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Abstract— We propose techniques for accurate and compu-
tationally viable estimation of timing yield using circuit-level
Monte Carlo simulation. Our techniques are based on well-known
variance reduction approaches from Monte Carlo simulation
literature. By adapting these techniques to the yield estimation
problem, one can reduce the number of Monte Carlo samples
required in order to estimate yield within a desired accuracy. As
a result, the same accuracy can be obtained with much fewer
circuit-level simulations. The variance reduction techniques we
use require a cheap approximation to circuit delay to guide the
choice of Monte Carlo samples. For this purpose, we use the
logical effort approximation to compute path delays.

Most yield estimation approaches require approximate gate
delay models and approximate methods for probability den-
sity function propagation. Monte Carlo estimation of timing
yield does not suffer from the inaccuracies involved in these
approximations but is generally considered to be too expensive
computationally. The use of variance reduction techniques has
the potential to make Monte Carlo simulation a computationally
viable as well as accurate method for yield estimation.

I. INTRODUCTION

We address the problem of estimating timing yield for a
circuit under process parameter variations. The techniques we
propose aim to improve the accuracy of the yield estimates
obtained from a given number of Monte Carlo simulations.
Alternatively, given a desired precision with which timing
yield needs to be estimated, the techniques reduce the number
of circuit-level Monte Carlo simulations required.

Our approach is based on the premise that given the
magnitude of process parameter variations and the non-linear
dependency of gate and circuit delay on these variations, the
only sufficiently reliable and accurate method for determining
circuit delay is detailed, circuit-level simulation. Yield estima-
tion techniques not based on Monte Carlo simulation operate
by propagating probability density functions across the circuit.
To make this process computationally feasible, they are forced
to use approximate gate delay models and delay propagation
methods that may be too inaccurate when process paramater
variations are large. In this case, accurate determination of
timing yield must have circuit simulation as its basis as well.
The techniques we propose facilitate judicious choice of a set
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of assignments to process parameters for which full-circuit
timing simulations will be performed. Spending computational
effort for improving this choice is well justified since full-
circuit timing simulations are expensive.

Let X denote an assignment to the process parameters and
let f(X) denote the value of the joint probability density func-
tion for this assignment1. In conventional Monte Carlo yield
estimation, a number of sample assignments X1, X2, ..., XN

are generated using the probability density function f(X).
The overall delay for each Xi is determined by performing
circuit-level timing simulation. An estimator for timing yield
is obtained by considering the fraction of samples for which
the timing constraint is satisfied.

Because of the computational cost of determining circuit
delay for each sample, the number of samples one has to
work with is limited. This adversely affects the accuracy of
the estimator – the estimator has large variance for small N
and decreases proportionally to

√
N . This is a weakness of the

conventional Monte Carlo method and has prevented it from
finding widespread use for yield estimation.

Numerous techniques for reducing the variance of the
estimator exist in Monte Carlo simulation literature (See [1],
[2] for example). In this study, we concentrate on two of them:
Importance sampling and the use of control variates. Approx-
imately speaking, importance sampling biases the choice of
samples from the process parameter space more towards areas
where the circuit delay violates the timing constraint. In the
latter technique, Monte Carlo simulation is used to estimate
the difference between actual yield and an approximation.

Both variance reduction techniques require an accurate but
inexpensive approximation to circuit yield. We use the logical
effort approach [3] for this purpose. As explained in more
detail in a companion paper submitted to this workshop [4],
using the logical effort approach, one can obtain an accurate
approximation to the circuit delay and yield.

The logical effort approximation can be used to facilitate
other techniques for variance reduction in Monte Carlo esti-
mation, e.g. stratified sampling [5]. The goals of this paper are
(i) to demonstrate the use of the logical effort approximation
in Monte Carlo variance reduction techniques, and (ii) to
propose Monte Carlo simulation in conjunction with variance

1Modeling process parameter variations and obtaining a corresponding
probability density function is not addressed in this paper



reduction methods as an accurate yet computationally viable
yield estimation approach.

Section II formalizes the yield estimation problem and gives
an overview of the Monte Carlo variance reduction techniques
referred to above: Importance sampling and the use of control
variates. Also in Section II, we propose a combination of these
two techniques that can potentially further reduces variance
for the yield estimation problem. In Section III, we formulate
the yield estimation problem as a definite integral and present
how we apply the variance reduction methods of Section II
to this problem by using the logical effort approximation. In
Section III-D we propose a set of experiments to test the
effectiveness and computational cost of our methods.

II. PRELIMINARIES

A. Definitions

A combinational circuit is an acyclic interconnection of
gates. In the following analyses, we focus on the variations
in delays induced by process parameter variations and assume
that the design parameters for the circuit are given by S and
fixed.

A path π in a circuit C is a sequence of gates
g0, g1, g2, ..., gn where g0’s inputs are primary inputs of the
circuit, gn’s output is a primary output of the circuit, and
each gi drives at least one of the inputs of gi+1. Given a
circuit and values for its process parameters, a path is said
to be critical if (i) it is sensitizable, and (ii) its delay is as
large as the delays of other sensitizable paths. A path π is
said to be statistically critical if it is a critical path of C for
some possible assignment to process parameters. We denote
by Πcrit the set of statistically critical paths. As explained
in [6], the set of paths Πcrit can be approximated accurately
by running a modest number of Monte Carlo simulations on
the full circuit and including in Πcrit any path that is critical
in any of the Monte Carlo runs. We then have the following
equation for the delay of a circuit

dC(S, X) = maxπ∈Πcrit dπ(S, X) (1)

where dC(S, X) is the delay of the circuit and dπ(S, X) is the
delay of path π when the process parameters are given by X .

B. Techniques for Accurate and Efficient Monte-Carlo Evalu-
ation of Integrals

The techniques described in this section involve the estima-
tion of the value of a definite, finite-dimensional integral of
the form

G =
∫

Ω

g(X)f(X)dX (2)

where Ω is a finite domain and f(X) is a probability
density function over X , i.e., f(X) ≥ 0 for all X and∫
Ω

f(X)dX = 1. For delay computation, X is a vector
variable that corresponds to the process parameters and f(X)
represents the probability density function of the process
parameters. If g(X) is chosen to be a function that evaluates

to 1 when the circuit delay is as desired and 0 otherwise, then
the value of the integral G is the circuit yield.

Monte Carlo estimation for the value of G is accomplished
by drawing a set of samples X1, X2, ..., Xn from f(X)
(analogous to picking values for the process parameters from
their respective probability distributions) and by letting the
estimator GN be given by the following expression

GN = (1/N)
N∑

i=1

g(Xi) (3)

The variance of GN decreases proportionally to
√

N . Sev-
eral techniques exist for improving the accuracy of Monte
Carlo evaluation of finite integrals. These techniques reduce
the number of Monte Carlo simulations required to estimate
the value of an integral accurately, i.e. with small variance.
In the following two subsections, we present an overview of
two of these techniques, importance sampling and correlation
methods for variance reduction based on the exposition in
[1]. In Section II-B.3, we propose a combination of these
techniques that is suitable for estimating timing yield.

1) Importance Sampling: Importance sampling improves
upon the straightforward approach above by drawing samples
for X from another distribution f̃ in order to reduce the
variance of the estimator GN . G is then written as

G =
∫

Ω

(
g(X)f(X)

f̃(X)

)
f̃(X)dX (4)

If X1, X2, ..., Xn are drawn from f̃ instead of f , the new
estimator G̃N is expressed as

G̃N = (1/N)
N∑

i=1

g(Xi)f(Xi)
f̃(Xi)

(5)

in order to compensate for the different biasing of input
samples induced by f̃ .

In addition to being a probability density function, f̃
must satisfy the requirement that, for every X0 for which
f(X0)g(X0) is non-zero, f̃(X0) must also be non-zero. This
is necessary for the integral in Equation 4 to be well defined.

The ideal choice of f̃ that minimizes the variance of the
estimator G̃N is

f̃ideal(X) =
g(X)f(X)

G
(6)

f̃ideal cannot realized in practice since the value of G is not
known a priori. In fact, if this were possible, one could obtain
a zero-variance estimator with only one sample! Instead, to
reduce the variance of the estimator G̃N , an f̃ “similar”
to (1/G)g(X)f(X) is used. Intuitively, this corresponds to
picking samples with larger likelihood where the integrand is
largest. One desirable property of such an f̃ is for g(Xi)f(Xi)

f̃(Xi)
to be bounded from above so that no one term in the summa-
tion in Equation 5 dominates the result.



2) Control Variates: In this approach, a function h(X) that
“correlates well” with g(X) is used. h must be so that the
integral

H =
∫

Ω

h(X)f(X)dX (7)

can be estimated with very low variance, e.g., is known
analytically, and ∆(X) =def g(X)− f(X) has much smaller
variance than g(X) itself.

Equation 2 is then written as

G =
∫

Ω

(g(X) − h(X))f(X)dX +
∫

Ω

h(X)f(X)dX(8)

=
∫

Ω

∆(X)f(X)dX +
∫

Ω

h(X)f(X)dX

The estimator for G becomes

Gcm = H +
1
N

N∑
i=1

∆(Xi)

where the samples Xi are drawn from f . The reason for the
variance reduction obtained is apparent in the equation above.
H can be estimated with 0 or very low variance. If g is very
close to f , then all ∆(Xi) values and thus the contribution to
the variance from the second term are very small. We use the
correlation technique by using the logical effort approximation
to devise a function that approximates circuit delay well

3) Combining the Two Techniques: One can apply the
importance sampling technique for variance reduction when
estimating the first term in the integral in Equation 9, rewritten
here as

G∆ =
∫

Ω

∆(X)f(X)dX (9)

The estimator for G∆ is given by

Ĝ =
1
N

N∑
i=1

∆(Xi) (10)

where the Xi are drawn from a probability density function f̂
that approximates

f̂ideal =
∆(X)f(X)

G∆
(11)

This combination of techniques results in further reduced
variance for the estimator for G.

III. YIELD ESTIMATION

The problem addressed in this section is formalized as
follows. A target delay Tc is given for the circuit. Given a
probability density function f(X) for the process parameters
and given that the design parameters are given by S, we
would like to compute the fraction of circuits that satisfy
dC(S, X) ≤ Tc.

A. Expressing Timing Yield as an Integral

For a given path π, let us define an “indicator variable”
Iπ(S, X) that evaluates to 1 if the delay along π does not
meet the timing constraint, i.e., dπ(S, X) > Tc. We define an
indicator variable I(S, X) for the entire circuit. I(S, X) = 1
if the circuit delay exceeds the target, i.e., dC(S, X) > Tc, 0
otherwise. We have

I(S, X) =
∨

π∈Πcrit

Iπ(S, X) (12)

Loss(S) = 1 − Yield(S) =
∫

I(S, X) f(X) dX (13)

Using this equation, we express the yield computation as
a definite integral of the form discussed in the previous
section. A straightforward application of Monte Carlo sim-
ulation to yield estimation would involve drawing samples
X1, X2, ..., Xn from the process parameter space according
to the probability density function f and using an estimator
as described in Equation 3.

B. The Logical Effort Approximation and Variance Reduction

As we will elaborate on later in this section, each of the
variance reduction methods discussed in Section II can be
made to benefit from the use of a function that approximates
the integrand g(X) well. For estimating timing yield, we make
use of the logical effort approximation to obtain a function
that approximates I(S, X) and has the mathematical properties
required by the variance reduction methods.

We define the indicator variable I LE(S, X) as follows. We
apply the method of logical effort to compute an approximate
delay for each path in Πcrit. We then determine whether any
of these approximate delays exceed Tc and assign ILE(S, X)
to 1 if this is the case, to 0 otherwise. In the following, we
describe how this computation is carried out at a given point
in the process parameter space given by X .

Given a gate g, the logical effort approximation to its delay
is given by the following equation.

dLE
g (S, X) = F(dref(X), LE(g, π, S)) (14)

Here dref(X) stands for reference inverter delay, i.e., the
delay of a minimum-size inverter if the process parameters
are given by X . LE(g, π, S) indicates the logical effort for
gate g computed as a function of the path π that g lies on
and the design parameters S. F is a function that computes
the delay for g as a function of the reference inverter and the
logical effort for g. A more detailed discussion of the logical
effort approach can be found in a companion paper submitted
to this workshop [4]. The power of logical effort is apparent
in Equation 14. The effects on g’s delay of process parameters
and design parameters are separated. As a result, in different
Monte Carlo evaluations, only the new dref(X) for the new
assignment to X needs to be re-evaluated.

To characterize dref(X), we run an extensive set of Monte
Carlo simulations on a single, minimum-size inverter and store
the results in a table. Observe that since this step is performed



on a single, minimum-size inverter, it is computationally
inexpensive. It is also unavoidable if we want to characterize
the dependence of delay on the process parameters.

ILE
π (S, X), the logical effort approximation to the delay of

a path π is obtained simply by adding the dLE
g (S, X) values

for all gates g on π and by comparing the total with T c. The
indicator variable I LE(S, X) is then given by

ILE(S, X) =
∨

π∈Πcrit

ILE
π (S, X) (15)

While applying the logical effort approximation to reduce
variance, we will find it useful to have a low-variance estimator
for the following integral

LossLE =def

∫
ILE(S, X) f(X) dX (16)

The value of this integral is an approximation to cir-
cuit timing loss given by the logical effort approximation.
We estimate LossLE by Monte Carlo simulations as well.
However, these Monte Carlo simulations (we will refer to
them as “block-level Monte Carlo simulations” from now on)
are not detailed, circuit-level simulations but more similar
to inexpensive static timing analysis runs as outlined next.
For each gate, we compute its approximate delay dLE

g (S, X)
using Equation 14 by performing a simple look-up to the
reference inverter delay table and by applying F . The circuit
delay computation, as outlined above, boils down to one
conventional static timing analysis run using dLE

g (S, X) for
each gate. The result obtained by this inexpensive computation
is denoted by dLE

C (S, X) which directly determines the value
of ILE(S, X). Because of the significantly reduced cost of each
such delay computation pass, one can use many more samples
from the process parameter space for the purpose of estimating
LossLE and in this way accomplish low variance.

In the rest of this section, we describe how we use the
logical effort approximation in each of the variance reduction
methods.

1) Importance Sampling and Logical Effort: To apply im-
portance sampling to the integral in Equation 13, we need a
function that approximates

I(S, X)f(X)
Loss(S)

(17)

The natural first guess is to use

f IS =
ILE(S, X)f(X)

LossLE(S)
(18)

As is required, this expression is a probability density
function. However, I LE(S, X) can be 0 where I(S, X)f(X) is
non-zero. To overcome this difficulty, we define the indicator
variable IMAR(S, X) as follows. IMAR(S, X) evaluates to 1
if dLE

C (S, X) ≥ (1 − ε)Tc . IMAR(S, X) adds a “safety
margin” parameterized by ε to I LE(S, X). By experimentally
determining a proper value of ε, I MAR(S, X) can be guaranteed
to be non-zero everywhere I(S, X)f(X) is non-zero. We then
draw samples from the following probability density function.

f IM =
IMAR(S, X)f(X)

GIM
(19)

where GIM =
∫

IMAR(S, X)f(X)dX and can be determined
during the same set of Monte Carlo simulations used for
determining ILE(S, X).

Roughly speaking, the effect of using f IM for importance
sampling is to avoid running full-circuit Monte Carlo simu-
lations where I(S, X) is guaranteed to be 0 and to increase
the likelihood of running full-circuit Monte Carlo simulations
where the value of I(S, X)f(X) is high.

2) Control Variates and Logical Effort: Following the ap-
proach in Section II-B.2, we express Equation 13 as

Loss(S) =
∫

(I(S, X) − ILE(S, X)) f(X) dX

+
∫

ILE(S, X) f(X) dX (20)

The second term is simply LossLE and can be estimated
inexpensively with low-variance as discussed earlier. Since the
block-level Monte Carlo evaluations performed for estimat-
ing ILE(S, X) are computationally much cheaper than full-
circuit Monte Carlo simulations, this approach has a distinct
advantage over straightforward Monte Carlo evaluation of the
Loss(S) integral. The first term is 0 in most of the X space
and a very large number of samples can be used for the
second term. In the control variates method, the first term
in Equation 20 is estimated using conventional Monte Carlo
simulation. The following section outlines a straightforward
extension of this technique by applying importance sampling
the this term.

3) Combining Control Variates and Importance Sampling:
Let us define I∆(S, X) = I(S, X) − ILE(S, X). We now
describe how we apply a combination of importance sampling
and correlation methods to obtain a reduced-variance estimator
for the first term in Equation 20, rewritten here as

G∆ =
∫

I∆(S, X) f(X) dX

We need to pick a probability distribution function f̃ to use
instead of f . f̃(X) must be non-zero everywhere the integrand
is non-zero and it is desirable that g(Xi)f(Xi)

f̃(Xi)
be bounded from

above.
Notice that I∆(S, X) is non-zero if, for given X ,

dLE
C (S, X) ≤ Tc while dC(S, X) > Tc or vice versa. Since

dLE
C (S, X) is known to be a good first-order approximation,

this is only possible if dLE
C (S, X) is close to Tc. This inspires

the use of a f̃ that has the non-zero value κf(X) if the
circuit delay computed using logical effort, dLE

C (S, X), is in
the interval [(1− ε)Tc, (1− δ)Tc] for fixed, small ε and δ and
f̃ = 0 otherwise. The value of ε, δ and κ must be chosen so
that

∫
f̃(X)dX = 1. The data required for the computation

of κ can be obtained from the set of Monte Carlo simulations
required for estimating I LE(S, X). The samples Xi from the
process parameter space for which logical effort delay for the
circuit was in the interval [(1− ε)Tc, (1− δ)Tc] are stored and
used for the Monte Carlo estimation of G∆.



Observe that, since g(Xi)f(Xi) is 1 or −1 when it is non-
zero, the choice of a fixed κ easily satisfies the requirement
that g(Xi)f(Xi)

f̃(Xi)
be bounded from above. Also note that this

choice of f̃ simply corresponds to an importance sampling
approach where we pick more samples X i from the subset
of the process parameter space that results in delay estimates
close to Tc.

C. Discussion

In essence, importance sampling provides a method for
eliminating circuit simulations where the process parameters
X make it uninteresting. The key benefit of the control variates
approach is also derived from the fact that the Monte Carlo
estimation of LossLE can be performed much more cheaply
and accurately than Loss. Since there is an abundance of
evidence that the logical effort approach approximates delay
(and delay variations) well, we expect the control variates
approach to further reduce variance.

Assuming that the process parameter variations are large
as projections indicate, we expect that yield estimation based
on circuit-level Monte Carlo simulations will have a signifi-
cant accuracy advantage over techniques based on propagat-
ing probability distribution functions across the circuit. The
adaptation of variance reduction techniques to Monte Carlo
estimation of yield has the potential to make this technique
computationally viable as well.

D. Proposed Experiments

To evaluate the degree to which each variance reduction
technique improves the accuracy of the yield estimate and
amount of computation required by each, we propose a set of
experiments. A circuit C is chosen and X , f(X) and the timing
constraint Tc are determined. C must be small enough to enable
a very large number of conventional Monte Carlo simulations
to be run. The following experiments are performed:

1) Conventional Monte Carlo runs: A very large number
of samples X1, X2, ..., XN are drawn from f(X) and
the timing yield is estimated. Let us denote by YieldConv

the estimator for yield obtained in this fashion. N is cho-
sen considering that the variance of YieldConv decreases
by

√
N .

2) Generating low-variance estimators: For each tech-
nique described in Section III, let us refer to the fol-
lowing process as “one pass of the technique”: A set
of sample assignments SVR

i to process parameters are
generated using the appropriate probability density func-
tion and the value of the estimator, YieldVR

i , is computed
using these samples. The size of the set SVR

i is selected
so that the number of circuit-level timing simulations
performed as a result is much smaller than N . To be
able to evaluate the variance of the estimator obtained
by this technique, we need to perform several passes and
obtain a number of samples YieldVR

1 , YieldVR
2 , ..., YieldVR

k

of the estimator .
3) Comparison: Since the actual timing yield is very

close to YieldConv, the variance of the estimator can be

computed assuming that YieldVR
1 , YieldVR

2 , ..., YieldVR
k are

the sample values of the estimator and YieldConv is the
mean. This variance is compared with the variance that
would have been obtained if the same computation time
was dedicated to conventional Monte Carlo simulation.

IV. CONCLUSION

Given the non-linear dependency of gate and circuit delay
on semiconductor process parameters and given that large
relative variations are expected in these parameters in the
near future, we believe that yield estimation techniques based
on probability density function propagation have a significant
weakness. To make the manipulation of probability density
functions, these methods have to resort to approximations that
may be hard to justify in the presence of large parameter
variations.

Under these circumstances, we believe that accurate pre-
diction of timing yield must be based on detailed circuit-
level simulation. In this paper, we proposed methods for
applying Monte Carlo variance reduction techniques to the
yield estimation problem. The logical effort approximation to
delay is a key building block in the methods proposed. We
believe that with the use of these or similar methods, Monte
Carlo estimation of yield can be computationally viable in
addition to being accurate and may become the predominant
method for estimating timing yield.
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