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Abstract—This paper presents novel techniques for timing yield optimization and  only simple models like the one we are proposing and simple heuris-
for yield estimation in the presence of large statistical process variations in integrated - tics like the one proposed recently by Boyd and Horowitz in [2] have
circuits. The techniques are based on our generalization of the logical effort delay the potential to become practically useful and also make sense in the
model to circuits with stochastic parameter variations. In the spirit of the standard  gtgtistical timing analysis and optimization arena.

'Ohgica' effort form?'ism,’ thelsm‘?hz,sl,“c gate ie'ay model e propose separates dthe The stochastic logical effort model and the timing yield estimation
characterization of statistical variability from the gate topology, type, size and load- At ; ; ;

ing information. This separation of concerns is very powerful and facilitates the two and optimization methOdOIOgy we develOp in this paper are I.nherently
novel approaches presented in this paper. In the first approach, we perform analyti- path-b;ised because. they fare founded on the S.ta”d‘fi‘rd lOQICal effort
cal and/or qualitave reasoning about timing yield and “back of the envelope” timing formalism [1] We view this as an advantage_ since SyntheS|s_tooIs
yield optimization in the same way that the logical effort formalism enables in the Make some effort to explore topologies, but still cextmatch experi-
absence of timing variations. In the second approach, we improve the accuracy and enced designers amitical paths” [1]: We believe that a simple, effec-
efficiency of sign-off timing yield estimation based on transistor-level Monte Carlo tive and working path-based timing yield estimation and optimization
simulations. We make novel use of importance sampling and other variance reduc- technique will be more practical than a complicated and non-intuitive
tion methods in conjunction with the stochastic logical effort approximation for this  plock-based approach that relies on models postulated without much

purpose. justification.

Keywords— logical effort, statistical variations, timing yield estimation and op- In the second half of this paper, we present methods for estimating
timization, inFer and intr;—die varie}tions, statistical timing analysis, Monte Carlo circuit t|m|ng y|e|d for Sign_off_ We believe ’[ha’[, given the magnitude
methods, variance reduction techniques. of process parameter variations and the non-linear dependency of gate

and circuit delay on these variations, the only sufficiently reliable and
|. INTRODUCTION accurate method for this purpose is detailed, circuit-level simulation.

S oo . We believe that sufficient accuracy in yield estimation can not be ob-
Performance variability in integrated circuits due to statistical proceggned even by applying Monte Carlo simulations at a higher level.
variations and environmental fluctuations is becoming more and mg#g|q estimation techniques not based on Monte Carlo simulation op-
significant. Considerable effort has been expended in the EDA cogate by propagating probability density functions across the circuit.
munity recently to cope with thetatistical timingproblem. Most of T4 make this process computationally feasible, they are forced to use
this effort has been aimed at generalizing the static timing a”a|yz%ry§proximate gate delay models and delay propagation methods that
to the statistical case. ) ‘may be too inaccurate when process paramater variations are large.
By contrast, the method of logical effort by Sutherland et. al. [1] “ifs this case, accurate determination of timing yield must have circuit
a way of thinking about delay” in digital circuits. It is an insightfulsimylation as its basis as well. The techniques we propose facilitate ju-
and pragmatic methodology for quickly maximizing the speed of @icious choice of a set of assignments to process parameters for which
circuit. In this paper, we develop and use gtechastidogical effort  fy|circuit timing simulations will be performed. Spending computa-

formalism o . tional effort for improving this choice is well justified since full-circuit
« to generalize the results of the deterministic logical effort formatiming simulations are expensive.
ism [1] to the case with statistical parameters, Let X denote an assignment to the process parameters ahglgt

» for tractable and back of the envelope optimization of path timingenote the value of the joint probability density function for this as-
yield (as opposed to nominal path delay) in the spirit of the standag@nment. In conventional Monte Carlo yield estimation, a number of
logical effort technique, S ~ sample assignmeni§, Xo, ..., Xy are generated using the probability
» for approximate but very fast and efficient timing yield estimationdensity functionf (X). The overall delay for eack; is determined by
« to guide the generation/selection of sample points in the paigerforming circuit-level timing simulation. An estimator for timing
meter/probability space in a transistor-level simulation based MorfRid is obtained by considering the fraction of samples for which the
Carlo method for sign-off timing yield estimation. timing constraint is satisfied.

We first present a simple and analytical strategy for statistical gateBecause of the computational cost of determining circuit delay for
sizing that is founded on the stochastic logical effort formalism, aach sample, the number of samples one has to work with is limited.
opposed to a fully numerical statistical gate sizing tool with (increFhis adversely affects the accuracy of the estimator — the estimator

mental) statistical timing analysis in the loop. This strategy has thgs |arge variance for small which decreases proportionally {ON.
potential to obtain more optimal results because, as will be detailefis js'a weakness of the conventional Monte Carlo method and has
later in the paper, it can use a more accurate stochastic gate dejayented it from finding widespread use for yield estimation.
model and a more accurate technique for estimating timing yield. Wenumerous techniques for reducing the variance of the estimator ex-
believe that this is a significant advantage over block-based methadsn Monte Carlo simulation literature (See [3,4] for example). In this
which involve accurate and sophisticated manipulation of statisticg dy, we concentrate on two of them: Importance sampling and the
models whose accuracy has not been directly justified. _ . use of control variates. Approximately speaking, importance sampling
We believe that the greatest value of this approach, like the originghses the choice of samples from the process parameter space more
logical effort formalism, lies in the insight it provides. Fully numertowards areas where the circuit delay violates the timing constraint.
ical optimization techniques with a statistical timing analyzer in thg, the latter technique, Monte Carlo simulation is used to estimate the
loop “are prone to get stuck in local optima and are unlikely to prejifference between actual yield and an approximation.
duce meaningful results unless the user knows approximately whagoth variance reduction techniques require an accurate but inexpen-
results to expect” [1] for the optimal deterministic sizing tools with @jye approximation to circuit yield. We use the stochastic logical effort
static timing analyzer in the loop. Thtatistical gate sizingroblem  approach for this purpose. The stochastic logical effort approximation
is @ much more difficult (stochastic) nonlinear programmlng_probleggn be used to facilitate other techniques for variance reduction in
than the deterministic gate sizing problem. Thus, when applied to r§@nte Carlo estimation, e.g. stratified sampling [5]. In this paper, we
designs, fully numerical optimization strategies with statistical timing) demonstrate the use of the stochastic logical effort approximation
analysis in the loop may face significant difficulties. We believe thg{ Monte Carlo variance reduction techniques, and (ii) propose Monte
Carlo simulation in conjunction with variance reduction methods as
Sponsored by the Turkish Academy of Sciences GEBIP program and two TUBITAK Career Award@iN accurate yet computationally viable yield estimation approach.



In Section Il below, we describe the stochastic gate delay modki.the standard logical effort formalism,is characterized as a single
Then in Section lll, we present resuls obtained with this model feumber, using a single inverter which serves as the process reference
path timing yield optimization in two cases of practical interest, firdor all of the logic gates on a single die (chip) or functional unit. When
with only inter-die variations and then in the presence of both inter-dige consider statistical parameters which exhibit only inter-die varia-
and intra-die variations. Section IV formalizes the yield estimatiaiions, a single inverter can still serve as the statistical process refer-
problem and gives an overview of the Monte Carlo variance reduence for all of the logic gates on a chip. With only inter-die variations,
tion techniques referred to above: Importance sampling and the gsatistical parameters on the chip at all locations are perfectly corre-
of control variates. Also in Section IV, we propose a combination ¢dted. Using the stochastic characterization fufr the same reference
these two techniques that can potentially further reduce variance iiorerter for all of the logic gates on the die captures this perfect statis-
the yield estimation problem. In Section V, we formulate the yield etical correlation among gates. When we also consider intra-die vari-
timation problem as a definite integral and present how we apply tatons, statistical variations of gates are not perfectly correlated any
variance reduction methods of Section IV to this problem by using tingore. In this case, we introduce an additional gate/location-dependent
stochastic logical effort approximation. In Section V-D we propose@mponent, and re-express (1) as follows
set of experiments to test the effectiveness and computational cost of

our methods. Japs= (T+7r) d (2)
Il. STOCHASTIC GATE DELAY MODEL T above captures the effects of perfectly correlated inter-die statistical
WITH SEPARATION OF CONCERNS variations for the gates that reside on the same djé& for differ-
. . . ntr can be considered as eithancorrelatedor partially correlated
We model the delay of a logic gate using the logical effort formagnd they represent the effect of intra-die statistical variations. For two
ism [1] gatesr; andr» that are in proximity with each other on the same die,
aps=Td @) Tr, and Ty, may be partially correlated. If these gates are far away

wheredqpsis the absolute delay of a gate measured in secarisishe ~ from each other, thert, andty, may be considered uncorrelated. The
delay of areference inverte(with no parasitic capacitance) driving partial correlation among’'s may be best represented by expressing
another inverter, and is the delay of the logic gate expressed in unitthem in terms of other (abstract) random quantities which are inde-

of T. pendent. This can be accomplished through (nonlinear) principal or
independent component analysis [6]. The analysis is trivial in the case
A. Capturing statistical variations with a stochastic delay unit whenTt,’s are jointly Gaussian. Even though it is not as straightfor-

In the logical effort formalism [1], all delays are expressed in ter

of T in order to isolate the effects of the particular integrated circ 1S the effect of inter-die variations, are captured fiy (2), andt, is

fabrication process. Thus,serves as the delay unit that characte @&dditional, small correction term accounting for the effect of intra-

Ité(?: ?)o%:/\c/aerns SE)?)(I:;\SB It%\%i I;Sn (\i/ileurﬁpcé?g&r:gs @ﬂﬁges?éopﬁgifagz{% variations. Thusi; is most likely, but not necessarily, zero mean.
{ ; reover, a Gaussian model farmay not be too far off. Even when

model, one could derive an analytical expressiontfoexpressed in nd hence the total delay: 1, is far from Gaussian, it may be good

ard, there exist techniques that work in the case whé&nare not
rj%intly Gaussian. The mean delay of the reference inverter, as well

terms of transistor lengths and widths, gate oxide thickness, carr h c :
mobilities and some other process parameters. Alternatively, one ¢APUgN t0 model, as a Gaussian random quantity. Sinagaptures

extractthe value oft from suitable test circuits by simulating them in.t rﬁggﬁtznoé 'Sr,'[;er:('gf dvt?en\filgggﬁls 'tczrﬁ’rggi?)'ﬁtﬁeﬁ’éﬂpfs”'e; glf,icnh d asate
a circuit simulator with a detailed, full transistor model, as discussc%: Lation independent. On the other hand, we yse capturegthe of. 9

in [1]. In the standard logical effort formalism [1], the statistical variz t of local intra-die variations. As first observed and proposed by
elgrom in [7], the statistical (squared) variation (i.e., variance) in a

ations of process and circuit parameters are not considered. Hen
for a given integrated circuit fabrication process, and for given en datistical parameter (threshold voltage, channel length, delay) of an
entity (transistor, gate, cell, block, etc.) is inversely proportional to

romental conditions (i.e., power supply voltage and temperatuis),
‘the total area it occupies. Hence, the probabilistic properties,for

characterized/extracted asiagle numbeexpressed in picoseconds
In our case, we use to captureand isolate the effects of process, n be modeled as gate and location dependent to capture this basic
ct regarding local, intra-die variations.

circuit and enviromental parameters that exhibit statistical variatio
Thus,T is not a single number, but it isgrobability distribution We
propose three alternative techniques for the stochastic characterizagonsistical (in)variability of logical effort
of T: ’

(i) One can derive a simplified analytical expression that refates
the circuit, process and enviromental parameters that exhibit stati
cal variations, as discussed above. This analytical expression in con- d=(p+gh) (3)
junction with a multi-dimensional probability distribution that char-

acterizes the basic statistical parameters can be used to computemterep represents the intrinsic (parasitic) delgys the logical effort,
probability distribution oft. This can be done using a simple and effiandh is the electrical effort or electrical fanout. Logical effgrfor

cient Monte Carlo technique, by sampling the joint distribution of tha logic gate is defined as the (unitless) ratio of its input capacitance
statistical parameters and by computing the corresponding value @b that of an inverter that delivers the same output current. Logical
by simply evaluating the analytical expression, followed by a compeffort g is a measure of the complexity of the gate, it depends only on
lation of a histogram. Even the simplest analytical expression forits topoplogy and it is independent of the size and the loading of the
will have nonlinear dependence on the statistical parameters. Thgete. Parasitic delap expresses the intrinsic delay of the gate due
even if the statistical parameters are jointly Gaussian, the probabilityits own internal parasitic capacitance, and it is largely independent
distribution oft will not be Gaussian. of the sizes of the transistors in the gate. Parasitic dpl&yalso a

(ii) Instead of using an analytical expression as above, one can uséless quantity, it is expressed in unitstofThe electrical efforh is

a suitable test circuit and a circuit simulator to relate the statisti- the ratio of the load capacitance of the logic gate to the capacitance of
cal parameters. One can then again use a Monte Carlo technique particular input [1].

compute the probability distribution af This characterization will  Ideally, the logical efforty and the unitless parasitic delgyof a

be computationally more expensive than the one above, becausegdie would be independent of process and environment parameters,
test circuit will need to be simulated many times. However, the sizend depend only on the topology of the gate. In reality, the logical ef-
of the circuit will be very small, essentially a CMOS inverter loadeébrt g and the parasitic delay vary slightly with process parameters

by several others. Moreover, this Monte Carlo stochastic charactemd operating conditions. Sutherland et. al in [1] study the process and
zation fort will be performed only once and the results will be usedperating condition sensitivity af and p for NAND and NOR gates
many times later when estimating timing yield for a much larger logiwith 2, 3 and 4 inputs. They compugeand p for processes ranging
circuit composed of inverters and other complex gates. One can disim a2.0u process to &.35u one and power supply voltages rang-
envision that the complex, nonlinear relationship that relatiesthe ing from 5.0 volts to 2.5 volts. Their results indicate that, over such
statistical parameters can be represented by a multi-dimensionalaavide range of processes and power supply voltages, logical gffort
ble or by building a response surface model using the Monte Cadbows a variation arountt10% around the mean [1, Table 5.4]. For
samples obtained with the circuit simulator. parasitic delayp, the variation is around-15% around the mean [1,

(i) Alternatively, one can use fabricated test structures and phy$able 5.5]. Sutherland et. al in [1] also study the process and operating
cally measura and characterize its probability distribution. condition variability oft for the same range of processes and power

We now concentrate on the other factbin the gate delay model of
g%) In the logical effort formalismgl is expressed as



supply voltages mentioned above. Their results showthanges We observe that the yield expression abovieéependenof D™ and

from approximately25 psecs tol60 psecs, more than a factor of 6depends only on the PDF and the meam.cfhus, with only inter-die
variation. As seen here, almost all of the process and environmenatiations considered, the yield of a path defined as in (5) is indepen-
variability shows up irt in (1) and the logical efforg and the unit- dent ofD™ and hence the types, topologies, sizes and the loading of the
less parasitic delap exhibit relatively much less variation even withlogic gates on the path. We arrived at this result due to the following
a wide range of processes and power supply voltages. The kindtwb reasons:

process and enviromental variability we consider in this work is quite . . o . L
different from the setting studied by Sutherland et. al in [1]. The kin;éThe cut-off delay in the yield definition in (5) is chosenretative

of variability considered by them spans across fabrication proces %a multiple of) to the mean, i.e., nominal, delay.

from a2.0p process all the way to @35y process, and power supply® 1€ total path delay in (4) can be expressed asptoeluctof a
voltages fromb.0 volts to 2.5 volts. In our case, we concentrate on Z€terministic constar@™ and a random variabfe

single fabrication process and a fixed nominal power supply voltagewe also consider partially uncorrelated intra-die variations, the path
and we considesmall statisticalariations in some parameters of theje|ay expression in (4) becomes

fabrication process, such as channel length and oxide thickness. We

therefore do not expect the kind of variation mentioned above in, for R

instance, the reference inverter defayWe expect at most &35% DRLs=T1D"+ 5 1 (pr+grhr) (9)
variability in T and proportionally much less variation in the logical ef- ,;

fort gand the parasitic delgy. Given the setting and the evidence, one

can argue that almost all of the statistical variability will show up in In this case, we can not express the delay above as the product of a
in (1) and the unitless factat in (3) will exhibit practically insignifi- random variable and a deterministic constant, but it can be expressed
cantstatistical variability. Thus, we will assume ttahis independent as a linear combination of random variables. In this case, with a lit-
of the statistically varying process parameters and the enviromerttal bit of tinkering, one can conclude that the yield azot be in-

conditions. dependent ofly = pr + gr by in general. Thus, the yield as defined
o o in (5), in general, depends on the types, topologies, sizes and the
C. Justification for and implications of loading of the logic gates on the path. To put it more precisely, if

the statistical invariability of logical effort Z =38  a X is a random variable formed as a linear combina-
Rabaey et. al in [8] report results that are in support of our claim tibn of random variableX,,k = 1...K with deterministic constants
the statistical invariability of logical effort. They state that “Electri-gx,k = 1...K, thenP (Z < a E [Z]) (for some deterministic constant

cal and logic effort do not contribute to the delay distribution”. Theier) is independent ofy’s if and only ifay = ap = --- = ax. Hence,
observation is inspired and supported by the results they presentimgeneral p (ngs< 1.1E [ng ) in (5) depends ody = pr + g hr

the yields of an inverter chain, a NAND chain and a 4-bit adder Cijth DT, _ expressed as a linear combination of the random variables
cuit. The yields they compute for these circuits with Monte Carlp 515 as in (9). However, if inter-die variations are ignored
SPICE simulations show little sensitivity to the type and the topolog\ it 1 — 0 and if all of the gétes on the path are identical, i.e. if
of the circuit. They also state that this will no longer be true if statig;, _ do — oo dr, then the yield defined by (5) is indepenéent of
tical variations in different gates are not perfectly correlated, i.e., Wifl ; o * the type of the gate in the path. In this case, the yield of an
strong intra-die variations. However, they do not present any resyfiSerter chain and a NAND chain will be the same.

in support of this second statement. Next, we demonstrate how the\g qemonstrated above, the simple, analytical, stochastic model we
generalized stochastic gate delay model in (2) can be used to exp eloped for gate delay is very powerful. Using this model, we can

the reason behind both of the above observations in the light of th&; oniy explain observations made by other authors in the literature,
discussion we presented in the previous section. . but also analyze and understand new situations.
Let us consider a path= (g1,g2,--- ,gr) With R gates withg, as

therth gate on the path. When only inter-die variations are presepf, symmary

we havet, = 0in (2), and hence the total delay for the path can be . .
expressea as follo(w)s y P We model the delay of a gate, by generalizing the logical effort for-

malism [1] to the statistical case, using the following equation

(pr+9rhy) =1D™ (4) Gaps= (T+71r)d = (1+71r) (p+gh) (10)

M=

R
mo_ _
Daps=T D dr=T
r=1 r=1

o . wheret is a random variable that serves astachastic delay unitt
which is the product of the two terms,that captures all statistical characterizes a given fabrication process and its distribution depends
variation, and a unitless, deterministic, fixed numbérthat quanti- on the statistical variability of the process parameters and the enviro-
fies thetotal complexityof the logic gates on the path. Rabaey et. ahental conditions such as the power supply voltage and temperature.

in [8] define yield using T captures the effect of inter-die process variations. The saise
- - - shared by all of the gates on a die. Henteaptures the perfectly
Y" =P (Daps < 1.1E [Dypd) (5)  correlated portion of the statistical variations, including the nominal

. . . . delay.t, above is also a random variable, a zero-mean correction term
whereP (-) is the probability measure arti[ ] is the expectation op- accounting for intra-die process variability that is not fully but par-
erator. We would like to draw the attention of the reader to the fac_t_th@é"y correlated among the gates on the same die: p-- gh above
the delfiy cut-off value _(|.e., delay spe_cmcatlon) in the yield definitioy 5" nitless and most importantlyceeterministicquantity. The in-
above is expressewlative to the nominal delaye [D[ ], not as an formation about the topology and the type of the gate, and also its
absolute value. If the probability density function (PDF)a$ p:(n) size and load, is captured by The random variablesandt, above
defined for0 < n < +oo, then the PDF oD, _in (4) is given by are largelyindependenbf the gate type, topology, size and loading,
whereas the deterministic quantiy= p+ gh is independenbf the
1 n statistically varying process parameters. Thus, we have a gate delay
Por, (N) = 5 Pr (ﬁ) (6) ' model withseparation of concernghe twoconcermshere are

because™ is simply a deterministic constant. Hence, we can com- Statistical variations in gate delay.

pute yieldY™ as follows « Gate type, topology, sizing and loading.
L1EDn With the stochastic gate delay model in (10), we elevate the logical
Yn:/ 1E[D] 1 (i) n @ effort formalism from the deterministic, nominal case to the statistical
0 DT pm one. Next in Section lll, we use the gate delay model in (10) in gen-

eralizing some of the results of the logical effort formalism, from the
where the nominal delag [D;‘b is given by E [ng =DM"E[1]. setting ofthe minimization of nominal path delay the maximization
If we substitute this in (7) and make a change of integration varialad path timing yield
ingu = 2., we obtain
usingu = pr, we obta I1l. TIMING YIELD OPTIMIZATION
- L1E[] We now consider the optimization of the delay (deterministic case)
Y= /o Pr(u) du (8)  and the timing yield (stochastic case) of a path using the logical effort



formalism and the stochastic gate delay model we developed in Spath delay is larger than the (deterministically optimal) mean path de-
tion Il. Due to the length restrictions on the manuscript, we will by with equalized stage efforts. However, the (stochastically) optimal
able to present only a summary of the results we have obtained. standard deviation is smaller than the standard deviation with equal-
We first review the deterministic minimization of path delay usized stage efforts, resulting in an overall larger yield. This behavior
ing the standard logical effort formalism. Let us now consider a patbas also observed by the authors in [2] with their block-based, heuris-
= (g1,82,...,gRr) With R gates. The total delay of the path can béic stochastic sizing technique. The very simple, almost back of the
expressed as in (4). We do not consider statistical variations in tlisvelope, timing yield estimation and optimization methodology we
case. Hencey is a fixed constanth, in (4) is the electrical effort of are proposing in this paper is able to arrive at the same conclusions.
the rth gateg, on the path. It is the ratio of the load capacitance of The rest of the paper is dedicated to presenting our techniques for
gr to the capacitance of a particular inputy essentially combines sign-off timing yield estimation using Monte Carlo transistor-level
the size information for a gate with the information on the load it isimulation. We present two Monte Carlo variance reduction meth-
driving. The load of gateg; is the input capacitance of gage, 1. In  ods and a combined method that is novel in this context and explain
path delay minimization, a constraidton the ratio of the capacitancehow we use them for yield estimation.
at the termination of the path to the input capacitance of the first gate
on the path must be specified. This ratids called thepath electrical IV. OVERVIEW OF MONTE CARLO METHODS
effortand is essentially equal to the multiplication of the electrical ey pefinitions
forts of all of the gates in the path. Path delay minimization without a . L . i
constraint on the path electrical effort is not meaningful. By formulat. In the following analyses, we focus on the variations in delays in-
ing and analytically solving the deterministic path delay minimizatioduced by process parameter variations and assume that the design pa-
problem, one arrives at the following result: rameters for the circuit are given I8and fixed.
S ] A pathTtin a circuit C is a sequence of gates, 1,92, ..., On Where
The path delay is minimized when the product of the logical effort gy’s inputs are primary inputs of the circuiy’s output is a primary
and the electrical efforly, is the same for each logic stage on the pathoutput of the circuit. Given a circuit and values for its process para-
meters, a path is said to legitical if (i) it is sensitizable, and (ii) its
In the terminology of the logical effort formalism, the product of thejelay is as large as the delays of other sensitizable paths. Arpath
logical effort and the electrical effort for a gate is calledstort delay is said to bestatistically critical if it is a critical path of C for some
or stage effort Thus, to minimize the path delay, the stage effort fopossible assignment to process parameters. We dendfkfpythe
all of the gates on the path should be made equal to each other.  set of statistically critical paths. As explained in [9], the set of paths
We now consider inter-die statistical variations only, i.e., the stfit.; can be approximated accurately by running a modest number of
tistical variation of delay is perfectly correlated in all of the gates oRlonte Carlo simulations on the full circuit and includingfiyi; any
the path. In this case, we use (10) with= 0 in order to null out path that is critical in any of the Monte Carlo runs. We then have the
the intra-die variations. We use the following definition for {&h  following equation for the delay of a circuit
timing yield
Y= P (Dgps< Te) (11) de (S X) = maxen, dn(S X) (12

whereT; is specified as the cut-off delay. In the presence of inter-dighered (S X) is the delay of the circuit andx(S,X) is the delay of
statistical variations, we formulatestochasticoptimization problem neathnWhen the process parameters are giveiXby

to maximize the path timing yield (as opposed to minimizing the no
inal delay), and by analytically solving it we arrive at the same resu. Accurate and Efficient Monte-Carlo Evaluation of Integrals

we have obtained in the deterministic case: . . I . N
The techniques described in this section involve the estimation of
The path timing yield is maximized when the product of the logictie value of a definite, finite-dimensional integral of the form
effort g and the electrical efforhy, i.e. the stage effort or the effort
delay, is the same for each logic stage/gate in the path. G— /Qg(X)f(X)dX (13)

We next consider both inter-die and intra-die statistical variations, and

use the full stochastic gate delay model in (10). We proceed withydere Q is a finite domain and (X) is a probability density func-
simplification _and approximate the PDF of the _reference inverter dgsn overX, i.e., f(X) > 0for all X and [, f(X)dX = 1. For delay

lay T (due to inter-die variations) with a Gaussian PDF, and assumg§mputationX is a vector variable that corresponds to the process pa-
that the PDF of the reference inverter detaydue to intra-die varia- rameters and (X) represents the probability density function of the
tions can also be approximated with a Gaussian RP§.(represent ,rocess parameters.dfX) is chosen to be a function that evaluates to
corrections for the intra-die statistical variations) above are assun{pa,hen the circuit delay is as desired ahdtherwise, then the value

to be uncorrelated with each other and also withThese simplifi- o the integralG is the circuit yield. '

cations enable us to reach possibly sub-optimal but much more simyjonte Carlo estimation for the value Gfis accomplished by draw-
pler and practical conclusions on yield maximization in the Presenggy a set of sampleXy, Xo, ..., X, from f(X) (analogous to picking

of both inter-die and intra-die statistical variations. We then formuzes for the process parameters from their respective probability dis-
late and solve atochastimptimization problem to maximize the pathyyipytions) and by letting the estimat@y be given by
timing yield in the presence of both inter-die and intra-die statistical|

variations, and arrive at the following result:

N
In the general case when both inter-die and intra-die variations are Gn = (1/N)_Zig(x.) (14)
present, equalizing stage efforts for each logic stage/gate in the path =

doesnot maximize the path timing yield. However, the optimal stage The variance ofGy decreases proportionally igN. Several tech-
efforts and the optimal yield are very close to the ones obtained wheigues exist for improving the accuracy of Monte Carlo evaluation of
stage efforts are chosen equal, and the differences are practically finite integrals. These techniques reduce the number of Monte Carlo
significant. simulations required to estimate the value of an integral accurately, i.e.
th small variance. In the following two subsections, we present an

The above resultis not very suprising, because the optimization Iae(‘Jvd/erview of two of these techniques based on the exposition in [3]. In

scape is relatively flat, as discussed in [1] and [2]. h . . - .
In the gate delay model we used so far, we assumed that the pro%%gtlon IV-B.3, we propose a combination of these techniques.

bilistic properties (i.e., mean, standard deviation and PDR)aofdt, g 1 |mportance Sampling

are gate or location independent. This is justifiedtf@ince it mod- o .

els inter-die variations. However, as we discussed in Section II, themportance sampling improves upon the straightforward approach
variance oft; can typically be modeled to be inversely proportional tabove by drawing samples fo from another distributiorf in order
the total area the gate occupies. With this variance model for intra-diereduce the variance of the estima@y. G is then written as
variations, the optimal values fai, hy, ..., hgr come out in such a way

that the differences between the stage efforts (produgt ahdh;) of G— / g(X) f(X) f(X)dX (15)
different stages are not insignificant anymore. When the path delay Q f(x)

PDF with equalized stage efforts is compared with the (stochastically) . )
optimal stage efforts that come from the solution of the stochastic opti-If X1,Xz, ..., %, are drawn fromf instead off, the new estimator
mization problem, one observes that the (stochastically optimal) meag is expressed as



Using this equation, we express the yield computation as a definite
~ N g(X)f(X) integral of the form discussed in the previous section. A straight-
Gn = CUN)-ZW (16)  forward application of Monte Carlo simulation to yield estimation
1= would involve drawing sampleX;, Xz, ..., Xy from the process para-
in order to compensate for the different biasing of input samples ifeter space according to the probability density funcfiand using
duced byf. f must also satisfy the requirement that, for evgfor ~ a@n estimator as described in Eqn. 14.
which f(Xo)g(Xo) is non-zero,f(Xp) must also be non-zero for the
integral in Egn. 15 to be well defined.
The ideal choice off that minimizes the variance of the estima- fT?e varri]ance re?uc:(ion methﬁds discussed in Sﬁction I\r/@(cn%n ben-
X . F _axfXx) g . : .. efit from the use of a function that approximates the integ
tor G is fideal(X) =g - fideal cannot be rea"%fd, in pr::lctlcewe”_ For estimating timing yield, we make use of the logical effort ap-
S|1nce th)e( Vfa|)Lée oG is fgjOt _T_RQWH a priori. JHStead.kah S|m|IarI 0 proximation to obtain a function that approximatés, X) and has the
I( /G)Qf_(k )I'h( )d'S ﬁse - nis Co"ejpoln s to picking samples witthathematical properties required by the variance reduction methods.
arger likelihood where the integrand Is largest. We define the indicator variabléE(S X) as follows. We apply the
B.2 Control Variates method of logical effort to compute an approximate delay for each
i ) . L path inMgit. We then determine whether any of these approximate
~ In this approach, a function(X) that “correlates well” withg(X) delays exceed and assignE(S X) to 1 if this is the case, 6 oth-
is used.h must be so that the integral erwise. In the following, we describe how this computation is carried
out at a given point in the process parameter space givet Biven
H :/ h(X) f(X)dX (17) a gateg, the logical effort approximation to its delay is given by the
Q following equation.

B. The Logical Effort Approximation and Variance Reduction

can be estimated with very low variance, e.g., is known analytically, LE _
andA(X) =gef 9(X) — f(X) has much smaller variance thg(X) it- dg~(SX) = F ([ref(X), LE(}, TL.5)) (3)
self. Eqn. 13 is then written as

Hered(X) stands forreference inverter delayi.e., the delay of

a minimum-size inverter if the process parameters are giveX.by
G/QA(X)f(X)dX"'/Qh(X)f(X)dX (18) LE(g, T, S) indicates the logical effort for gaigcomputed as a func-
tion of the pathitthatg lies on and the design paramet&s¥ is a
The estimator foG becomes function that computes the delay fgras a function of the reference

inverter and the logical effort fay. The power of logical effort is ap-
N parent in Egn. 23. The effects @fs delay of process parameters and
Gem=H+ N ZA(Xi) design parameters are separated. As a result, in different Monte Carlo
i= evaluations, only the ned¢(X) for the new assignment %8 needs
where the sampleX; are drawn fromf. The reason for the varianceto be re-evaluated. )
reduction obtained is apparent in the equation abtVean be esti- _ To characterizedet(X), we run an extensive set of Monte Carlo
mated withO or very low variance. Ifg is very close tof, then all Simulations on a single, minimum-size inverter and store the results
A(X;) values and thus the contribution to the variance from the secdificp table. Since this step is performed on a single, minimum-size in-
term are very small. We use the correlation technique by using terter, it is computationally inexpensive. It is also unavoidable if we
logical effort approximation to devise a function that approximaté¥ant to characterize the dependence of delay on the process parame-
circuit delay well. ters.1LE(S X), the logical effort approximation to the delay of a path
. ) Ttis obtained simply by adding thﬂéE(S X) values for all gateg on
B.3 Combining the TV_VO Techniques ) ) ) ntand by comparing the total wifi.. The indicator variablé“F(S, X)
One can apply the importance sampling technique for variance [&then given by
duction when estimating the first term in the integral in Eqn. 18,

rewritten here as ILE(SX) = \/ ILE(S X) (24)
Ga = [ AX)f(X)dX (19) e
The estimator folG, is given byé _1 z_N A(X;) where theX; are While applying the logical effort approximation to reduce variance,
A= ; N Zi=1 i we will find it useful to have a low-variance estimator for the following
drawn from a probability density functiohthat approximates integral
~ AX)f(X
faea = 20 (20) Lost® ger [IE(SX) (X)X (25)
This combination of techniques results in further reduced varianceThe value of this integral is an approximation to circuit timing loss
for the estimator foG. given by the logical effort approximation. We estimates$® by
Monte Carlo simulations as well. However, these Monte Carlo simula-
V. TIMING YIELD ESTIMATION tions (we will refer to them as “block-level Monte Carlo simulations”

The problem addressed in this section is formalized as follows. fPM now on) are not detailed, circuit-level simulations but more sim-
target delayT; is given for the circuit. Given a probability density1a" to inexpensive statlt_: timing a_naly5|s runs as outl_lned next. For
function f (X) for the process parameters and given that the desi§Ach gate, we compute its approximate delgfy(S, X) using Eqn. 23

parameters are given kg, we would like to compute the fraction of by performing a simple look-up to the reference inverter delay ta-

circuits that satisfd (S, X) < Te. ble and by applyingF. The circuit delay computation, as outlined
] o ] above, boils down to one conventional static timing analysis run us-
A. Expressing Timing Yield as an Integral ing d5E (S X) for each gate. The result obtained by this inexpensive

For a given pathm, let us define an “indicator variablén(S, X) that computation is denoted by-F (S X) which directly determines the
_evaltéatess;d if t_kll_e ds\llaydal?ng'rdoesdr)ot?‘leet thebt||m|n>g(:j C?nsttiza'm'value ofI'E(S X). Because of the significantly reduced cost of each
.e., dn(S.X) > Te. We define an indicator variabl(S X) for the g, delay computation pass, one can use many more samples from
SntlrSeXC|rcu1|_t i Iégtﬁ) = Lif t\?\f ﬂrcun delay exceeds the target, "€ the process parameter space for the purpose of estinais®f and

c(SX) > T, O otherwise. We have in this way accomplish low variance.
(8% T[e\l‘/l IS) (21) B.1 Importance Sampling and Logical Effort
crit

To apply importance sampling to the integral in Eqn. 22, we need a

LosgS) = 1 YieldS) = / (S X) f(X)dX (22)  function that approximat% The natural first guess is to use



s IESX)F(X)

Loss$E(9) (26)

C. Discussion

In essence, importance sampling provides a method for eliminating
circuit simulations where the process paramekmake it uninter-
esting. The key benefit of the control variates approach is also derived

As is required, this expression is a probability density functiofrom the fact that the Monte Carlo estimationlafs$® can be per-

However,|“5(S X) can bed wherel (S, X) f(X) is non-zero. To over-
come this difficulty, we define the indicator variab¥*R(S X) as fol-
lows. IMAR(S X) evaluates td if d5F(SX) > (1—¢)Tc . IMAR(S X)
adds a “safety margin” parameterized byo 1-5(S X). By exper-

imentally determining a proper value ef IMAR(S X) can be guar-
anteed to be non-zero everywhé(&, X) f(X) is non-zero. We then
draw samples from the following probability density function.

v _ ! MAR(S X) F(X)

2 27)

where GM = [IMAR(S X)f(X)dX and can be determined dur-

formed much more cheaply and accurately thass Since thereis an
abundance of evidence that the logical effort approach approximates
delay (and delay variations) well, we expect the control variates ap-
proach to further reduce variance.

D. Proposed Experiments

To evaluate the degree to which each variance reduction technique
improves the accuracy of the yield estimate and amount of computa-
tion required by each, we propose a set of experiments. A small circuit
C is chosen ani, f(X) and the timing constrairi; are determined.

The following experiments are performed:
1. Conventional Monte Carlo runsA very large number of samples
X1, X2,..., XN are drawn fromf (X) and the timing yield is estimated.

ing the same set of Monte Carlo simulations used for determiningt us denote this estimator b§eld“°™. N is chosen considering that

I'E(S,X). Roughly speaking, the effect of using™ for impor-

the variance offield®®" decreases by/N.

tance sampling is to avoid running full-circuit Monte Carlo simulay ~Generating low-variance estimatorsor each technique described
tions wherel (S X) is guaranteed to bé and to increase the likeli- i Section V, let us refer to the following process as “one pass of the

hood of running full-circuit Monte Carlo simulations where the valu

of 1(§ X) f(X) is high.

B.2 Control Variates and Logical Effort

?echnique”: A set of sample assignme@é'? to process parameters
are generated using the appropriate probability density function and

the value of the estimatoyjeld’R, is computed using these samples.
The size of the se§'R is selected so that the number of circuit-level

Following the approach in Section IV-B.2, we express Eqn. 22 asiming simulations performed as a result is much smaller tiaifo

LosgS)

Jasx)-11E(sx) f(x)

+/I"E(SX) £(X) dX (28)

The second term is simplyos$E and can be estimated inexpen
sively with low-variance as discussed earlier. Since the block-levgl

Monte Carlo evaluations performed for estimatlh§(S, X) are com-

be able to evaluate the variance of the estimator obtained by this tech-
nique, we need to perform several passes and obtain a number of sam-
plesYield/R YieldyR,..., Yield/R of the estimator .

3. Comparison: Since the actual timing yield is very close to
Yield®°™, the variance of the estimator can be computed assuming
thatYield/R, YieldyR, ..., Yield/R are the sample values of the estimator

and Yield®°" is the mean. This variance is compared with the vari-
‘ance that would have been obtained if the same computation time was
dicated to conventional Monte Carlo simulation.

VI. CONCLUSIONS

putationally much cheaper than full-circuit Monte Carlo simulationgerformance variability due to statistical process variations and envi-

this approach has a distinct advantage over straightforward Mongg,

Carlo evaluation of th&osgS) integral. The first term i® in most

mental fluctuations is an important and difficult issue. Statistical
modeling, analysis and optimization of digital circuit timing is a chal-

of the X space and a very large number of samples can be used foq@g-ging, and if a proper approach is not used, a possibly intractable

second term. In the control variates method, the first term in Eqgn.

is estimated using conventional Monte Carlo simulation.

B.3 Combining Control Variates and Importance Sampling
Let us defind®(S X) = 1(S X) — I"B(S X). We now describe how

we apply a combination of importance sampling and correlation me

ods to obtain a reduced-variance estimator for the first termin Eqn.
rewritten here as

GA:/IA(SX)f(X)dX

We need to pick a probability distribution functidrto use instead

of f. f(X) must be non-zero everywhere the integrand is non-zero afld

it is desirable tha O?());()X‘) be bounded from above.

Notice thatl®(S X) is non-zero if, for givenX, d-5(SX) < T
while d-(S X) > Tc or vice versa. Sincel-F(S X) is known to be
a good first-order approximation, this is only possibldé’@(s, X) is

close toT.. This inspires the use of fithat has the non-zero value

kf(X) if the circuit delay computed using logical effod:® (S X),
is in the interval[(1 —€)Tc, (1 - 8)T¢] for fixed, smalle andd and

f = 0 otherwise. The value of, 6 andk must be chosen so that

Jf(X)dX = 1. The data required for the computation ©fcan

Bﬁ)blem. In our opinion, statistical timing analysis techniques that
concentrate most of their effort on accurate manipulation of statistical
models are not the proper direction to take, because the statistical de-
lay models they use are necessarily approximate and therefore not ac-
ccurate enough for timing yield analysis and optimization under large

arameter variations. For statistical, robust design and optimization
ggrposes, we believe that methodologies and optimization techniques

at can produce intuitive and simple design guidelines will prevail.
For timing yield estimation accurate enough for sign-off purposes, we
conjecture that the only viable techniques are going to be appropri-
ately accelerated Monte Carlo methods, of which we propose several
in this paper.
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