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Abstract—This paper presents novel techniques for timing yield optimization and
for yield estimation in the presence of large statistical process variations in integrated
circuits. The techniques are based on our generalization of the logical effort delay
model to circuits with stochastic parameter variations. In the spirit of the standard
logical effort formalism, the stochastic gate delay model we propose separates the
characterization of statistical variability from the gate topology, type, size and load-
ing information. This separation of concerns is very powerful and facilitates the two
novel approaches presented in this paper. In the first approach, we perform analyti-
cal and/or qualitave reasoning about timing yield and “back of the envelope” timing
yield optimization in the same way that the logical effort formalism enables in the
absence of timing variations. In the second approach, we improve the accuracy and
efficiency of sign-off timing yield estimation based on transistor-level Monte Carlo
simulations. We make novel use of importance sampling and other variance reduc-
tion methods in conjunction with the stochastic logical effort approximation for this
purpose.

Keywords— logical effort, statistical variations, timing yield estimation and op-
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I. I NTRODUCTION

Performance variability in integrated circuits due to statistical process
variations and environmental fluctuations is becoming more and more
significant. Considerable effort has been expended in the EDA com-
munity recently to cope with thestatistical timingproblem. Most of
this effort has been aimed at generalizing the static timing analyzers
to the statistical case.

By contrast, the method of logical effort by Sutherland et. al. [1] “is
a way of thinking about delay” in digital circuits. It is an insightful
and pragmatic methodology for quickly maximizing the speed of a
circuit. In this paper, we develop and use thestochasticlogical effort
formalism
• to generalize the results of the deterministic logical effort formal-
ism [1] to the case with statistical parameters,
• for tractable and back of the envelope optimization of path timing
yield (as opposed to nominal path delay) in the spirit of the standard
logical effort technique,
• for approximate but very fast and efficient timing yield estimation,
• to guide the generation/selection of sample points in the para-
meter/probability space in a transistor-level simulation based Monte
Carlo method for sign-off timing yield estimation.

We first present a simple and analytical strategy for statistical gate
sizing that is founded on the stochastic logical effort formalism, as
opposed to a fully numerical statistical gate sizing tool with (incre-
mental) statistical timing analysis in the loop. This strategy has the
potential to obtain more optimal results because, as will be detailed
later in the paper, it can use a more accurate stochastic gate delay
model and a more accurate technique for estimating timing yield. We
believe that this is a significant advantage over block-based methods
which involve accurate and sophisticated manipulation of statistical
models whose accuracy has not been directly justified.

We believe that the greatest value of this approach, like the original
logical effort formalism, lies in the insight it provides. Fully numer-
ical optimization techniques with a statistical timing analyzer in the
loop “are prone to get stuck in local optima and are unlikely to pro-
duce meaningful results unless the user knows approximately what
results to expect” [1] for the optimal deterministic sizing tools with a
static timing analyzer in the loop. Thestatistical gate sizingproblem
is a much more difficult (stochastic) nonlinear programming problem
than the deterministic gate sizing problem. Thus, when applied to real
designs, fully numerical optimization strategies with statistical timing
analysis in the loop may face significant difficulties. We believe that
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only simple models like the one we are proposing and simple heuris-
tics like the one proposed recently by Boyd and Horowitz in [2] have
the potential to become practically useful and also make sense in the
statistical timing analysis and optimization arena.

The stochastic logical effort model and the timing yield estimation
and optimization methodology we develop in this paper are inherently
path-based, because they are founded on the standard logical effort
formalism [1]. We view this as an advantage since “Synthesis tools
make some effort to explore topologies, but still cannotmatch experi-
enced designers oncritical paths.” [1]: We believe that a simple, effec-
tive and working path-based timing yield estimation and optimization
technique will be more practical than a complicated and non-intuitive
block-based approach that relies on models postulated without much
justification.

In the second half of this paper, we present methods for estimating
circuit timing yield for sign-off. We believe that, given the magnitude
of process parameter variations and the non-linear dependency of gate
and circuit delay on these variations, the only sufficiently reliable and
accurate method for this purpose is detailed, circuit-level simulation.
We believe that sufficient accuracy in yield estimation can not be ob-
tained even by applying Monte Carlo simulations at a higher level.
Yield estimation techniques not based on Monte Carlo simulation op-
erate by propagating probability density functions across the circuit.
To make this process computationally feasible, they are forced to use
approximate gate delay models and delay propagation methods that
may be too inaccurate when process paramater variations are large.
In this case, accurate determination of timing yield must have circuit
simulation as its basis as well. The techniques we propose facilitate ju-
dicious choice of a set of assignments to process parameters for which
full-circuit timing simulations will be performed. Spending computa-
tional effort for improving this choice is well justified since full-circuit
timing simulations are expensive.

Let X denote an assignment to the process parameters and letf (X)
denote the value of the joint probability density function for this as-
signment. In conventional Monte Carlo yield estimation, a number of
sample assignmentsX1,X2, ...,XN are generated using the probability
density functionf (X). The overall delay for eachXi is determined by
performing circuit-level timing simulation. An estimator for timing
yield is obtained by considering the fraction of samples for which the
timing constraint is satisfied.

Because of the computational cost of determining circuit delay for
each sample, the number of samples one has to work with is limited.
This adversely affects the accuracy of the estimator – the estimator
has large variance for smallN which decreases proportionally to

√
N.

This is a weakness of the conventional Monte Carlo method and has
prevented it from finding widespread use for yield estimation.

Numerous techniques for reducing the variance of the estimator ex-
ist in Monte Carlo simulation literature (See [3,4] for example). In this
study, we concentrate on two of them: Importance sampling and the
use of control variates. Approximately speaking, importance sampling
biases the choice of samples from the process parameter space more
towards areas where the circuit delay violates the timing constraint.
In the latter technique, Monte Carlo simulation is used to estimate the
difference between actual yield and an approximation.

Both variance reduction techniques require an accurate but inexpen-
sive approximation to circuit yield. We use the stochastic logical effort
approach for this purpose. The stochastic logical effort approximation
can be used to facilitate other techniques for variance reduction in
Monte Carlo estimation, e.g. stratified sampling [5]. In this paper, we
(i) demonstrate the use of the stochastic logical effort approximation
in Monte Carlo variance reduction techniques, and (ii) propose Monte
Carlo simulation in conjunction with variance reduction methods as
an accurate yet computationally viable yield estimation approach.
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In Section II below, we describe the stochastic gate delay model.
Then in Section III, we present resuls obtained with this model for
path timing yield optimization in two cases of practical interest, first
with only inter-die variations and then in the presence of both inter-die
and intra-die variations. Section IV formalizes the yield estimation
problem and gives an overview of the Monte Carlo variance reduc-
tion techniques referred to above: Importance sampling and the use
of control variates. Also in Section IV, we propose a combination of
these two techniques that can potentially further reduce variance for
the yield estimation problem. In Section V, we formulate the yield es-
timation problem as a definite integral and present how we apply the
variance reduction methods of Section IV to this problem by using the
stochastic logical effort approximation. In Section V-D we propose a
set of experiments to test the effectiveness and computational cost of
our methods.

II. STOCHASTIC GATE DELAY MODEL
WITH SEPARATION OFCONCERNS

We model the delay of a logic gate using the logical effort formal-
ism [1]

dabs= τ d (1)

wheredabs is the absolute delay of a gate measured in seconds,τ is the
delay of areference inverter(with no parasitic capacitance) driving
another inverter, andd is the delay of the logic gate expressed in units
of τ.

A. Capturing statistical variations with a stochastic delay unit

In the logical effort formalism [1], all delays are expressed in terms
of τ in order to isolate the effects of the particular integrated circuit
fabrication process. Thus,τ serves as the delay unit that character-
izes a given process and its value depends on the process parame-
ters, power supply voltage and temperature. With a simple transistor
model, one could derive an analytical expression forτ, expressed in
terms of transistor lengths and widths, gate oxide thickness, carrier
mobilities and some other process parameters. Alternatively, one can
extractthe value ofτ from suitable test circuits by simulating them in
a circuit simulator with a detailed, full transistor model, as discussed
in [1]. In the standard logical effort formalism [1], the statistical vari-
ations of process and circuit parameters are not considered. Hence,
for a given integrated circuit fabrication process, and for given envi-
romental conditions (i.e., power supply voltage and temperature),τ is
characterized/extracted as asingle numberexpressed in picoseconds.
In our case, we useτ to captureand isolate the effects of process,
circuit and enviromental parameters that exhibit statistical variations.
Thus,τ is not a single number, but it is aprobability distribution. We
propose three alternative techniques for the stochastic characterization
of τ:

(i) One can derive a simplified analytical expression that relatesτ to
the circuit, process and enviromental parameters that exhibit statisti-
cal variations, as discussed above. This analytical expression in con-
junction with a multi-dimensional probability distribution that char-
acterizes the basic statistical parameters can be used to compute the
probability distribution ofτ. This can be done using a simple and effi-
cient Monte Carlo technique, by sampling the joint distribution of the
statistical parameters and by computing the corresponding value ofτ
by simply evaluating the analytical expression, followed by a compi-
lation of a histogram. Even the simplest analytical expression forτ
will have nonlinear dependence on the statistical parameters. Thus,
even if the statistical parameters are jointly Gaussian, the probability
distribution ofτ will not be Gaussian.
(ii) Instead of using an analytical expression as above, one can use
a suitable test circuit and a circuit simulator to relateτ to the statisti-
cal parameters. One can then again use a Monte Carlo technique to
compute the probability distribution ofτ. This characterization will
be computationally more expensive than the one above, because the
test circuit will need to be simulated many times. However, the size
of the circuit will be very small, essentially a CMOS inverter loaded
by several others. Moreover, this Monte Carlo stochastic characteri-
zation forτ will be performed only once and the results will be used
many times later when estimating timing yield for a much larger logic
circuit composed of inverters and other complex gates. One can also
envision that the complex, nonlinear relationship that relatesτ to the
statistical parameters can be represented by a multi-dimensional ta-
ble or by building a response surface model using the Monte Carlo
samples obtained with the circuit simulator.
(iii) Alternatively, one can use fabricated test structures and physi-
cally measureτ and characterize its probability distribution.

In the standard logical effort formalism,τ is characterized as a single
number, using a single inverter which serves as the process reference
for all of the logic gates on a single die (chip) or functional unit. When
we consider statistical parameters which exhibit only inter-die varia-
tions, a single inverter can still serve as the statistical process refer-
ence for all of the logic gates on a chip. With only inter-die variations,
statistical parameters on the chip at all locations are perfectly corre-
lated. Using the stochastic characterization ofτ for the same reference
inverter for all of the logic gates on the die captures this perfect statis-
tical correlation among gates. When we also consider intra-die vari-
ations, statistical variations of gates are not perfectly correlated any
more. In this case, we introduce an additional gate/location-dependent
componentτr and re-express (1) as follows

dabs= (τ+ τr ) d (2)

τ above captures the effects of perfectly correlated inter-die statistical
variations for the gates that reside on the same die.τr ’s for differ-
ent r can be considered as eitheruncorrelatedor partially correlated
and they represent the effect of intra-die statistical variations. For two
gatesr1 andr2 that are in proximity with each other on the same die,
τr1 and τr2 may be partially correlated. If these gates are far away
from each other, thenτr1 andτr2 may be considered uncorrelated. The
partial correlation amongτr ’s may be best represented by expressing
them in terms of other (abstract) random quantities which are inde-
pendent. This can be accomplished through (nonlinear) principal or
independent component analysis [6]. The analysis is trivial in the case
whenτr ’s are jointly Gaussian. Even though it is not as straightfor-
ward, there exist techniques that work in the case whenτr ’s are not
jointly Gaussian. The mean delay of the reference inverter, as well
as the effect of inter-die variations, are captured byτ in (2), andτr is
an additional, small correction term accounting for the effect of intra-
die variations. Thus,τr is most likely, but not necessarily, zero mean.
Moreover, a Gaussian model forτr may not be too far off. Even when
τ and hence the total delayτ+τr is far from Gaussian, it may be good
enough to modelτr as a Gaussian random quantity. Sinceτ captures
the effects of inter-die variations, its probabilistic properties such as
its mean and standard deviations can be considered as gate and gate
location independent. On the other hand, we useτr to capture the ef-
fect of local intra-die variations. As first observed and proposed by
Pelgrom in [7], the statistical (squared) variation (i.e., variance) in a
statistical parameter (threshold voltage, channel length, delay) of an
entity (transistor, gate, cell, block, etc.) is inversely proportional to
the total area it occupies. Hence, the probabilistic properties forτr
can be modeled as gate and location dependent to capture this basic
fact regarding local, intra-die variations.

B. Statistical (in)variability of logical effort

We now concentrate on the other factord in the gate delay model of
(2). In the logical effort formalism,d is expressed as

d = (p+gh) (3)

wherep represents the intrinsic (parasitic) delay,g is the logical effort,
andh is the electrical effort or electrical fanout. Logical effortg for
a logic gate is defined as the (unitless) ratio of its input capacitance
to that of an inverter that delivers the same output current. Logical
effort g is a measure of the complexity of the gate, it depends only on
its topoplogy and it is independent of the size and the loading of the
gate. Parasitic delayp expresses the intrinsic delay of the gate due
to its own internal parasitic capacitance, and it is largely independent
of the sizes of the transistors in the gate. Parasitic delayp is also a
unitless quantity, it is expressed in units ofτ. The electrical efforth is
the ratio of the load capacitance of the logic gate to the capacitance of
a particular input [1].

Ideally, the logical effortg and the unitless parasitic delayp of a
gate would be independent of process and environment parameters,
and depend only on the topology of the gate. In reality, the logical ef-
fort g and the parasitic delayp vary slightly with process parameters
and operating conditions. Sutherland et. al in [1] study the process and
operating condition sensitivity ofg and p for NAND and NOR gates
with 2, 3 and 4 inputs. They computeg and p for processes ranging
from a 2.0µ process to a0.35µ one and power supply voltages rang-
ing from 5.0 volts to 2.5 volts. Their results indicate that, over such
a wide range of processes and power supply voltages, logical effortg
shows a variation around±10%around the mean [1, Table 5.4]. For
parasitic delayp, the variation is around±15%around the mean [1,
Table 5.5]. Sutherland et. al in [1] also study the process and operating
condition variability ofτ for the same range of processes and power
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supply voltages mentioned above. Their results show thatτ ranges
from approximately25 psecs to160 psecs, more than a factor of 6
variation. As seen here, almost all of the process and environmental
variability shows up inτ in (1) and the logical effortg and the unit-
less parasitic delayp exhibit relatively much less variation even with
a wide range of processes and power supply voltages. The kind of
process and enviromental variability we consider in this work is quite
different from the setting studied by Sutherland et. al in [1]. The kind
of variability considered by them spans across fabrication processes
from a2.0µ process all the way to a0.35µ process, and power supply
voltages from5.0 volts to2.5 volts. In our case, we concentrate on a
single fabrication process and a fixed nominal power supply voltage,
and we considersmall statisticalvariations in some parameters of the
fabrication process, such as channel length and oxide thickness. We
therefore do not expect the kind of variation mentioned above in, for
instance, the reference inverter delayτ. We expect at most a±35%
variability in τ and proportionally much less variation in the logical ef-
fort g and the parasitic delayp. Given the setting and the evidence, one
can argue that almost all of the statistical variability will show up inτ
in (1) and the unitless factord in (3) will exhibit practically insignifi-
cantstatistical variability. Thus, we will assume thatd is independent
of the statistically varying process parameters and the enviromental
conditions.

C. Justification for and implications of
the statistical invariability of logical effort

Rabaey et. al in [8] report results that are in support of our claim of
the statistical invariability of logical effort. They state that “Electri-
cal and logic effort do not contribute to the delay distribution”. Their
observation is inspired and supported by the results they present on
the yields of an inverter chain, a NAND chain and a 4-bit adder cir-
cuit. The yields they compute for these circuits with Monte Carlo
SPICE simulations show little sensitivity to the type and the topology
of the circuit. They also state that this will no longer be true if statis-
tical variations in different gates are not perfectly correlated, i.e., with
strong intra-die variations. However, they do not present any results
in support of this second statement. Next, we demonstrate how the
generalized stochastic gate delay model in (2) can be used to explain
the reason behind both of the above observations in the light of the
discussion we presented in the previous section.

Let us consider a pathπ = 〈g1,g2, · · · ,gR〉 with R gates withgr as
the rth gate on the path. When only inter-die variations are present,
we haveτr = 0 in (2), and hence the total delay for the path can be
expressed as follows

Dπ
abs= τ

R

∑
r=1

dr = τ
R

∑
r=1

(pr +gr hr ) = τ Dπ (4)

which is the product of the two terms,τ that captures all statistical
variation, and a unitless, deterministic, fixed numberDπ that quanti-
fies thetotal complexityof the logic gates on the path. Rabaey et. al
in [8] define yield using

Yπ = P (Dπ
abs< 1.1 E [Dπ

abs]) (5)

whereP (·) is the probability measure andE [·] is the expectation op-
erator. We would like to draw the attention of the reader to the fact that
the delay cut-off value (i.e., delay specification) in the yield definition
above is expressedrelative to the nominal delayE

[
Dπ

abs

]
, not as an

absolute value. If the probability density function (PDF) ofτ is pτ(η)
defined for0≤ η < +∞, then the PDF ofDπ

abs in (4) is given by

pDπ
abs

(η) =
1

Dπ pτ
( η

Dπ

)
(6)

becauseDπ is simply a deterministic constant. Hence, we can com-
pute yieldYπ as follows

Yπ =
Z 1.1 E [Dπ

abs]

0

1
Dπ pτ

( η
Dπ

)
dη (7)

where the nominal delayE
[
Dπ

abs

]
is given by E

[
Dπ

abs

]
= Dπ E [τ].

If we substitute this in (7) and make a change of integration variable
usingu = η

Dπ , we obtain

Yπ =
Z 1.1 E [τ]

0
pτ(u)du (8)

We observe that the yield expression above isindependentof Dπ and
depends only on the PDF and the mean ofτ. Thus, with only inter-die
variations considered, the yield of a path defined as in (5) is indepen-
dent ofDπ and hence the types, topologies, sizes and the loading of the
logic gates on the path. We arrived at this result due to the following
two reasons:

• The cut-off delay in the yield definition in (5) is chosen inrelative
(as a multiple of) to the mean, i.e., nominal, delay.
• The total path delay in (4) can be expressed as theproduct of a
deterministic constantDπ and a random variableτ.

If we also consider partially uncorrelated intra-die variations, the path
delay expression in (4) becomes

Dπ
abs= τ Dπ +

R

∑
r=1

τr (pr +gr hr ) (9)

In this case, we can not express the delay above as the product of a
random variable and a deterministic constant, but it can be expressed
as a linear combination of random variables. In this case, with a lit-
tle bit of tinkering, one can conclude that the yield cannot be in-
dependent ofdr = pr + gr hr in general. Thus, the yield as defined
in (5), in general, depends on the types, topologies, sizes and the
loading of the logic gates on the path. To put it more precisely, if
Z = ∑K

k=1ak Xk is a random variable formed as a linear combina-
tion of random variablesXk,k = 1. . .K with deterministic constants
ak,k = 1. . .K, then P (Z < α E [Z]) (for some deterministic constant
α) is independent ofak’s if and only if a1 = a2 = · · · = aK . Hence,
in general,P

(
Dπ

abs< 1.1 E
[
Dπ

abs

])
in (5) depends ondr = pr +gr hr

with Dπ
abs expressed as a linear combination of the random variables

τ and τr ’s as in (9). However, if inter-die variations are ignored,
i.e. if τ = 0, and if all of the gates on the path are identical, i.e. if
d1 = d2 = · · · = dR, then the yield defined by (5) is independent of
dr , i.e., the type of the gate in the path. In this case, the yield of an
inverter chain and a NAND chain will be the same.

As demonstrated above, the simple, analytical, stochastic model we
developed for gate delay is very powerful. Using this model, we can
not only explain observations made by other authors in the literature,
but also analyze and understand new situations.

D. Summary

We model the delay of a gate, by generalizing the logical effort for-
malism [1] to the statistical case, using the following equation

dabs= (τ+ τr ) d = (τ+ τr ) (p+gh) (10)

whereτ is a random variable that serves as astochastic delay unit. τ
characterizes a given fabrication process and its distribution depends
on the statistical variability of the process parameters and the enviro-
mental conditions such as the power supply voltage and temperature.
τ captures the effect of inter-die process variations. The sameτ is
shared by all of the gates on a die. Hence,τ captures the perfectly
correlated portion of the statistical variations, including the nominal
delay.τr above is also a random variable, a zero-mean correction term
accounting for intra-die process variability that is not fully but par-
tially correlated among the gates on the same die.d = p+ gh above
is a unitless and most importantly adeterministicquantity. The in-
formation about the topology and the type of the gate, and also its
size and load, is captured byd. The random variablesτ andτr above
are largelyindependentof the gate type, topology, size and loading,
whereas the deterministic quantityd = p+ gh is independentof the
statistically varying process parameters. Thus, we have a gate delay
model withseparation of concerns. The twoconcernshere are

• Statistical variations in gate delay.
• Gate type, topology, sizing and loading.

With the stochastic gate delay model in (10), we elevate the logical
effort formalism from the deterministic, nominal case to the statistical
one. Next in Section III, we use the gate delay model in (10) in gen-
eralizing some of the results of the logical effort formalism, from the
setting ofthe minimization of nominal path delayto the maximization
of path timing yield.

III. T IMING Y IELD OPTIMIZATION

We now consider the optimization of the delay (deterministic case)
and the timing yield (stochastic case) of a path using the logical effort
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formalism and the stochastic gate delay model we developed in Sec-
tion II. Due to the length restrictions on the manuscript, we will be
able to present only a summary of the results we have obtained.

We first review the deterministic minimization of path delay us-
ing the standard logical effort formalism. Let us now consider a path
π = 〈g1,g2, . . . ,gR〉 with R gates. The total delay of the path can be
expressed as in (4). We do not consider statistical variations in this
case. Hence,τ is a fixed constant.hr in (4) is the electrical effort of
the rth gategr on the path. It is the ratio of the load capacitance of
gr to the capacitance of a particular input.hr essentially combines
the size information for a gate with the information on the load it is
driving. The load of gategr is the input capacitance of gategr+1. In
path delay minimization, a constraintH on the ratio of the capacitance
at the termination of the path to the input capacitance of the first gate
on the path must be specified. This ratioH is called thepath electrical
effortand is essentially equal to the multiplication of the electrical ef-
forts of all of the gates in the path. Path delay minimization without a
constraint on the path electrical effort is not meaningful. By formulat-
ing and analytically solving the deterministic path delay minimization
problem, one arrives at the following result:

The path delay is minimized when the product of the logical effortgr
and the electrical efforthr is the same for each logic stage on the path.

In the terminology of the logical effort formalism, the product of the
logical effort and the electrical effort for a gate is called itseffort delay
or stage effort. Thus, to minimize the path delay, the stage effort for
all of the gates on the path should be made equal to each other.

We now consider inter-die statistical variations only, i.e., the sta-
tistical variation of delay is perfectly correlated in all of the gates on
the path. In this case, we use (10) withτr = 0 in order to null out
the intra-die variations. We use the following definition for thepath
timing yield

Yπ = P (Dπ
abs≤ Tc) (11)

whereTc is specified as the cut-off delay. In the presence of inter-die
statistical variations, we formulate astochasticoptimization problem
to maximize the path timing yield (as opposed to minimizing the nom-
inal delay), and by analytically solving it we arrive at the same result
we have obtained in the deterministic case:

The path timing yield is maximized when the product of the logical
effort gr and the electrical efforthr , i.e. the stage effort or the effort
delay, is the same for each logic stage/gate in the path.

We next consider both inter-die and intra-die statistical variations, and
use the full stochastic gate delay model in (10). We proceed with a
simplification and approximate the PDF of the reference inverter de-
lay τ (due to inter-die variations) with a Gaussian PDF, and assume
that the PDF of the reference inverter delayτr due to intra-die varia-
tions can also be approximated with a Gaussian PDF.τr ’s (represent
corrections for the intra-die statistical variations) above are assumed
to be uncorrelated with each other and also withτ. These simplifi-
cations enable us to reach possibly sub-optimal but much more sim-
pler and practical conclusions on yield maximization in the presence
of both inter-die and intra-die statistical variations. We then formu-
late and solve astochasticoptimization problem to maximize the path
timing yield in the presence of both inter-die and intra-die statistical
variations, and arrive at the following result:

In the general case when both inter-die and intra-die variations are
present, equalizing stage efforts for each logic stage/gate in the path
doesnot maximize the path timing yield. However, the optimal stage
efforts and the optimal yield are very close to the ones obtained when
stage efforts are chosen equal, and the differences are practically in-
significant.

The above result is not very suprising, because the optimization land-
scape is relatively flat, as discussed in [1] and [2].

In the gate delay model we used so far, we assumed that the proba-
bilistic properties (i.e., mean, standard deviation and PDF) ofτ andτr
are gate or location independent. This is justified forτ since it mod-
els inter-die variations. However, as we discussed in Section II, the
variance ofτr can typically be modeled to be inversely proportional to
the total area the gate occupies. With this variance model for intra-die
variations, the optimal values forh1,h2, . . . ,hR come out in such a way
that the differences between the stage efforts (product ofgr andhr ) of
different stages are not insignificant anymore. When the path delay
PDF with equalized stage efforts is compared with the (stochastically)
optimal stage efforts that come from the solution of the stochastic opti-
mization problem, one observes that the (stochastically optimal) mean

path delay is larger than the (deterministically optimal) mean path de-
lay with equalized stage efforts. However, the (stochastically) optimal
standard deviation is smaller than the standard deviation with equal-
ized stage efforts, resulting in an overall larger yield. This behavior
was also observed by the authors in [2] with their block-based, heuris-
tic stochastic sizing technique. The very simple, almost back of the
envelope, timing yield estimation and optimization methodology we
are proposing in this paper is able to arrive at the same conclusions.

The rest of the paper is dedicated to presenting our techniques for
sign-off timing yield estimation using Monte Carlo transistor-level
simulation. We present two Monte Carlo variance reduction meth-
ods and a combined method that is novel in this context and explain
how we use them for yield estimation.

IV. OVERVIEW OF MONTE CARLO METHODS

A. Definitions

In the following analyses, we focus on the variations in delays in-
duced by process parameter variations and assume that the design pa-
rameters for the circuit are given bySand fixed.

A pathπ in a circuitC is a sequence of gatesg0,g1,g2, ...,gn where
g0’s inputs are primary inputs of the circuit,gn’s output is a primary
output of the circuit. Given a circuit and values for its process para-
meters, a path is said to becritical if (i) it is sensitizable, and (ii) its
delay is as large as the delays of other sensitizable paths. A pathπ
is said to bestatistically critical if it is a critical path ofC for some
possible assignment to process parameters. We denote byΠcrit the
set of statistically critical paths. As explained in [9], the set of paths
Πcrit can be approximated accurately by running a modest number of
Monte Carlo simulations on the full circuit and including inΠcrit any
path that is critical in any of the Monte Carlo runs. We then have the
following equation for the delay of a circuit

dC (S,X) = maxπ∈Πcrit dπ(S,X) (12)

wheredC (S,X) is the delay of the circuit anddπ(S,X) is the delay of
pathπ when the process parameters are given byX.

B. Accurate and Efficient Monte-Carlo Evaluation of Integrals

The techniques described in this section involve the estimation of
the value of a definite, finite-dimensional integral of the form

G =
Z

Ω
g(X) f (X)dX (13)

whereΩ is a finite domain andf (X) is a probability density func-
tion overX, i.e., f (X) ≥ 0 for all X and

R
Ω f (X)dX = 1. For delay

computation,X is a vector variable that corresponds to the process pa-
rameters andf (X) represents the probability density function of the
process parameters. Ifg(X) is chosen to be a function that evaluates to
1 when the circuit delay is as desired and0 otherwise, then the value
of the integralG is the circuit yield.

Monte Carlo estimation for the value ofG is accomplished by draw-
ing a set of samplesX1,X2, ...,Xn from f (X) (analogous to picking
values for the process parameters from their respective probability dis-
tributions) and by letting the estimatorGN be given by

GN = (1/N)
N

∑
i=1

g(Xi) (14)

The variance ofGN decreases proportionally to
√

N. Several tech-
niques exist for improving the accuracy of Monte Carlo evaluation of
finite integrals. These techniques reduce the number of Monte Carlo
simulations required to estimate the value of an integral accurately, i.e.
with small variance. In the following two subsections, we present an
overview of two of these techniques based on the exposition in [3]. In
Section IV-B.3, we propose a combination of these techniques.

B.1 Importance Sampling

Importance sampling improves upon the straightforward approach
above by drawing samples forX from another distributioñf in order
to reduce the variance of the estimatorGN. G is then written as

G =
Z

Ω

(
g(X) f (X)

f̃ (X)

)
f̃ (X)dX (15)

If X1,X2, ...,Xn are drawn fromf̃ instead of f , the new estimator
G̃N is expressed as
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G̃N = (1/N)
N

∑
i=1

g(Xi) f (Xi)
f̃ (Xi)

(16)

in order to compensate for the different biasing of input samples in-
duced byf̃ . f̃ must also satisfy the requirement that, for everyX0 for
which f (X0)g(X0) is non-zero,f̃ (X0) must also be non-zero for the
integral in Eqn. 15 to be well defined.

The ideal choice off̃ that minimizes the variance of the estima-

tor G̃N is f̃ideal(X) = g(X) f (X)
G . f̃ideal cannot be realized in practice

since the value ofG is not known a priori. Instead, añf “similar” to
(1/G)g(X) f (X) is used. This corresponds to picking samples with
larger likelihood where the integrand is largest.

B.2 Control Variates

In this approach, a functionh(X) that “correlates well” withg(X)
is used.h must be so that the integral

H =
Z

Ω
h(X) f (X)dX (17)

can be estimated with very low variance, e.g., is known analytically,
and∆(X) =de f g(X)− f (X) has much smaller variance thang(X) it-
self. Eqn. 13 is then written as

G
Z

Ω
∆(X) f (X)dX+

Z
Ω

h(X) f (X)dX (18)

The estimator forG becomes

Gcm = H +
1
N

N

∑
i=1

∆(Xi)

where the samplesXi are drawn fromf . The reason for the variance
reduction obtained is apparent in the equation above.H can be esti-
mated with0 or very low variance. Ifg is very close tof , then all
∆(Xi) values and thus the contribution to the variance from the second
term are very small. We use the correlation technique by using the
logical effort approximation to devise a function that approximates
circuit delay well.

B.3 Combining the Two Techniques

One can apply the importance sampling technique for variance re-
duction when estimating the first term in the integral in Eqn. 18,
rewritten here as

G∆ =
Z

Ω
∆(X) f (X)dX (19)

The estimator forG∆ is given byĜ = 1
N ∑N

i=1 ∆(Xi) where theXi are
drawn from a probability density function̂f that approximates

f̂ideal =
∆(X) f (X)

G∆
(20)

This combination of techniques results in further reduced variance
for the estimator forG.

V. T IMING Y IELD ESTIMATION

The problem addressed in this section is formalized as follows. A
target delayTc is given for the circuit. Given a probability density
function f (X) for the process parameters and given that the design
parameters are given byS , we would like to compute the fraction of
circuits that satisfydC (S,X)≤ Tc.

A. Expressing Timing Yield as an Integral

For a given pathπ, let us define an “indicator variable”Iπ(S,X) that
evaluates to1 if the delay alongπ does not meet the timing constraint,
i.e., dπ(S,X) > Tc. We define an indicator variableI(S,X) for the
entire circuit. I(S,X) = 1 if the circuit delay exceeds the target, i.e.,
dC (S,X) > Tc, 0 otherwise. We have

I(S,X) =
_

π∈Πcrit

Iπ(S,X) (21)

Loss(S) = 1−Yield(S) =
Z

I(S,X) f (X)dX (22)

Using this equation, we express the yield computation as a definite
integral of the form discussed in the previous section. A straight-
forward application of Monte Carlo simulation to yield estimation
would involve drawing samplesX1,X2, ...,Xn from the process para-
meter space according to the probability density functionf and using
an estimator as described in Eqn. 14.

B. The Logical Effort Approximation and Variance Reduction

The variance reduction methods discussed in Section IV can ben-
efit from the use of a function that approximates the integrandg(X)
well. For estimating timing yield, we make use of the logical effort ap-
proximation to obtain a function that approximatesI(S,X) and has the
mathematical properties required by the variance reduction methods.

We define the indicator variableILE(S,X) as follows. We apply the
method of logical effort to compute an approximate delay for each
path inΠcrit . We then determine whether any of these approximate
delays exceedTc and assignILE(S,X) to 1 if this is the case, to0 oth-
erwise. In the following, we describe how this computation is carried
out at a given point in the process parameter space given byX. Given
a gateg, the logical effort approximation to its delay is given by the
following equation.

dLE
g (S,X) = F (dref(X ),LE(},π,S)) (23)

Heredref(X) stands forreference inverter delay, i.e., the delay of
a minimum-size inverter if the process parameters are given byX.
LE(g,π,S) indicates the logical effort for gateg computed as a func-
tion of the pathπ that g lies on and the design parametersS. F is a
function that computes the delay forg as a function of the reference
inverter and the logical effort forg. The power of logical effort is ap-
parent in Eqn. 23. The effects ong’s delay of process parameters and
design parameters are separated. As a result, in different Monte Carlo
evaluations, only the newdref(X) for the new assignment toX needs
to be re-evaluated.

To characterizedref(X), we run an extensive set of Monte Carlo
simulations on a single, minimum-size inverter and store the results
in a table. Since this step is performed on a single, minimum-size in-
verter, it is computationally inexpensive. It is also unavoidable if we
want to characterize the dependence of delay on the process parame-
ters. ILE

π (S,X), the logical effort approximation to the delay of a path
π is obtained simply by adding thedLE

g (S,X) values for all gatesg on
π and by comparing the total withTc. The indicator variableILE(S,X)
is then given by

ILE(S,X) =
_

π∈Πcrit

ILE
π (S,X) (24)

While applying the logical effort approximation to reduce variance,
we will find it useful to have a low-variance estimator for the following
integral

LossLE =de f

Z
ILE(S,X) f (X)dX (25)

The value of this integral is an approximation to circuit timing loss
given by the logical effort approximation. We estimateLossLE by
Monte Carlo simulations as well. However, these Monte Carlo simula-
tions (we will refer to them as “block-level Monte Carlo simulations”
from now on) are not detailed, circuit-level simulations but more sim-
ilar to inexpensive static timing analysis runs as outlined next. For
each gate, we compute its approximate delaydLE

g (S,X) using Eqn. 23
by performing a simple look-up to the reference inverter delay ta-
ble and by applyingF . The circuit delay computation, as outlined
above, boils down to one conventional static timing analysis run us-
ing dLE

g (S,X) for each gate. The result obtained by this inexpensive
computation is denoted bydLE

C (S,X) which directly determines the
value ofILE(S,X). Because of the significantly reduced cost of each
such delay computation pass, one can use many more samples from
the process parameter space for the purpose of estimatingLossLE and
in this way accomplish low variance.

B.1 Importance Sampling and Logical Effort

To apply importance sampling to the integral in Eqn. 22, we need a

function that approximatesI(S,X) f (X)
Loss(S) The natural first guess is to use
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f IS =
ILE(S,X) f (X)

LossLE(S)
(26)

As is required, this expression is a probability density function.
However,ILE(S,X) can be0 whereI(S,X) f (X) is non-zero. To over-
come this difficulty, we define the indicator variableIMAR(S,X) as fol-
lows. IMAR(S,X) evaluates to1 if dLE

C (S,X)≥ (1− ε)Tc . IMAR(S,X)
adds a “safety margin” parameterized byε to ILE(S,X). By exper-
imentally determining a proper value ofε, IMAR(S,X) can be guar-
anteed to be non-zero everywhereI(S,X) f (X) is non-zero. We then
draw samples from the following probability density function.

f IM =
IMAR(S,X) f (X)

GIM (27)

where GIM =
R

IMAR(S,X) f (X)dX and can be determined dur-
ing the same set of Monte Carlo simulations used for determining
ILE(S,X). Roughly speaking, the effect of usingf IM for impor-
tance sampling is to avoid running full-circuit Monte Carlo simula-
tions whereI(S,X) is guaranteed to be0 and to increase the likeli-
hood of running full-circuit Monte Carlo simulations where the value
of I(S,X) f (X) is high.

B.2 Control Variates and Logical Effort

Following the approach in Section IV-B.2, we express Eqn. 22 as

Loss(S) =
Z

(I(S,X)− ILE(S,X)) f (X)dX

+
Z

ILE(S,X) f (X)dX (28)

The second term is simplyLossLE and can be estimated inexpen-
sively with low-variance as discussed earlier. Since the block-level
Monte Carlo evaluations performed for estimatingILE(S,X) are com-
putationally much cheaper than full-circuit Monte Carlo simulations,
this approach has a distinct advantage over straightforward Monte
Carlo evaluation of theLoss(S) integral. The first term is0 in most
of theX space and a very large number of samples can be used for the
second term. In the control variates method, the first term in Eqn. 28
is estimated using conventional Monte Carlo simulation.

B.3 Combining Control Variates and Importance Sampling

Let us defineI∆(S,X) = I(S,X)− ILE(S,X). We now describe how
we apply a combination of importance sampling and correlation meth-
ods to obtain a reduced-variance estimator for the first term in Eqn. 28,
rewritten here as

G∆ =
Z

I∆(S,X) f (X)dX

We need to pick a probability distribution functioñf to use instead
of f . f̃ (X) must be non-zero everywhere the integrand is non-zero and

it is desirable thatg(Xi) f (Xi)
f̃ (Xi)

be bounded from above.

Notice thatI∆(S,X) is non-zero if, for givenX, dLE
C (S,X) ≤ Tc

while dC (S,X) > Tc or vice versa. SincedLE
C (S,X) is known to be

a good first-order approximation, this is only possible ifdLE
C (S,X) is

close toTc. This inspires the use of ãf that has the non-zero value
κ f (X) if the circuit delay computed using logical effort,dLE

C (S,X),
is in the interval[(1− ε)Tc,(1− δ)Tc] for fixed, smallε and δ and
f̃ = 0 otherwise. The value ofε, δ and κ must be chosen so thatR

f̃ (X)dX = 1. The data required for the computation ofκ can
be obtained from the set of Monte Carlo simulations required for
estimatingILE(S,X). The samplesXi from the process parameter
space for which logical effort delay for the circuit was in the interval
[(1− ε)Tc,(1−δ)Tc] are stored and used for the Monte Carlo estima-
tion of G∆. Note that this choice of̃f simply corresponds to an impor-
tance sampling approach where more samplesXi are chosen from the
subset of the process parameter space that results in delay estimates
close toTc.

C. Discussion

In essence, importance sampling provides a method for eliminating
circuit simulations where the process parametersX make it uninter-
esting. The key benefit of the control variates approach is also derived
from the fact that the Monte Carlo estimation ofLossLE can be per-
formed much more cheaply and accurately thanLoss. Since there is an
abundance of evidence that the logical effort approach approximates
delay (and delay variations) well, we expect the control variates ap-
proach to further reduce variance.

D. Proposed Experiments

To evaluate the degree to which each variance reduction technique
improves the accuracy of the yield estimate and amount of computa-
tion required by each, we propose a set of experiments. A small circuit
C is chosen andX, f (X) and the timing constraintTc are determined.
The following experiments are performed:
1. Conventional Monte Carlo runs:A very large number of samples
X1,X2, ...,XN are drawn fromf (X) and the timing yield is estimated.
Let us denote this estimator byYieldConv. N is chosen considering that
the variance ofYieldConv decreases by

√
N.

2. Generating low-variance estimators:For each technique described
in Section V, let us refer to the following process as “one pass of the
technique”: A set of sample assignmentsSVR

i to process parameters
are generated using the appropriate probability density function and
the value of the estimator,YieldVR

i , is computed using these samples.
The size of the setSVR

i is selected so that the number of circuit-level
timing simulations performed as a result is much smaller thanN. To
be able to evaluate the variance of the estimator obtained by this tech-
nique, we need to perform several passes and obtain a number of sam-
plesYieldVR

1 ,YieldVR
2 , ...,YieldVR

k of the estimator .
3. Comparison: Since the actual timing yield is very close to
YieldConv, the variance of the estimator can be computed assuming
thatYieldVR

1 ,YieldVR
2 , ...,YieldVR

k are the sample values of the estimator
andYieldConv is the mean. This variance is compared with the vari-
ance that would have been obtained if the same computation time was
dedicated to conventional Monte Carlo simulation.

VI. CONCLUSIONS

Performance variability due to statistical process variations and envi-
ronmental fluctuations is an important and difficult issue. Statistical
modeling, analysis and optimization of digital circuit timing is a chal-
lenging, and if a proper approach is not used, a possibly intractable
problem. In our opinion, statistical timing analysis techniques that
concentrate most of their effort on accurate manipulation of statistical
models are not the proper direction to take, because the statistical de-
lay models they use are necessarily approximate and therefore not ac-
ccurate enough for timing yield analysis and optimization under large
parameter variations. For statistical, robust design and optimization
purposes, we believe that methodologies and optimization techniques
that can produce intuitive and simple design guidelines will prevail.
For timing yield estimation accurate enough for sign-off purposes, we
conjecture that the only viable techniques are going to be appropri-
ately accelerated Monte Carlo methods, of which we propose several
in this paper.
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