 7}1_{20 % exists and equals nll_{go %L"', where n is
an integer.

With s,, < n (to be chosen later), we consider J,, = [6, né), Ji, = [sn€, (n—s,)e),
J! = [2,€, (n — 2s,)€), and J = [(2 +V2)s,€, (n — (2 + \/i)sn)é) as shown in
Figure 5.1. We let F), denote the event in which all constrained covering balls of
X-points in J]| are contained in J,,, and let E,, denote the event in which there exists
at least one Y-point in each of the s, by s, squares in J, — J, .

The probability of having at least one Y-point in a particular one of those small

dn

. _ 2 .
squares is 1 — e~*»*¥ | and the number of small squares is less than -+ Therefore,

from the independent increments property of Poisson processes, we know that

an

P(E,) > (1 . e-S%AY) "

4n

If E, C F,, then we could conclude that P(F,) > (1 — e*»*)sn. Next, we show
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Figure 5.1: The rectangles J,, J!, J!" and J"

n

that E, C F,, is indeed true. In fact, if there is at least one Y-point in each s, by
sp square, then the constrained covering ball of any X-point in J/ cannot go out of
Jn. The reason is that for any X; € J,, there is at least one point Y; in the s, by s,
square closest to X;, so the constrained covering ball B(X;) cannot extend very far
out of J!, hence B(X;) is bounded by J,. Specifically (but without loss of generality),
suppose Y; is the Y-point closest to X;, located at the position shown in Figure 5.2.
Then the radius of the constrained covering ball B(X;) is v/a® + b2, where the two
segments with respective lengths a and b are also shown in Figure 5.2. Considering
a < s,, we have Va2 + b2 < \/m < b+ s,. Note that the distance from X, to

the the boundary of J, is greater or equal than b+ s, thus B (X;) is contained in J,,.

Now we carefully analyze the relation between the constrained domination number

['; and the ordinary domination number I'; . Let A; =T, —1I'; . If the boundary
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Figure 5.2: An illustration of F,, C F,

constraint is ignored, the constrained covering balls will not decrease (and might
increase) for those X-points whose constrained covering balls touch the boundary;
thus, the domination number will not increase, i.e., Ay, > 0. On the other hand,
given the event F),, the constrained covering ball resizing can only happen for those
X-points in J,, — J/. Although the resized covering balls may cover other X-points
in J, — JJ/, the resized balls do not intersect .J;'. The reason why the resized balls
do not intersect J"' is that these balls can’t reach through the Y-points in the s,
by s, squares. Specifically (but without loss of generality), suppose Y; is the Y-
point closest to X;, located at the position shown in Figure 5.3. Then the radius of
the resized covering ball B(X;) is v/c2 + d?, where the two segments with respective

lengths ¢ and d are also shown in Figure 5.3. Considering ¢ < s, and d < s,, we
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have v/ + d2 < v/2s,,. Note that the distance from X; to the the boundary of J,
is greater or equal to ﬂsn, thus B(X;) does not intersect J,,. Thus, constrained
covering ball resizing will decrease I',, by at most the number of X-points in .J,, — J",

i.e., AJn S NX(Jn - J,:l//)

Figure 5.3: An illustration of A;, < Nx(J, —J}")

Finally, we estimate P (f]—ﬁ > e) as follows:

Tiee) = P(Geen) (5>e1m)
P(2se) = PR s R)PE)+P(2 > | F) PFE
<|Jn| 0, > €V PP 70> el By ) PIE)

P <|Aﬁ > | Fn> + P(FY)

A 2
<|JJ") |

In the first term in the expression above, we have the difficulty that A; and F), are

IN

E

/e 4+ P(F¢) (by the Markov Inequality).

(5.3.1)

dependent. However, we can replace A;, by an upper bound Nx(J, — J”), which
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is independent of F),. The reason why Nx(.J, — J!") and F,, are independent is that
Nx(J, — J!") depends on X-points and F), depends on Y-points, whereas X-points

and Y-points are independent. Therefore, we have
A\ F E [(NXUH - J;{/))Q | F”}

() 17 7.7

B [(Nx( — )]

|Jn‘2€2 ?

E /e <

Since the Poisson process X has density Ay, and the second moment equals the

variance plus the square of the mean, the above reduces to

Ax |y = I+ X5 | — J))?

|7, |2€2
Ax -4n - 4s, + X% - (4n - 4s,)?
- eZnt
2
< C- —7; for some constant C.
n

For the second term of the expression (5.3.1), we get

P(FY) = 1-P(F,)

4an

< 1- <1 — es’%)‘Y) "
4n

2
Ejip
en\Y .
2 2
= 1 — <1 — € STL)‘Y) SnES”AY

Since (1 — %) T e ! as x — oo, when s, is sufficiently large, we have
sZ2 A
_e2a \ Y 1
(1—6 s””) > e 17E

Therefore, for s, sufficiently large,

_ AQ04en

P(FS) < 1—e sy

101



Thus Inequality (5.3.1) becomes

A 2 _ 4Q0+en
p(3rsd) <o e (1o
n n

To show that this probability tends to zero, the size of s,, must be chosen carefully. If

Sp is chosen to be sufficiently small compared with n, then the first term above goes

n
s2

to zero. If s, is chosen to be sufficiently large compared with n, then o
Spe’n

goes

to zero so that the second term in the inequality above also goes to zero. To have

both terms converge to zero, we let s, = /(2 + 6)log(n)/Ay for some § € (0,1). By
Taylor expansion of the main exponential function in the inequality above, we then

have

Ay 52 n
P n — _n -
(‘Jn‘ ~ E) © (712 - Snes%ky)
_ 0 (24 d)log(n) /Ny N n
& @+ 9logm) Ay -+

1
- o),

By the Borel-Contelli lemma, the calculation above immediately implies that

Ay, a.s.
| Jn]

and both limits on the right hand side exist a.s., lim L

Ly _ Ly | Ay

0. Since 7 = o + Tt

exists a.s. and

r r
lim —2% = lim —2

= a.s.
However, our proof of the SLLN for the ordinary domination number is not yet
finished, because we need to show that the equation above still holds for I',, for real

t. We first define Aj, =T';, —Ty,, for any ¢t = [n,n+1). Note that A, defined before
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is the difference between the two processes for a single region J,,, whereas A j, defined
above is the difference over two different regions, J; and J,,. While it is possible that
Iy, >Ty, ie, Ay <0,y can only be larger than I';, by at most Ny (J; — J,,), i.e.,
the number of X-points in J; — J,. Therefore, we get the following lower bound for

AJ‘

AJt > —Nx(e]t - Jn) > _NX<Jn+1 - Jn)?

SO

A -N - as. . :
]JJT > X(J‘ZT In) — 0 (details shown in the proof of Theorem 5.3.1).
t ¢

On the other hand, given F,,, the covering balls of X-points in J are completely

contained in .J,,, so by the same argument for I'; , we know that I';, can only be larger

than I'j, by no more than the number of X-points in J; — J”, thus ﬁ]—‘ﬁ < w

The convergence to zero for the lower and upper bounds of ﬁl_it\ given above yields

the next theorem.

. r . . . T . .
Theorem 5.3.1. lim & exists and is equal to lim = a.s., where t is real and r is
t—o00o ‘Jt‘ r—00 |JT|

rational.

Proof. For any t > 0, there is an integer n(t) s.t. n(t) < t < n(t) + 1. By the

definitions above, I'j, = r Tuy — Ay,. In addition, we have shown that Ay >
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—Nx(Jn@y+1 — In(e))s 50

& FJn(t) - AJt
||~ ) | Tn(t)|
Uy Nx(Juwy+1 — Jnwy)
I PAOL | Jnie)]
It should also be noted that
Nx(nw+r = Joy)  _ Nx(Unwr) = Nx(Jnw)
| o] PA)

Nx(Inw+1)  [Inwr1l — Nx(Jnw)

Un(t)+1| Un(t)’

| Tty

2% Ax-1—Ax (the Poisson process X has density Ax)

= 0.
Therefore,
Ly T,
limsup — < lim —=
t—oo | Je| T n=oo |y
For the other direction, we first write
Ly, Ty Ly,

= I + .
A A

a.s. (5.3.2)

Ire, (5.3.3)

Applying the same technique as when we show A, < Nx(J, — J/"), we know that

given F,, ), when the boundary constrain is ignored, the constrained covering ball

centered at X-points € Jr’l’(t) don’t change, whereas the covering balls centered at

X-points € J; — J;l’(t) do not intersect with ‘]7/7,/215)' Therefore, we conclude that A, <
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Ny <Jt — ngt))' Hence, for the first term on the RHS of the equation above, we have
Yoo s Loy = B I
A0 = gl "

fJn(t> . Nx <Jt ngt )

>
|Jn(t)+1| |Jn(t)+1’

r,, (5.3.4)

Recall that we have chosen s, = \/ (2+ &)log(n(t))/Ay. Because we have shown

that P (Fﬁ(t)) = 0 (72)) = 0 (W), the Borel-Contelli lemma gives

snpye ")

a.s.
IFc(t) — 0. Moreover, we have
n

lim FJn(t) Y FJn(t) ‘J ’ im f‘Jn 0.s
=00 [Jun] =20 [l [Jugy + 1] nooo [Ja]
and
Nx(i=Ji) _ N(d)  NxUiy)
|=]n +1| |Jn(t)+1| |Jn(t)+1’
NX(Jt) ) ‘Jt’ _ NX(‘H:Et)) ) ‘Jq/&t)’
DA PAOIS] [Shl e+l

2 Ay 1=)Ax-1=0.

Thus, substituting the formulas above into Inequality (5.3.4), we immediately get

Iy,
liminf — - [ a.s.
t—o0 ‘Jt’ Fn( TL*)OO‘J ’
In addition, note that E]—J’] < N’f (L‘m 2%, Mx. Also, recall that because I Fe o 250,
FJt a.s.
cApe  —0.
AR

Therefore, we can incorporate the two results above into Equation (5.3.3) to get

I'; I
11m1nf—> lim L
R S T

a.s. (5.3.5)
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Furthermore, based on Inequalities (5.3.2) and (5.3.5), we conclude that

r
lim - = lim

. r . r . . r . r
Thus, since § 7= ¢ is a subsequence of | =5 ¢, it follows that lim = = lim == a.s.,
[ Tn [Jr| nooo Il o0 1

where the existence of the latter is guaranteed by Lemma 5.2.2. [

5.4 Convergence to a Constant

Theorem 5.1.1 alone does not identify the limiting random variable £ = Ilim %
for a subadditive process {X}; however, in his paper [20], Smythe showed that when
the subadditive process is independent, the limit is simply the time constant v(X).

Next, we first formally give the definition of independent subadditive processes and

state the result by Smythe, then describe the idea of his proof.

Definition 5.4.1. A subadditive process is independent if the random variables { X, +, }

are independent for disjoint rectangles { R, +, }iz1,... n-

Theorem 5.4.1. If a discrete subadditive process {X;} is independent, then & =

X,
|Jnl

lim

n—oo

is equal to the constant v(X) a.s.

Let F be the o-field of events generated by the process {X;} and invariant un-

der both the shifts 91 . X(81,32)7(t1’t2) — X(31+1,52),(t1+1,t2) and 92 . X(Shsz),(tl,tz) —

X,
[Jn]

X(s1,5941),(t1,t2+1)- Then, as shown by Kingman ( [17], page 504), the limit £ = lim

n—oo
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can be written in the following form:

E[X;, | F|

Jim AR a.s.
It is important to note that even though Kingman’s original result only addresses the
one-dimensional case, this principle has been adapted to prove the same result for
higher dimensions [20, page 777].

Since if the invariant o-field F is generated by an independent process, then F is

trivial [20, page 782], we immediately get

¢ = lim BlXo.]

n—00 |Jn|

=v(X), a.s.

E[l,,]
[Jn]

In our problem, the subadditive process {I';, } is independent, so lim %: lim
n—ool“n n—o0

= v(I") a.s. Therefore, by Theorem 5.3.1, we immediately achieve the following result.

Theorem 5.4.2. tlim L—‘?‘ = lim E|[§"‘”] =7(T) a.s.

Remark 5.4.1. In the theorem above, the limiting value is given as (T') instead of
7(T'). The reason is that the process {I';, } is not subadditive, hence ~(I") is not even

well-defined.

5.5 WLLN for the Domination Number in [0, 1]

with Uniform Densities

In the previous sections, we have established the SLLN for the domination number
generated by Poisson points in R?. In this section, we transfer the result of the Poisson
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case to the unit square [0,1]°. Denote I}, as the domination number generated by
n X-points and m Y-points, and assume that both the X-points and Y-points are
uniformly distributed in [0, 1]2. We prove the weak law of large numbers (WLLN) for
o

/

Theorem 5.5.1. If ™ — r,r € (0,00), then lim F”Tm = g(r) in probability, where

n—o0

Proof. In the Poisson case, we let the rates be Ax = 1 and Ay = r. For any integer
n > 0, we let t(n) be the smallest real number ¢ such that there are n + 1 X-points
in J;. Note that the (n 4 1)-st X-point is on the boundary of Jy(,), and the other n

X-points are in the interior of Ji). Define I', ,,,, = I' Tetmy where m,, is the random

r
i) — (T a.s,

number of Y-points in Jy,). We know by Theorem 5.4.2 that lim

n—oo |Jt(n)| -

since t(n) — oo a.s. as n — oo. Equivalently,

an
lim ——= =~(I") a.s.

n—00 |Jt(n)|
Combining the equation above with the fact that lim \J:—ﬂ = Ax =1l a.s., we get
r r n _
lim " — Jim ™. =~(I') a.s.

Since almost sure convergence implies convergence in distribution, it follows that

an ‘B . . . .
lim —— = ~(I") in distribution. (5.5.1)

n—oo n
From the conditional uniformity property of Poisson processes, the n X-points and
my Y-points are both uniformly distributed in J;,). Recall that the desired number
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of Y-points is m = m(n), which is a non-random function of n. For simplicity, we will
use m rather than m(n) in the following proof. On the other hand, m,, is the random
number of Y-points in the Poisson case. If m,, < m, we add m — m,, Y-points in the
region Jy(,) in a uniform way. Similarly, if m,, > m, then we delete m,, —m Y-points
uniformly from the m,, Y-points in Jy,). And if m,, = m, no change is needed. After
such modification, the original m,, Y-points become m Y-points. Let I',,, denote
the domination number generated by the n X-points and the m Y-points, which are
uniformly distributed in Jy,). Note that I',,, has the same distribution as I7, .

Hence, if we can prove

an = . . . .
lim —— =~(I') in distribution, (5.5.2)

then we have lim = lim f=m — ~(T) in distribution, hence lim F/';m = ~(T)

n—oo n—oo n—oo

/
n,m

in probability, since the limit is a constant. So, the problem reduces to showing
Equation (5.5.2). In fact, if we let A, ., = i — D, and if we can prove

An,mn
n

— 0 in probability,

then considering the result (5.5.1), by Slutsky’s theorem we get

. n,m . n,m .
lim —— = lim —2 4+ lim
n—oo N n—oo n n—oo n

= (') in distribution.
All that remains from the discussion above is to show the following lemma is true. [J

Lemma 5.5.1. % — 0 wn probability.
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Proof. Case 1: Adding Points.
We first consider the case of adding one new Y-point: Y,, when m,, —m = —1.

As illustrated in Figure 5.4, if Y, falls into the covering ball B(X;) of some point

Ji(n) %( )

t(:n)

Figure 5.4: The result of adding one new point Yy

X;, the covering ball B(X;) will decrease to B’(X;) so that the domination number
may increase (but never decrease). Such an increase can be at most the number of
X-points in B(Xj;).

Note that it is possible for Y, to fall into more than one covering ball. To take
this into account, define the random variable B, = maximum radius of all balls that

contain Y, but contain no Y-points. We know that given B, = b > 0, the covering
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balls into which Y, could fall must be contained in the ball B(Y,, 2b), which is centered
at Y, with radius 2b. Otherwise, if there exists a covering ball that contains Y, but
isn’t contained in B(Yj,2b), then that covering ball must have a radius greater than
b but contain no Y-points, which contradicts B, = b. Therefore, A, ,,,, is bounded

above by the number of X-points in B(Y,, 2b), thus

0<Apm, < Z IixieB (v, 2n)). (5.5.3)

i=1

Next, we calculate an upper bound for P(B, > b). Define the event
F(Y,,b) ={3 a ball in B(Y,,2b) with radius b s.t. there exists no Y-point in it}.

Note that in the definition above, the ball is a subset of B(Y,,2b), but it is not
necessarily centered at a X-point or Y-point. From the definition of B,, it is easy to
see that {B, > b} C F(Y,,b). Next we will find an upper bound for P(F(Y,,b)). As
shown in Figure 5.5, suppose we equally divide the square centered at Y, with side
length 4b into 8%(= 64) smaller squares, and refer to the 64 small balls in the squares
with radius b/4 as grid balls. If F(Y,,b) is true, i.e., there exists a ball in B(Y,,2b)
with radius b such there are no Y-points in it, then that ball must contain a grid ball
that covers no Y-point (as illustrated in Figure 5.5). Therefore, if F/(Y,,b) is true,
then there must exist a grid ball containing no Y-point. Since the Poisson process Y

has density Ay, we know the probability that a particular grid ball covers no Y-point
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Figure 5.5: The affected region of an added point Y,

is e~/ Therefore,

P(B,>b) < P(F(Y,,b))

< 64€_Wr(b/4)2.
Applying Formula (5.5.3), we have
|An7mn| _ _ —
P{—=>¢|{m,—m=—-1}n{B, =b}
n

< P (Z Iixienvaany > ne | {m, —m = —1}N{B, = b}) .

i=1
Since X-points are independent of Y-points, and all X; are identically distributed, the
RHS of the inequality above reduces to P (Z?:l Iix,eB(v, 20} > ne), which, by the

[Z?:l I{XieB(Ya,2b)}] P(X;€B(Y,,2b))
L = - . Note

Markov Inequality, is further bounded by r

that if B(Y,,2b) is contained in Jy), then P (X; € B(Y,,20)) = T}ib)j. However, if

Y, is near the boundary of Jy(,, then it is possible that only part of B(Y,,20b) is

contained in Jy,y, hence P (X; € B(Y,,20)) < “(%b)f Summarizing the discussion
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above, we get

7(20)?

Ao )
Pl—= >¢|l{m,—m=-1}Nn{B,=b} | < —————.
Gl btz =n) < T

Hence, given t(n),

Anm
P(M>e|mn—m:—1)
n

VO (1Bl
= / P( L >6]{mn—m:—1}ﬂ{Ba:b}) dFg, (D)
b

=0 n
V2t(n) 7(2b)?
< ———d(l1—P(B,>b
/bO | Ty - € ( ( >)
V2t(n) 2h)2
- / P(B, > b)d (M> .
b=0 |Jt(n)| "€

Recalling that P(B, > b) < 64e ™ ®/” e further bound the above as follows:

Anom Vi) 2 2b)> C
P(7| ol >6|mn—m:—1) S/ 64e~ (/D) d(u> < —
n b=0 [ Tew)] - €) 1w

where C' > 0 is a constant. Therefore, without conditioning on ¢(n), we have

A
P(M>e|mn—m:—l>§C-E{
n

IJt<n>|} '

Next, we consider the case of adding one or more new Y-points: Y, --- Ly menl
when m,, — m < —1. Similarly, define B! = maximum radius of the covering balls
containing Y, 1 = 1,--- |m, — m|. Given m, —m = p, € {—0n,---,—1} and

B! = 1! > 0, by applying the same arguments as above, we have

P (XZ- e U By, 2bl)>

IA

P <7|A7;Im"| >e|{m, —m=p,}N {Bé = bl})
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Using P(B. > b) < 64e~™'/9? ag before, and recalling we have chosen lpn| < om,
we can finally get the following bound:
A 1
P(7| ’"|>e\mn—m=pn) < |Pn|CE{—]
n |Jt(n)‘

< (5n'C-E[ ! } (5.5.4)
| Tt

Note that for any > 0, by the law of total probability, we have

Anm
P(—| : ”‘ >e)
n

Anm
= Z P(M>e|mn—m:pn>P(mn—m:pn)

n
pn<—0n
+ Z P(M>e|mn—m:pn>]3(mn—m:pn)
n
—on<pa<—1

Anm
+P(u>e|mn—m:O)P(mn—m:O)
n

Anm
+ Z P(M>e|mn—m—pn>P(mn—m—pn)

1<pn<on n
|An |
+ E P|———= >¢|m, —m=p, |P(m, —m=p,).
n
pn>0n

Applying P (M >e€|m, —m= pn> < 1 to the first and last summation above,

n

and applying Inequality (5.5.4) to the second summation above, the equation above
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can be bounded as follows:

Anm
P(u>e) < Z P(m, —m = py)

n pn<—0n
1
+ Z on C’-E[J }P(mn m = pn)
e | Ji(m)]

Combining the first and last summations above, and factoring out the term on - C

) [ﬁ] in the second summation above, we have
t(n

A
P('n—m"’ >e) < P(|my, —m| > én)

n =

+5n-C’-E{ ! } > Pm,—m=p,)

el s ey

Anm
+P(M>e|mn—m:0)}7(mn—m:0)
n

Anm
+ Z P(M>e|mn—m:pn>P(mn—m:pn).

n
1<pn<én

Note that the summation in the second term above equals P(—on < m, —m < —1),

which is further bounded by 1. In addition, if m, —m = 0, then A, ,,, = 0, thus

P (W >e€|m, —m= O) = 0, hence the third term above equals 0. Therefore,
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the inequality above reduces to

Anm
P(‘ 7;”|>e> < P(m, —m| > dn)

+5n-C-E{ 1 }
| Je(n) |

Anm
+ Z P(l—’"’>e|mn—m:pn)P(mn—m:pn).

n
1<pp<én

Since £ [ﬁ} is bounded, the inequality above yields

P<M >(—:> < P(|m, —m| > on)

n
+ 0Ch4
n
1<pn<dn

for some constant Cy > 0, (5.5.5)

Case 2: Deleting Points.

In contrast to adding a point, deleting an existing point Y, can only decrease the
domination number or leave it unchanged. As illustrated in Figure 5.6, if Yy is on
the boundary of B(X;) of some X;, then deleting Y, will cause B(X;) to increase
to B'(X;), which we refer to as the enlarged covering ball. The enlarged covering
ball B’(X;) has a radius equal to the distance between X; and the second nearest
Y-point: Y;. It is worth noting that the domination number can decrease by at most
the number of X-points in B'(X;).

It is also possible for Y, to fall into more than one enlarged covering ball. Refer

to the original Y-points except Y; as Y'-points. Define the random variable B; =
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Ji(n) %( i

tdn)

Figure 5.6: The result of deleting one existing point Yy,

maximum radius of all balls that contain Y; but contain no Y’-points. Given By =
b > 0, the enlarged covering balls into which Y, could fall must be contained in the
ball B(Yy,2b). Otherwise, if there exists an enlarged covering ball that contains Yy
but is not contained in B(Yy, 2b), then that enlarged covering ball must have a radius
greater than b but contain no Y’-point, which contradicts B; = b. Therefore, |A,, ., |

is bounded above by the number of X-points in B(Yy, 2b), thus

0> Anm, = — Z I'ix,eB(vy,2n))-

=1

Define the event

F'(Yy,b)={3 a ball in B(Yy,2b) with radius b s.t. there exists no Y’point in it}.
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As in the the case of adding a point, it is easy to see that {By > b} C F'(Yy,b).

Hence, conditioning on ¢(n), we can get the following upper bound of P(By > b):

P(B;>0b) < P(F'(Yyb))

< 64 - P(a grid ball contains no Y'-point)

64 (1 - 7(6/4)2)7”.

t(n)?

Therefore, using the same argument as in the case of adding points, for any p, €

{1,---,0n}, we get

Anm
P(l—’"’>e|mn—m:pn)
n

[ (Y ()] s

7(2b)?
|Jt(n) |'6

< on-FE

By applying |Jy»)| = t(n)? and adjusting the factors in d ( ), the integral above

can be further calculated as follows:
V2t(n) 4)2\ ™ 2h)2
[ o) )
b=0 t(n) | Jiny| - €

- [T )

b=0
ez 1 (1 7r(b/4)2)m+1]
- - 2
e |m+1 t(n) b 3t(r)
64 1 mi\ O
= —— (1- <1 — 1) < — for some constant C’ > 0.
e m+1 32 m

Hence, for any p, € {1,---,dn}, when n is sufficiently large, Inequality (5.5.6) reduces
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to

IN

AV, C’
P(M>e|mn—m:pn) on—
n m

< 6Cy for some constant Cy > 0.

Therefore,

Anm
E P<M>e\mn—m:pn)]3(mn—m:pn)
n

1<pn<on
< 6Cy Z P(m, —m = p,)
1<pn<én
= 0CLP(1 <m, —m < dn)

IN

0C,.
Substituting the above into Inequality (5.5.5), we get

A
P (M > e) < P(Jmn —m| > on) + (C1 + Ca)4.

n
Since 2 — r, when n is sufficiently large, we have
n ) )

MS(S/Q,

n

thus

P (jm, —m| > dn) = P<—|m"_m’>5>

P<|mn—rn\ N |m — rnl >5)
n n

IN

2
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n
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Applying a similar argument by DeVinney and Wierman [12, page 432], which uses
Chernoft’s theorem, the above is further bounded as follows:

P(|lmy —m|>dn) < P(lmn—rn|257n>

< Ke ™" for some constants K,k > 0.

Once the above is substituted into Inequality (5.5.7), it follows that

A
P (m > 6) < Ke™™" 4 (0 + Cy)0.

n

For any fixed § > 0, the first term Ke " goes to 0 as n — oo. Also, considering

0 > 0 can be arbitrarily small, we conclude that P <‘A"nim"| > e> — 0, thus % —
0 in probability. O

In Theorem 5.5.1, the exact form of g(r) is not given; however, it does have the

following properties.
Corollary 5.5.1. g(r) is a bounded, increasing and continuous function on (0, 00).
Proof.

e First, we show g(r) € [0, 1]. For integer n, we have showed that

HILIEO ‘JJ" =g(r) a.s.,

where Ax = 1 and Ay = r are assumed.

Since 0 < FJ—‘T‘ < NTJ(”J‘") and NTJ(”J‘") 2% Ay = 1, it follows that

r
0<g(r)= lim =2

<1.
o0 ’Jn|
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e Next, we show that g(r) increases as r increases. We first suppose that, for
any 0 < r; < ry, there is a Poisson process X with rate 1, a Poisson process
Y, with rate rq, and another Poisson process Y5_; with rate ro — r;. Then for
any integer n > 0, we let ¢(n) be the smallest real number ¢ such that there
are n + 1 X-points in J;. Suppose next that m;(n) is the random number of
Y1-points in Jy(,), and mo_1(n) is the random number of Y5_;-points in Ji(n)- We
refer to both the Y;-points and Y,_;-points as Y-points. We define I';, 1, (n) as
the domination number generated by the X-points and Y;-points in Jy,), and
I ma(n) @s the domination number generated by the X-points and Ys-points
in Jyn). Basically, we have just added mqy_;(n) Y>_;-points to those m; Y-
points to allow us to study the change from I, ;,,(n) t0 'y my(n). Considering
that adding Y-points can never decrease the domination number, we know that
L'y mo(ny 18 larger than Iy, ,,, (). Note that Y;-points are generated from a Poisson
process with rate r1, and Y5_;-points are generated from a Poisson process with
rate ro — 11, hence Ys-points are generated from a Poisson process with rate rs.

Therefore, by previous results, we have

r
lim —2m) g(r1) as.,
and
an n
lim —2me) g(ry) as.

Recalling Iy, , (n) is larger than I, (), we conclude that g(r2) > g(r).
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e Finally, all that remains is to prove that g(r) is continuous. In other words, for
any . > 0 and € > 0, we must show that there exists a § = §(¢) > 0 such that

when |ry — 1| < 0,

lg(r2) — g(r1)] < e

Suppose there is a Poisson process X with rate 1, a Poisson process Y; with rate
r1, and another Poisson process Y, with rate 7. Then for any integer n > 0,
we let £(n) be the smallest real number ¢ such that there are n + 1 X-points in
Ji(n). Suppose next that m1(n) is the random number of Y;-points in Je(ny, and
my(n) is the random number of Y5-points in Jy(,). Taking into consideration

that almost sure convergence implies convergence in probability, we have

an n . o
li maln) g(r1) in probability,
n—o0 |Jt(n)|
and
. Fn,mz(n) . . -1-
lim ——=+ = g(ry) in probability.

Next, we will prove |g(r2)—g(r1)| < € by contradiction. Suppose |g(r2)—g(r1)| =
€ + a for a > 0. By the definition of convergence in probability, we know that

when n is sufficiently large,

anln
P( |<}t( §|) —g(r1) <a/2> >1-—4,
and
an n
P(Tzi’)—g(m) <a/2> >1—4.
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On intersection of the 2 events above, we have

eta = |g(rz2) —g(r)|
Fn mi(n) Fn ma(n) Fn mi(n) Fn ma(n)
< |57 )|+ |5 —g(r2)| + | =3 — 7
| Je(n) ] | Je(n) | | Je(m) | | S|

Pn,ml (n) . Pn,mz (n)

| Te(n) | | Te(n) |

A

a2+ af2 +

Y

Pnmi)  Tnman)

> €. Since this intersection event
[T¢(n) ] [Je(n)l

which can be reduced to

has probability greater than 1 — 24, we conclude that

(

On the other hand, applying the same techniques used in the proof of Lemma 5.5.1,

Fn,ml (n) Fn,mg(n)
[l )]

> e> >1—24. (5.5.8)

we can prove the following result similar to Inequality (5.5.7). If |ro — 7] < 6,
then when n is sufficiently large,
P ( F77,m7,1(n) I‘n,mg(n)

— > €
| Jen)| | Jen)] )
< P(|ma(n) —mi(n)| > on) + (C] + C3)0,

where C7,C5 > 0 are two constants determined by e. Applying Chernoft’s
theorem as before, we know that for any fixed § > 0, P (|ma(n) — my(n)| > on)
converges to 0 as n goes to +00. Therefore, when § is sufficiently small, the

inequality above can be further bounded as follows:

an n an n
P( ) Znma(n) | e) < (6 (for some constant C' > 0)
[Tl i
< 1-26,
which contradicts Inequality (5.5.8). O
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5.6 WLLN for the Domination Number in [0, 1]

with General Densities

Based on the same approach used to prove the SLLN for the domination num-
ber with continuous densities in one dimension (Theorem 2.3.1 in Chapter 2), the

following is also true.

Theorem 5.6.1. If the densities fx and fy are positive, bounded and continuous on

0,1]%, and 2 — r,r € (0,00), then

L fy (u,v)
lim —— = // g <T . 7’) - fx(u,v)dudv in probability,
[0,1)2 fx(u

n—oo 1 ,V)

where g(r) is the same as in Theorem 5.5.1.

In the following two subsections, we first generalize Theorem 5.5.1 to the the case
for piecewise constant densities, then extend it to the continuous case. The proofs
are analogous to Sections 2.2 and 2.3. The only significant difference is that adding
or deleting a point in two dimensions, rather than changing the domination number
by at most 2, could change the domination number quite substantially (as much as
n — 1). Nonetheless, such large changes are highly unlikely and are proved to be

negligible in the limit.
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5.6.1 Piecewise Constant Densities

We consider the simple situation in which fy and fy are piecewise constant den-

sities defined as

k
fx(u,v) = Zaququ(u,v)

p,g=1

and

k
fY(uvv) = prqIqu(u,v),

p,g=1

where A,,,p,q = 1,--- ,k equally divide [0,1]? into k? pieces (see Figure 5.7). Let

[
Ak Ako Ay Ak %

v

A

1
Az Az Asz A "f

1
Aay Ay A Aope “‘
An Arz Aig Atk %

v

Figure 5.7: The squares A,, where densities fx and fy are constant

['(n,m) be the domination number generated by the n X-points and m Y-points in
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0, 1]%, and T'(n,q, mp,) be the domination number generated by the n,, X-points and
Mypg Y-points in Ay, We can think of > T'(ny,my,) as a “filtered” domination
number generated by adding a “filter” A,, for each I'(n,, m,,). The effect of adding
“a filter” is that no points outside A,, contribute to I'(n,,, m,,). The outcome of
ignoring the filters is the restoration of the sum of the “filtered” domination numbers

> pg L (1pg; mypg) to the ordinary domination number I'(n,m). We define

An,m = Fn,m - Z F(npqa me)‘
b,q

We now apply the same technique used in Section 5.3. Specifically, with d = d(n) to
be chosen later, we shrink each Ay, by 6 = 1/kd to get A, then shrink A7 by ¢ to

pq’

get A7, and then shrink A7 by V20 to get AT (see Figure 5.8). Finally, we divide
A, — Ap, equally into 4d — 12 small squares with side length 0. Now that there are
(4d —12) small squares in each A,,,p,q =1,--- , k, there are totally (4d — 12)k? small

squares in UA, ,. Define F,,={there exists at least one Y-point in each small square}.

Then we have

4d—12)k?

P(F,) = (1 - (1- 52)m>(
> (1 . (1 - (1/k:d)2>m)4dk2. (5.6.1)

Next, we will apply the results obtained in the proof of the SLLN of the ordinary
domination number in the Poisson case (refer to Figures 5.2 and 5.3). Conditional
upon F,, the covering ball of any X-point in A7 is contained in A,,. Therefore,
ignoring the filter A,, has no effect on these X-points. However, there may be some
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e i |

Figure 5.8: The rectangles A, A, Ay, and A7l

pq’

Y-points just outside the boundary of A,,, while some X-point in A,,— A7, could have
a covering ball that is not contained in A,,. Thus, ignoring the filter A,, could reduce

the covering ball of some X-points in A,, — A7 , thereby increasing the domination

number. Such an increase is bounded by the number of X-points in A,, — A}/, since

no covering ball of any X-point in A4,, — A"

bg Can intersect with A7, Summarizing

the argument above, we get

Fn,m Z F(npqv mpq) + An,m

n n n
p.q

I'(n ,m Anm Anm
Z (pq pq)+ n, )

IFC+

m

Ip, (5.6.2)

p.q
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where

IFE

Anm
’ : < Ipc (5.6.3)

and

An,m Ip < Zp,q NX (qu - A;)/;)

n n

0<

(5.6.4)

In the rest of this section, we will calculate the limit of the three terms in the RHS
of Equation (5.6.2). First, applying a similar argument to that used in the proof of

Lemma 2.2.1, we show that as n — oo,

m
ﬁ - pq|qu‘ a.s.,

n
% — Gyl Apg|  a.s.,

hence % — Tpq .5., Where rpg =1 - ZL;?I Therefore, applying Theorem 5.5.1 on each
A, vields

TI'(n,,, m

w — g(Tpg) - apg| Apg| in probability,
and thus

T

ZM o> 9rp) - apgl Apg| i probability.
n

P,q pq

Writing the above in the form of an integral gives

r b
Z (npq;mpq) N Zg (7” ) ﬂ) 'a/pq‘qu’
n o (pq

P
= // g (7“ . M) - fx(u,v)dudv in probability.
[0,1]2 fx(u,v)

(5.6.5)
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Next, from Inequality (5.6.1), we know that when d is sufficiently large,

0> logP(F,) > 4dk‘2-log<1—(1_(%)2)m>

I \m
= —4kd- <(1_W) +0<(1— PEws

Since (1 —1)* /e~ as & — oo, it follows that

1 m 1 k2d2~#
2 _ 2
—4kd-(1—k2d2) - —4kd-(1—k2d2>

> —4k3d- e RE.

Let d = \‘ WJ . Then

L \m
_ > .
k:2d2) - k2 -logy/m /m

—4k*d(1

and thus

4k
0> logP(F, > 40| ——=
9P (Fn) v/ logy/m ( logdm)

m—00
0

It also follows that P(F,,) — 1, so P(EY) — 0. Hence,
Irc — 0 in probability.

The formula above combined with Inequality (5.6.3) gives

A(n,m)

Irc ~— 0 in probability.
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Finally, we write the RHS in Inequality (5.6.4) as

Zp,q NX(AP‘I B AZ;) o Z?:l I(Xi € Up,q(qu - AZ;))

n n

It should be noted that

B[ 1(Xi € Upg(Apg — A33) |
= P(X; € Up (A —AN))

= 1—(1-2(2+Vv2)6)* (refer to Figure 5.7 and Figure 5.8).

Recall that 6 = 1/kd and d = L WJ It follows that when m is sufficiently

large,
2k?
1
BII(Xi € Upg(Ap — AL)| < 1= [1-202+V2)-
m_ —1
log/m

m—0o0 0

Therefore, for any > 0, the Markov inequality provides

p 22:1 I(Xi € Up,q(qu B AZ:])) > 5 < E[[(Xi < Up’q(qu B Ag;))]
n - - )
— 0,
and thus
N A _ A///
2opg N (Ap = Apy) — 0 in probability.
n

Combining the above with Inequality (5.6.4) yields

A

(1) .0 in probability. (5.6.7)
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Finally, substituting Formulas (5.6.5), (5.6.6) and (5.6.7) into (5.6.2) generates the

desired result.

Remark 5.6.1. The proof above can be easily generalized to the case when the re-
gions of constancy for the densities are rectangles instead of squares. However, the
limiting function g then depends on the ratio between the length and the width of
the rectangles, hence the final limiting value can’t be written in the simple integral

form.

5.6.2 Continuous Densities

If fx and fy are bounded and continuous, then they are both uniformly continuous
on [0,1]%. Thus, given any § > 0, there exists an integer ko such that for any k > kg
and the equal partition {A,,,p,q = 1,---,k} of [0,1]* (refer to Figure 5.7), the

following must hold:

| fx (u1,v1) — fx(ug,v2)| <6,

| fy (w1, v1) — fy (ug,v2)] <0,

for any (uq,v1), (ug, v2) € Ap,. We define piecewise constant functions approximating

fx and fy as follows:

JFX(% v) = min{ fx(7,y), (z,y) € Ap} for (u,v) € Ay,

fy (u,v) = min{ fy (z,y), (v,y) € Ay} for (u,v) € Ay,
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and then rescale fxy and fy by dividing them by their respective integrals to give
piecewise constant densities fX and fy, which approximate fx and fy, respectively.

Applying the same argument as in Section 2.3 to i.i.d. random vectors (X1, X2,
Xi3),i = 1,-++ ,n, distributed uniformly between {(u,v,0) : u,v € [0,1]?} and the
surface {(u,v,fx(u,v)) cu,v € [0, 1]2}, the marginal distribution of (X, X;2) is
proved to be fx. The same procedure generates i.i.d. random vectors (Y1, Y2, Y}s),
j=1,---,m, with the marginal distribution of (Y}1,Y}2) being fy.

Next, we let (X1, X, Xi3),4 =1,--- ,n, and (Y;1,Y}2,Yj3),5 =1,--+ ,m, be i.id.
random vectors uniformly distributed under surface {(u,v, fx(u,v)) : u,v € [0,1]?}
and {(u,v, fy(u,v)) cu,v € [0, 1]2}, respectively.

Finally, we define Rx as the region between the surfaces {(u, v, fx(u, v)) Su,v €
0,1]?} and {(u,v, fx(u,v)) : uw,v € [0,1]*}, and Ry as the region between the

surfaces {(u,v,fy(u,v)) s u,v € |0, 1]2} and {(u,v,fy(u,v)) Cu,v € [0,1]2}. We

then define
(Xﬂ, Xio, Xz?:) = (X1, Xio, Xis) T{(x, X0, Xia) ¢ Rx )
+ (X1, X2, Xis) Ty(xiy Xin Xis)eRx )
(V7. Y52, Yia) = (Y1, Yoo, Via) Livu v v gty
+ (Y31, Y52, Yis) Ly viaviarefiy )
The sequences above can be reiterated as follows. For each ¢ € {1,--- ,n}, if the point

(Xi1, X0, X;3) falls into Ry, then this point is defined as (Xil,XiQ,Xig); otherwise,
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(Xi1, Xi2, Xy3) is defined as (Xﬂ, X;o, XZ3) A similar procedure applies to Y-points.
Again, using a similar technique to that in Section 2.3 shows that (Xil,Xig) and
(f/ﬂ, f/zg) have piecewise constant densities fX and fy, respectively.

Define X = {X;, = (X;1,Xi2),t = 1,--- ,n}, and Y = {Y;, = Y1,Yj2),j =
L,---,m}. Let I',,,(X,Y) denote the domination number generated by X and ).
Similarly, let T',,,,(X,)) denote the domination number generated by X = {&; =
(Xi1, Xi2),i = 1,--- ,n}, and Y = {)73 = (f/jl,f/jg),j = 1,---,m}. Note that only
the points (X;1, Xj2, Xi3) € Rx and (Yj1,Yj2,Yj3) € Ry could cause the difference
between T,,n(X,Y) and T),,,(X,Y). Such difference could be as much as n — 1.
However, by applying the results obtained in Section 5.5.1, we will next show that if
the largest covering ball is small, then the difference is negligible in the limit.

When any X; = (Xj1, X2, Xi3) € Ry is replaced by X; = (X;1, Xiz, Xi3), it is
equivalent to deleting X; = (X;1, Xj2) and then adding X; = (X1, Xj2). Deleting X;
could decrease (but never increase) the domination number T',,,,(X,)) by at most
1. On the other hand, note that deleting the covering ball of A; could also increase
(but never decrease) the domination number by at most the number of X-points in
B(X;) — {X;}. Hence, deleting X; could change the domination number by at most
the number of X-points in B(X;). Similarly, adding X; could further increase the
domination number by at most 1. However, note that adding the covering ball of
X; can also decrease the domination number by at most the number of X -points in

B(X;) — {X;}. Hence, adding X; can change the domination number by at most the
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number of X -points in B(&;). Therefore, replacing any X; € Rx by X; could only

change the domination number by at most

Y Ivesen + Y Laes)-
=1 =1

Hence, the change caused by X; in Ry is bounded by

Z IixicRy) Z (I{XzEB(Xi)} + Z L{;&eB(;@)}) : (5.6.8)
=1 =1 =1

Given any X; € Ry, we denote the radius of the covering ball B(X;) by B;. For any

fixed X; € Ry, we can bound P(B; > b) as follows:

P(BZ > b | XZ,Xz < RX)

< P(there are no Y-points in the ball centered at X; with radius b).

Recall that fx, fX, fy and fy are all positive and bounded, so we can assume
ki < fx < ko, k1 < fX < ko, k1 < fy < kg and ky < fy < ko for some positive

constants kq, ko. Hence, the inequality above can be further bounded as
P(B;>b| Xi,X; € Rx) < (1—kimd*)".
Since the bound above is uniform for any X; € Ry, it follows that
P(B; >b| X; € Rx) < (1 —kymb*)™ .

Note that for any { € {1,--- ,i—1,i+1,--- ,n}, the random point A} is independent
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of X; and Y}, 7 = 1,--- ,m. Therefore,

E [I{XlEB(Xi)} | X; € RX] = E[E [I{XZGB(&)} | X, € RX7BJ | X; € RX}
= B[P (% €BX)| X € Rx,B) | Xi € Ry|

< E|kB} | X; € Rx].

By applying the same technique as on page 88, we can further bound the above as

follows:

E [Iixepy | Xi € Rx] < / (1- klﬂbZ)m d (komb?)
1

m+1

IN

Since m/n — r, when n is sufficiently large, it follows that

E ZI{XZEB(XZ-)} | Xi € Rx| = 1+E Z Itxvenx)y | X; € Ry
=1 le{l, i—14+1,,n}
< 14 L
m+1

< K; for some constant K.

Similarly, we can prove that when n is sufficiently large,
E ZI{P&GB()&)} | X; € Rx| < K.
=1

From the two inequalities above, we can bound the expectation of Formula (5.6.8) as
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follows:

E Y Iixere) ) (I{XleBm)} + f{;eleB(;e,.>})

=1 =1

- Z E | Iixicry) Z (I{XZEB(X”} + I{XZGB(“&)})
i=1 I=1

P(X; € Ry)

- Z E Z <I{XZGB(XZ')} + [{XZEB(?@)}> | Xi € RX
i=1

LI=1

Y 2K P(X; € Ry)

=1

IN

= 2K, ) P(X; € Ry)

i=1

< 2K in. (5.6.9)
After replacing all X; € Rx by X;, the original domination number L (X,Y) be-
comes Fn,m(/'?, V). Next, we consider the effect of replacing Y; = (Y1, Yj2,Yj3) € Ry
by Y; = (Y;1, Y2, Y}3), which is equivalent to deleting V; = (Y1, Yj2) and then adding
:)7j = (le,f/jg). We have discussed the effect of deleting and adding )Y-points in
Section 5.5.1. For all Y; ¢ Ry, refer to the corresponding points Y; as Y'-points.
For any Y; € Ry, define B; = maximum radius of all balls that contain ); but con-
tain no )'-points. Applying the arguments in Section 5.5.1 shows that deleting Y,
could increase (but never decrease) Ty, (X, )) by at most the number of X-points
in the ball B(Y;) = B(Y;,2B,), centered at Y; with radius 2B;. Furthermore, for
any Y; € Ry, define B; = maximum radius of all balls that contain Y; but contain
no )’-points. Similarly, applying the arguments in Section 5.5.1 shows that adding

Y, could further decrease (but never increase) I'y (X, ) by at most the number of
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X-points in B(Y;) = B(Y;,2B;), centered at Y; with radius 2B;. Thus, replacing
any Y; € Ry by Y; could further change the original domination number T, ,,,(X,))

by no more than

Z Iy;ehy) Z (I{XZGB(yj)} + I{&eB(jg)}) : (5.6.10)

j=1 1=1
Let mpg denote the number of Y; € Ry. For any fixed Y; € Ry, using the same

argument as on page 90, we can bound P(B; > b|Y;,Y; € Ry, mp) as follows:
P(B] > b | Y},Y} S Ry,mR)

< 64 - P(there are no )'-points in a particular grid ball)

< 64 (1 — kom(b/4)*)™ ™.

Since the bound above is uniform for any Y; € Ry, it follows that

m—mp

P(B; >b|Y; € Ry,mp) < 64(1—kom(b/4)?)

Note that for any I € {1,--- ,n}, the random point /f’j is independent of Y}, j =

1,---,m. Therefore,

E [I{szBm)} RO RY’mR}

IN

= E|:P ((’%l S B(y]) | Y? € Ry,mR,Bj> | }/J S RY,mR:|
E [ky(2B;)* | Y; € Ry, mg) .

By applying the same technique as on page 88, we can further bound the above as
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follows
E [1{ seso | Y5 € Ry,mR} < / 64 (1 — kym(b/4)2)™ "™ d(kym(2b)2).
Hence,

E

ZJ{XleB(yj)} | Y, € Ry,mR] < n- / 64 (1 — kym(b/4)*)™ ™" d(kom(20)?)
=1

C

m —mpr

for some constant C' > 0.

IN
S

Since m/n — r, when n is sufficiently large, conditional on mg < 2dm the inequality

above yields

C

m — 20m

E

ZI{/\}lGB(J/j)} | YJ S RY7mR < 2(5m]§ n-
=1

< K, for some constant Ky > 0. (5.6.11)

Furthermore, by applying the argument above to the case of adding ));, we conclude

that, when n is sufficiently large,

E

ZI{XZGBQ’/]-)} | Y; € Ry,mp < 25m] < K. (5.6.12)
I=1

Note that

PIIENDY (I{&eBwj)} + [{»%les@)}) | mR < 20m
j=1 =1

E

Iverv) ) (I{zaeBwj)} + [{&eBo‘fj)}) | mp < 20m

> 5

j=1 L =1
> o

j=1

Z <[{?31€B(3’j)} T I{/"?ZGB(j’j)}) | Yj € Ry,mp < 25m]
LI=1
P (Y] € Ry | mp < 25m)
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Applying Inequalities (5.6.11) and (5.6.12) to the above equation, we obtain

E

ZI{Y]'ERY} Z <I{)?leB(yj)} + I{J?zeB(jij)}> | mpr < 25m]
Jj=1 =1

< 2K; Y P (Yj € Ry | mp < 26m)

j=1

= 2KQZE [I{YjGRy} | mpg < 25m}

J=1

= 2K2E

J=1

= 2KyFE [mp | mg < 26m| < 4K30m. (5.6.13)

Recall from Formulas (5.6.8) and (5.6.10) that is bounded

Fn,m(Xy y) - Fn,m(')ev .)A;)

by

> Iixieryy Y <I{xzeB<Xi>} + f{»&eB()&-)})

i=1 =1

+ D Lyveny D (I{»&eBm)}“{»&eB@m)'

j=1 =1
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Therefore,

o )
= P < > en)

<Z1 Iix,eryy i (I{XleB(X)} + L tenx )}> > ne/2>
P (i Livieryy i (I{XleB(yj)} + [{?3163(373-)}> > ne/2)

Jj=1 =1

= <Z [{X ERX}Z (I{XIEB(X)} +[{(XZ)EB(X )}) > n€/2>

+P ZI{Y ERY}Z (I{XZGB(%)}—l—]{XﬁB( )>>ne/2 | mR§25m> P(mpg < 20m)

j=1

Fn,m(Xa y) - Fn,m(‘)ea j))
n

an<X>y)_an(/f'7jj)

IN

+P<ZI{Y GRY}Z (I{XleB v Hizes® )>>ne/2 ] mR>25m> P(mpg > 20m)

j=1

=1

=1

<Zf Wierv) D (1 ttepn {fleBovn}) >ne/2 | mR§25m)+P (mp>20m).
=1

With Formulas (5.6.9) and (5.6.13), applying the Markov Inequality yields that, for
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any € > 0, when n is sufficiently large,

p( >e)

E [21 Iix,eryy <l21 Iixven(ryy + f{mes(;«i)})]

Fn,m(Xa y) - Pn,m(‘)%7 j})

n

<
B ne/2
E le{YjERY}(lzl I{)EleB(yj)} + I{?QIEB()_?J-)}) | mp < 20m
= -
| P(mp > 26
ne/2 + P(mpg > 20m)
2K16n 4K25m
P > 20

ne/2 " ne,/?2 + P(mp m)

< Ké+ P(mpg > 2m) for some constant K determined by e. (5.6.14)

Note that mp is a binomial random variable with mean dm and variance (1 — §)m,

so by applying the Markov Inequality we get

P(mgr > 20m) = P(mgr—0m > dm)

5(1—8)m  (1-0)

< =
= T (om)? om

Thus, for any fixed 6 € (0,1), when m is sufficiently large, the following inequality

holds:
P(mpg > 2dm) < 0.
Hence, Inequality (5.6.14) reduces to

‘

In the previous section, we have proved that

:} > // < )> - fx(u,v)dudv in probability.

0,1]2

Fn,m(X; y) - Fn,m(')e; y)

n

> e> < Kb +6. (5.6.15)
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Thus, when n is sufficiently large,

P :A)j) // < ))-fx(u,v)dudv >e| <4

[0,1]2

Combining the inequality above with Inequality (5.6.15) gives

P // ( )>'fX(u,U)dudv >e| < Ko+ 26.

[0,1]2

Corollary 5.5.1 says that g(r) is bounded and continuous. Since fX — fx and fy —
fy as 6 — 0, then by the dominated convergence theorem it follows that

[fo (- 200 it [ (s 2 g

[0,1]2 [0,1)?

Considering § > 0 can be arbitrarily small, we immediately obtain

8 el KA -

0,1]2

) - fx(u,v)dudv]| > € | — 0.

This finishes the proof of Theorem 5.6.1.

Remark 5.6.2. The limiting function [/ g ( %) fx(u,v)dudv gives the same
[0,1]2
value as for uniform densities whenever fx = fy. But since we haven’t proved whether

g is concave, we don’t know yet if this limiting function achieves the maximum value

when fx = fy.
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Chapter 6

Monte Carlo Simulation

In previous chapters, we have proved the general SLLN and the uniform CLT for
the domination number in the one-dimensional case, and established the WLLN in
two dimensions. In this chapter, we will use Monte Carlo simulations to illustrate
these theoretical results, and also empirically verify some limit theorems that are
not obtained in this dissertation but are likely to be true, such as the CLT in two

dimensions.

6.1 One Dimension

In the one-dimensional case, we use Monte Carlo simulations to generate n X-
points and m Y -points according to distribution functions F'x and Fy, respectively;
then we calculate the domination number induced by these X-points and Y-points.

For each of four combinations of F'y and Fy, the simulations are repeated 1000 times.
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(All of the above is programmed in Matlab.) The results for these four combinations

are described in the following four subsections, respectively.

6.1.1 The Case of Fx = Fy = U|0, 1]

Fn,m
n

By using R, the generated box-plots of are shown in Figure 6.1. The graph

o r
indicates that the sample mean of == converges to a constant as m = n — oo,

which is consistent with Theorem 2.3.1. Specifically, from Table 6.1, we can see that

when m = n = 10000, the sample mean is very close to the theoretical limiting

l—‘n,m,

value of ===  which is about 0.59524 according to Theorem 2.3.1. Furthermore,
we notice that the sample mean decreases as n increases. Such phenomenon also
exists for other combinations of Fy and Fy, as illustrated by the simulation results

in next three subsections. We don’t have an explanation as to why the sample mean

monotonically decreases to the theoretical limit.

n

10000 1000 100
|
8
|I=——1
-

Figure 6.1: The box-plots of F"Tm with m = n = 10,100, 1000, 10000 from top to
bottom, when Fx = Fy = UJ[0, 1].
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n(=m) 10 100 | 1000 | 10000
sample mean of I, ,,,/n | 0.63280 | 0.59716 | 0.59583 | 0.59527

Table 6.1: The sample mean of “= when Fx = Fy = U[0,1].

n

Also, in Figure 6.2, we compare the sample variance of the domination num-
ber with the theoretical limiting variance of the domination number given in The-
orem 3.4.2. For every r € {0.01,0.02,---,0.3,0.4,---,2}, we calculate the sample
variance s(r) for a sample of 10000 domination numbers, each generated by n X-
points and m Y-points uniformly distributed in [0,1] (with min {n,m} = 1000 and
m = |rn]). In Figure 6.2, each dot has coordinates (r, s(r)/m), and the continuous
curve is the graph of v(r) given in Theorem 3.4.2. We see that the dots fit well with

the graph of v(r), which confirms our result obtained in Chapter 3.

I I I I I I I I I )
0.2 0.4 0.6 0.8 1 12 1.4 16 18 2

Figure 6.2: The sample variance of the domination number compared with the theo-
retical limiting variance of the domination number, when Fy = Fy = U|0, 1].

Next, we plot the histograms and normal qq-plots of I',, ,,, using R, as shown in
Figure 6.3. Both histograms and normal qq-plots support the CLT for the domina-
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tion number generated by one-dimensional uniform data, which has been proven in

Chapter 4.

0.08

0.04

0.000 0.015 0.030
I Y Y |
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Figure 6.3: The histograms and normal qg-plots of I';, ,,, with m = n = 10, 100, 1000,
10000 from left to right, when Fy = Fy = U|0, 1].

Finally, to quantify the rate of convergence to normality, we run the Shapiro-
Wilk test [22] on Iy, ,, for several typical values of m,n. Because the Shapiro-Wilk
test runs on an empirical sample and tests the normality of the sample’s underlying
distribution, the p-values only estimate the convergence rate. Table 6.2 summarizes
our experimental outputs. The rate of convergence to normality is fast in that the

p-value increases from < 0.01 to > 0.10 when m = n increases from 100 to 300.

n(=m) 10 100 200 300 1000 | 10000
p-value | < 2.2e — 16 | 0.001446 | 0.01304 | 0.1396 | 0.3131 | 0.6807

Table 6.2: The p-values of the Shapiro-Wilk test for the null hypothesis that the
domination number I', ,,, is normally distributed when Fx = Fy = U|0, 1].
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6.1.2 The Case of Fy = 2, Fy =4 on [0, 1]

When Fx = 2? and Fy = y? on [0,1], from Figure 6.4 we see that the sample
mean of FLT’” still appears to converge to a constant. Furthermore, Table 6.3 suggests
that the sample mean converges to the theoretical limiting value 0.59524, which is
the same as in the case of F'x = Fy = U|0, 1] because of Corollary 2.4.1. As in
the previous case, the histograms and normal qq-plots (Figure 6.5) suggest that I, ,,
is still approximately normal. The p-values listed in Table 6.4 imply the rate of

convergence to normality might be as fast as the case of Fy = Fy = U[0, 1].

100 10
| |
B
o

10000
|
-

Figure 6.4: The box-plots of F"Tm with m = n = 10,100, 1000, 10000 from top to
bottom, when Fy = z? and Fy = y* on [0, 1].

n(=m) 10 100 1000 10000
sample mean of I, ,,,/n | 0.63180 | 0.59854 | 0.59566 | 0.59536

Fn,m
n

Table 6.3: The sample mean of when Fy = 22 and Fy = y* on [0,1] .
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Figure 6.5: The histograms and normal qg-plots of I',, ,,, with m = n = 10, 100, 1000,
10000 from left to right, when Fx = z* and Fy = y? on [0, 1].

n(=m) 10 100 200 300 1000 | 10000
p-value | < 2.2e — 16 | 0.0002023 | 0.02491 | 0.04427 | 0.2732 | 0.905

Table 6.4: The p-values of the Shapiro-Wilk test for the null hypothesis that the
domination number I, ,, is normally distributed when Fy = 22 and Fy = y? on
[0, 1].

6.1.3 The Case of Fx = U|0,1], Fy = y* on [0, 1]

In this case, we consider two nonequal densities. The SLLN (Theorem 2.3.1)
should still apply, and this is supported by the box-plots shown in Figure 6.6. The
sample mean listed in Table 6.5 appears to converge quickly to the theoretical limiting
value 0.53346, which is less than the theoretical limiting value 0.59524 for equal den-
sities according to Corollary 2.4.1. The histograms and normal qg-plots (Figure 6.7)

imply that the domination number is still asymptotically normal.
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Figure 6.6: The box-plots of F”Tm with m = n = 10,100, 1000, 10000 from top to
bottom, when Fy = U[0,1] and Fy = y* on [0, 1].

n(=m) 10 100 1000 10000
sample mean of I, ,,,/n | 0.5825 | 0.53941 | 0.53427 | 0.5334844

Table 6.5: The sample mean of “2= when Fx = U[0,1] and Fy = 42 on [0, 1].

n
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Figure 6.7: The histograms and normal qqg-plots of I', ,,, with m = n = 10, 100, 1000,
10000 from left to right, when Fy = U[0, 1], Fy = y* on [0, 1].

n(=m) 10 100 200 300 1000 | 10000
p-value | < 2.2e —16 | 0.001162 | 0.01502 | 0.1020 | 0.2017 | 0.6633

Table 6.6: The p-values of the Shapiro-Wilk test for the null hypothesis that the
domination number T, ,, is normally distributed when Fx = U[0, 1] and Fy = y* on
[0, 1].

6.1.4 The Case of Fx = 25%x * I e, 5)) + (L5%x —.5) * Ipe 51
and Fy = y* on [0, 1]

Finally we check the case of piecewise constant densities (the linear piecewise
distribution function above corresponds to a piecewise constant density function).
Again, the box-plots (Figure 6.8) validate the SLLN, and Table 6.7 suggests the
theoretical limiting value is 0.57567, less than the theoretical limiting value 0.59524
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for equal densities according to Corollary 2.4.1. The CLT is empirically checked in

Figure 6.9 and Table 6.8.

n

10000 1000 100
!
&
=1
-

Figure 6.8: The box-plots of Lnm with m = n = 10, 100, 1000, 10000 from top to

n

bottom, when Fly = .25 % 2 % I{ze0,5)) + (1.5 x 2 — .5) * Izers1y, Fy = y* on [0, 1].

n(=m) 10 100 1000 10000
sample mean of I, ,,,/n | 0.62180 | 0.58353 | 0.576326 | 0.575754

Table 6.7: The sample mean of F”Tm when Fiy = .25*:5*[{:56[07.5)}—|—(1.5*x—.5)*[{$€[‘571]}
and Fy =y on [0, 1].
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Figure 6.9: The histograms and normal qqg-plots of I';, ,,, with m = n = 10, 100, 1000,
10000 from left to right, when Fx = .25 % x * I,c0,5)) + (1.5 % & — .5) * Iz¢5,1y and
Fy =y? on [0,1].

n(=m) 10 100 200 300 1000 | 10000
p-value | < 2.2e —16 | 9.28¢ — 05 | 0.058 | 0.05571 | 0.3417 | 0.3572

Table 6.8: The p-values of the Shapiro-Wilk test for the null hypothesis that the
domination number Iy, ,, is normally distributed when Fiy = .25%x % [{,¢c[o 5)) + (1.5
x — .5) % Izep51y and Fy = y® on [0,1] .

6.2 Higher Dimensions

Because finding the dominating set in higher dimensional CCCDs is NP-hard,
calculating the domination number is much more time consuming for higher dimen-
sions than for one dimension. Thus, we have only simulated up to the case when

m =n = 1000. In addition, we convert the problem of finding the domination num-
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ber into an integer linear programming problem, as shown by Priebe et al. [3, page
245]. To solve these integer linear programming problems, we use the Matlab inter-
face provided by Ip_solve, a free linear programming solver. (For more information
on the program, visit the lp_solve Web site [23].)

As in the one-dimensional case, we plot the box-plots, sample mean, histograms,
normal qq-plots and p-values for each of the four combinations of densities, shown in
the following four subsections, respectively.

As in the one-dimensional case, we plot the box-plots for different combinations
of m,n, F'xy and Fy, shown in Figure 6.10, Figure 6.12, Figure 6.14 and Figure 6.16.

Fn,m

The box-plots indicate that the sample mean of =™ converges to a constant as

Fm,n
n

m = n — oo, which supports Theorem 5.6.1. In particular, the sample means of
are 0.57927 and 0.58000 for Fy = Fy = U[0,1]* and Fx(u,v) = Fy(u,v) = u*v?
respectively. This result again supports the formula in Theorem 5.6.1, which gives
the same limiting value for any equal fx and fy. Again, as in the one-dimensional
case, we notice that the sample mean decreases as n increases. But we can’t provide
an explanation as to why the sample mean monotonically decreases to the theoretical
limit.

The CLT in higher dimensions is not established in this dissertation. However,
we use Monte Carlo simulations to check whether the CLT holds empirically. The

generated histograms and normal qq-plots are plotted using R, shown in Figure 6.11,

Figure 6.13, Figure 6.15 and Figure 6.17. The histograms and normal qq-plots show
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that T, ,,, is likely to be asymptotically normal.

Furthermore, we use p-values of the Shapiro-Wilk test to estimate the rate of
convergence to normality. The outputs, summarized in Table 6.10, Table 6.12, Ta-
ble 6.14 and Table 6.16, illustrate that when m,n > 300, the p-values are > 0.1 for
both uniform and nonuniform densities. This finding implies that I',, ,, is already
approximately normal when m,n > 300. A comparison between the p-values reveals
that for the same value of m and n, the convergence rate is slower in two dimensions
than in one dimension. One possible reason is that because X-points and Y-points
are more flexibly distributed in two dimensions, the domination number has a larger

variance, which may cause a slower rate of convergence to normality.
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6.2.1 The Case of Fx = Fy = U[0,1]?

100
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Figure 6.10: The box-plots of F”Tm with m = n = 10, 100, 1000 from top to bottom,
when Fy = Fy = U[0,1]%.

n(=m) 10 100 1000
sample mean of I, ,,,/n | 0.61530 | 0.58578 | 0.57927

Table 6.9: The sample mean of

Lnm when Fy = Fy = U[0,1)2

n
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Figure 6.11: The histograms and normal qq-plots of I',, ,,, with m = n = 10,100, 1000
from left to right, when Fx = Fy = U|0,1]2.

n(=m) 10 100 200 300 1000
p-value | < 2.2e — 16 | 0.002011 | 0.02087 | 0.08009 | 0.1561

Table 6.10: The p-values of the Shapiro-Wilk test for the null hypothesis that the
domination number T, ,, is normally distributed when Fy = Fy = U[0, 1]%.
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6.2.2 The Case of Fy(u,v) = Fy(u,v) = u*v? on [0, 1]?
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Figure 6.12: The box-plots of F”Tm with m = n = 10, 100, 1000 from top to bottom,
when Fy(u,v) = Fy(u,v) = u*v? on [0, 1]2.

n(=m) 10 100 1000
sample mean of I, /n | 0.61720 | 0.58560 | 0.53000

Table 6.11: The sample mean of ~%* when Fx (u,v) = Fy(u,v) = u*? on [0, 1]
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Figure 6.13: The histograms and normal qq-plots of I',, ,,, with m = n = 10,100, 1000
from left to right, when Fx(u,v) = Fy(u,v) = u*v? on [0, 1]2.

n(=m) 10 100 200 300 | 1000
p-value | < 2.2¢ — 16 | 0.00227 | 0.02758 | 0.04500 | 0.11700

Table 6.12: The p-values of the Shapiro-Wilk test for the null hypothesis that the
domination number T',,,, is normally distributed when Fx(u,v) = Fy(u,v) = u?v?
on [0,1]%
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6.2.3 The Case of Fx = U|0,1]?, Fy(u,v) = v*v* on [0, 1]?
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Figure 6.14: The box-plots of F”Tm with m = n = 10, 100, 1000 from top to bottom,
when Fy = U[0,1]?, Fy(u,v) = uv*v? on [0, 1]%.

n(=m) 10 100 1000
sample mean of I',, ,,,/n | 0.55370 | 0.47900 | 0.46762

Table 6.13: The sample mean of "2 when Fy = U[0,1]* and Fy(u,v) = u*v? on
[0, 1]%.
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Figure 6.15: The histograms and normal qq-plots of I',, ,,, with m = n = 10,100, 1000
from left to right, when Fx = U[0,1]? and Fy (u,v) = u*v* on [0, 1]°.

n(=m) 10 100 200 300 1000 |
p-value | < 2.2e — 16 | 0.001248 | 0.01666 | 0.06904 | 0.08149 |

Table 6.14: The p-values of the Shapiro-Wilk test for the null hypothesis that the
domination number T,, ,,, is normally distributed when Fy = U[0,1]* and Fy (u,v) =
u?v? on [0,1]%
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6.2.4 The Case of Fx(u,v) = (.25 % u * Ij,eo 5 + (1.5 % u — .5) *
I{ue[.t'),l]}) * (25 * U * I{UG[O,.S)} + (15 * U — 5) * 1{06[5’1]}) and

Fy(u,v) = v*v? on [0, 1]?

10
!

o
I
‘

‘

‘

‘

‘

:

:
-
o

n
100
|
o
o
=
+

1000
|
——
=
8

Figure 6.16: The box-plots of F" =~ with m = n = 10,100, 1000 from top to bottom,
when Fx(u,v) = ( 25 * u * ]{ue[g s+ (L5 % u—.5) % I{ue[ 5 1]}) ( 25 x vk Ipuepo,5)) +
(1.5 % v —.5) % Ijyep5,)y) and Fy(u,v) = u?v? on [0, 1]%.

n(=m) 10 100 1000
sample mean of I, ,,,/n | 0.62260 | 0.55796 | 0.54456

Table 6.15: The sample mean of F”Tm when Fiy (u,v) = (.25% us Ijueo.5) + (1.5 xu—
5) * I{UE[_571]}) * (.25 * v Tgpepo, 5 + (1.5 xv —.5) * I{ve[.m}}) and Fy (u,v) = u*v? on
0, 1]%.
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Figure 6.17: The histograms and normal qq-plots of I',, ,,, with m = n = 10,100, 1000
from left to right, when Fx(u,v) = (.25 * u* Tuepo, 5y + (1.5 % u —.5) * ]{ue[.g,’l]}) *
(:25 % v * Ippepo, 5y + (1.5 % v — 5) * Iepsapy) and Fy(u,v) = u*v? on [0, 1]

n(=m) 10 100 200 | 300 | 1000
p-value | < 2.2¢ — 16 | 0.002367 | 0.06357 | 0.2062 | 0.3634

Table 6.16: The p-values of the Shapiro-Wilk test for the null hypothesis that the
domination number I',, ;,, is normally distributed when Fx(u,v) = (.25*u*l{ue[o,,5)} +
(1.5*u—.5)*]{ue[,57”}) * (.25*2}*1{”6[07_5)}—1—(1.5*1}—.5)*]{1)6[,571]}) and Fy (u,v) = u*v?
on [0,1]%
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Chapter 7

Discussion

In this dissertation, we have proved the SLLN for the domination number in one
dimension with continuous and bounded densities. In addition, we have established
the CLT for the domination number in one dimension with uniform densities. Finally,
we have shown the SLLN for the domination number in the two-dimensional Poisson
case, and the WLLN for the domination number in two dimensions with positive,
bounded and continuous densities.

Our work in the one-dimensional case has set the stage for future research in higher
dimensions. One direction would be to extend the CLT for the uniform density
to continuous densities in one dimension, where we have encountered problems in
calculating the variance of the domination number, and finally prove the CLT in
higher dimensions. One possible approach to such an extension would be to apply

the CLTs for certain graphs proven by Penrose and Yukich [24].
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Another research direction would be to apply our methods to other properties
of CCCDs, such as the edge density. For example, in the context of Chapter 5 of
this dissertation, the edge number is likely to satisfy the subadditivity condition.
Therefore, the proof of laws of large numbers for the domination number might be
carried over to the edge number.

In summary, in this research, we have used previous results of other researchers
and various tools such as negative association and subadditive processes to establish
limit theory for the domination number of CCCDs in both one dimension and two
dimensions. The techniques used in the development of the theorems also serve as
a foundation for future improvements that could be directly applied to build and

analyze CCCD classifiers.
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