Stochastic L ogical Effort:
Designing for Timing Yield on the Back of an Envelope

Alper Demir

aldemir@ku.edu.tr

Serdar Tasiran

stasiran@ku.edu.tr

Center for Advanced Design Technologies
Department of Electrical & Electronics Engineering
Department of Computer Engineering
Koc University, Istanbul, Turkey

Abstract— As we move into the nano era in integrated circuit fabrication tech-
nologies, the performance variability due to statistical process variations and envi-
ronmental fluctuations is becoming more and more significant. Considerable effort
has been expended in the EDA community during the past several years in trying
to cope with the so-called statistical timing problem. However, most of this effort
has been aimed at generalizing the static timing analyzers to the statistical case in an
EDA tool centric manner. In this paper, we take a pragmatic, design centric approach
in pursuit of a simple yet powerful stochastic gate delay model that can be used to
develop a very efficient timing yield estimation methodology, and that can enable
tractable timing yield optimization and eventually lead to simple yet meaningful and
useful design guidelines. In doing so, we first develop a generalization of the logical
effort delay model for the stochastic case. In the spirit of the standard logical effort
formalism, the stochastic gate delay model we propose separates the characterization
of statistical variability from the gate topology, type, size and loading information.
We then demonstrate why and how the simple stochastic gate delay model that fea-
tures this separation of concerns can be used as a very powerful tool in timing yield
estimation and yield optimization. We develop an extremely efficient and simple
methodology for optimal gate sizing in order to maximize the timing yield of a path.
Using this methodology, we analyze several cases of practical importance and arrive
at meaningful and practical conclusions on optimal gate sizing. When only inter-die
variations are considered, we show that the sizing that minimizes the nominal path
delay also maximizes the path timing yield. However, we also show that this does not
hold in general, especially when local, intra-die statistical variations are significant.
The simple stochastic gate delay model proposed in this paper can be effectively used
to guide the generation and selection of sample points in the parameter/probability
space in a transistor-level simulation based Monte Carlo method for timing yield esti-
mation. We discuss in a companion paper how transistor-level Monte Carlo analysis
can be accelerated using novel importance sampling and other variance reduction
techniques.

Keywords— logical effort, statistical variations, timing yield estimation and opti-
mization, inter and intra-die variations, statistical timing analysis.

I. INTRODUCTION

The method of logical effort by Sutherland et. al. [1], as the authors
describe it, “is a way of thinking about delay” in digital circuits. It is
an insightful and pragmatic methodology for quickly maximizing the
speed of a circuit. In this paper, we develop and use the stochastic
logical effort formalism

« to generalize the results of the deterministic logical effort formal-
ism [1] to the case with statistical parameters,

« for tractable and “back of the envelope” optimization of path timing
yield (as opposed to nominal path delay) in the spirit of the standard
logical effort technique,

« for approximate but very fast and efficient timing yield estimation,
« to guide the generation/selection of sample points in the param-
eter/probability space in a transistor-level simulation based Monte
Carlo method for timing yield estimation.

In this paper, we are advocating a simple and analytical strategy for
statistical gate sizing that is founded on the stochastic logical effort
formalism, as opposed to a fully numerical statistical gate sizing tool
with (incremental) statistical timing analysis in the loop. Such a tool
may be able to obtain “more optimal” results because it can use a more
accurate stochastic gate delay model and a more accurate methodol-
ogy for estimating timing yield. However, we believe that the greatest
value of our approach, like the original logical effort formalism, lies in
the insight it provides. Moreover, fully numerical optimization tech-
niques with a statistical timing analyzer in the loop “are prone to get
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stuck in local optima and are unlikely to produce meaningful results
unless the user knows approximately what results to expect”, an ob-
servation originally made by Sutherland et.al. in [1] for the optimal
deterministic sizing tools with a static timing analyzer in the loop.
The statistical gate sizing problem is a much more difficult (stochas-
tic) nonlinear programming problem when compared with the deter-
ministic gate sizing problem, which is already difficult. Thus, when
applied to real designs, fully numerical optimization strategies with
statistical timing analysis in the loop may face many difficulties and
may fall into pitfalls. We believe that only simple models like the one
we are proposing and simple heuristics like the one proposed recently
by Boyd and Horowitz in [2] have the potential to become practically
useful and also make sense in the statistical timing analysis and opti-
mization arena. Here, we are advocating a simple methodology that
can produce simple and practical guidelines and, most importantly,
insight, as opposed to a methodology which proposes accurate and
sophisticated manipulation of inaccurate statistical models with non-
linear delay functions and non-Gaussian parameters that come from
nowhere.

The stochastic logical effort model and the timing yield estimation
and optimization methodology we develop in this paper are inher-
ently path-based, because they are founded on the standard logical
effort formalism [1]. We again cite an observation originally made by
Sutherland et.al. in [1]: “Synthesis tools make some effort to explore
topologies, but still can not match experienced designers on critical
paths.” We believe that a simple, effective and working path-based
timing yield estimation and optimization methodology will be prac-
tically much more relevant and useful compared with a complicated,
inefficient and possibly non-intuitive block-based approach that re-
lies on unwieldy non-linear, non-Gaussian models that are postulated
without much justification.

Fast timing yield estimation based on the statistical logical effort
formalism will become the key enabler in an accurate computation
of timing yield via a transistor-level simulation based Monte Carlo
method [3] that is made extremely efficient through the use of novel
importance sampling and other variance reduction techniques, as ex-
plained in a companion paper [4].

In Section Il below, we describe the stochastic gate delay model.
Then, we use this model in Section Ill for path timing yield opti-
mization in two cases of practical interest, first with only inter-die
variations and then in the presence of both inter-die and intra-die vari-
ations. In Section 1V, we provide an outline for how one can use the
simple stochastic gate delay model proposed in the paper to guide the
generation and selection of sample points in the parameter/probability
space in a transistor-level simulation based Monte Carlo method for
timing yield estimation.

Il. STOCHASTIC GATE DELAY MODEL
WITH SEPARATION OF CONCERNS

We model the delay of a logic gate using the logical effort formal-
ism [1]

daps=T1d Q)
where dgps is the absolute delay of a gate measured in seconds, T is the
delay of a reference inverter (with no parasitic capacitance) driving

another inverter, and d is the delay of the logic gate expressed in units
of 1.

A. Capturing statistical variations with a stochastic delay unit

In the logical effort formalism [1], all delays are expressed in terms
of T in order to isolate the effects of the particular integrated circuit



fabrication process. Thus, T serves as the delay unit that character-
izes a given process and its value depends on the process parame-
ters, power supply voltage and temperature. With a simple transistor
model, one could derive an analytical expression for T, expressed in
terms of transistor lengths and widths, gate oxide thickness, carrier
mobilities and some other process parameters. Alternatively, one can
extract the value of T from suitable test circuits by simulating them in
a circuit simulator with a detailed, full transistor model, as discussed
in [1]. In the standard logical effort formalism [1], the statistical vari-
ations of process and circuit parameters are not considered. Hence,
for a given integrated circuit fabrication process, and for given envi-
romental conditions (i.e., power supply voltage and temperature), T is
characterized/extracted as a single number expressed in picoseconds.
In our case, we use T to capture and isolate the effects of process,
circuit and enviromental parameters that exhibit statistical variations.
Thus, T is not a single number, but it is a probability distribution. We
propose three alternative techniques for the stochastic characterization
of T:

« One can derive a simplified analytical expression that relates T to
the circuit, process and enviromental parameters that exhibit statisti-
cal variations, as mentioned above. This analytical expression in con-
junction with a multi-dimensional probability distribution that char-
acterizes the basic statistical parameters can be used to compute the
probability distribution of 1. This can be done using a simple and effi-
cient Monte Carlo technique, by sampling the joint distribution of the
statistical parameters and by computing the corresponding value of t
by simply evaluating the analytical expression, followed by a compi-
lation of a histogram. Even the simplest analytical expression for 1
will have nonlinear dependence on the statistical parameters. Thus,
even if the statistical parameters are jointly Gaussian, the probability
distribution of T will not be Gaussian.

« Instead of using an analytical expression as above, one can use a
suitable test circuit and a circuit simulator to relate T to the statisti-
cal parameters. One can then again use a Monte Carlo technique to
compute the probability distribution of t. This characterization will
be computationally more expensive than the one above, because the
test circuit will need to be simulated many times in a circuit simula-
tor. However, the size of the circuit will be very small, essentially a
CMOS inverter loaded by several others. Moreover, this Monte Carlo
stochastic characterization for T will be performed only once and the
results will be used many times later when estimating timing yield for
a much larger logic circuit composed of inverters and other complex
gates. One can also envision that the complex, nonlinear relation-
ship that relates T to the statistical parameters can be represented by a
multi-dimensional table or by building a response surface model using
the Monte Carlo samples obtained with the circuit simulator.

« Alternatively, one can use fabricated test structures and physically
measure T and characterize its probability distribution.

In the standard logical effort formalism, T is characterized as a single
number, using a single inverter which serves as the process reference
for all of the logic gates on a single die (chip) or functional unit. When
we consider statistical parameters which exhibit only inter-die varia-
tions, a single inverter can still serve as the statistical process refer-
ence for all of the logic gates on a chip. With only inter-die variations,
statistical parameters on the chip at all locations are perfectly corre-
lated. Using the stochastic characterization of t for the same reference
inverter for all of the logic gates on the die captures this perfect statis-
tical correlation among gates. When we also consider intra-die vari-
ations, statistical variations of gates are not perfectly correlated any
more. In this case, we introduce an additional gate/location-dependent
component T, and re-express (1) as follows

dabS:(T-l-Tr)d (2

T above captures the effects of perfectly correlated inter-die statistical
variations for the gates that reside on the same die. T1,’s for differ-
ent r can be considered as either uncorrelated or partially correlated
and they represent the effect of intra-die statistical variations. For two
gates r1 and rp that are in proximity with each other on the same die,
Tr, and Ty, may be partially correlated. If these gates are far away
from each other, then tr, and t,, may be considered uncorrelated. The
partial correlation among T,’s may be best represented by expressing
them in terms of other (abstract) random quantities which are inde-
pendent. This can be accomplished through some sort of (nonlinear)
principal or independent component analysis [5]. This is trivial in the
case when 1;’s are jointly Gaussian. Even though it is not as straight-
forward, there exist techniques that work in the case when 1;’s are

not jointly Gaussian. We would like to also note that the nominal,
mean delay of the reference inverter, as well as the effect of inter-die
variations, are captured by T in (2), and T, is an additional, small cor-
rection term accounting for the effect of intra-die variations. Thus,
Tr is most likely, but not necessarily, zero mean. Moreover, a Gaus-
sian model for T, may not be too far off. Even when 1 and hence
the total delay T+ T/ is far from Gaussian, it may be good enough to
model T, as a Gaussian random quantity. Since T captures the effects
of inter-die variations, its probabilistic properties such as its mean and
standard deviations can be considered as gate and gate location inde-
pendent. On the other hand, we use T, to capture the effect of local
intra-die variations. As first observed and proposed by Pelgrom in [6],
the statistical (squared) variation (i.e., variance) in a statistical param-
eter (threshold voltage, channel length, delay) of an entity (transistor,
gate, cell, block, etc.) is inversely proportional to the total area it oc-
cupies. Hence, the probabilistic properties for T, can be modeled as
gate and location dependent to capture this basic fact regarding local,
intra-die variations.

B. Statistical (in)variability of logical effort

We now concentrate on the other factor d in (2) that models gate delay.
In the logical effort formalism, d is expressed as

d=(p+gh) (3)

where p represents the intrinsic (parasitic) delay, g is the logical effort,
and h is the electrical effort or electrical fanout. Logical effort g for
a logic gate is defined as the (unitless) ratio of its input capacitance
to that of an inverter that delivers the same output current. Logical
effort g is a measure of the complexity of the gate, it depends only on
its topoplogy and it is independent of the size and the loading of the
gate. Parasitic delay p expresses the intrinsic delay of the gate due
to its own internal parasitic capacitance, and it is largely independent
of the sizes of the transistors in the gate. Parasitic delay p is also a
unitless quantity, it is expressed in units of T. The electrical effort h is
the ratio of the load capacitance of the logic gate to the capacitance of
a particular input [1].

Ideally, the logical effort g and the unitless parasitic delay p of a
gate would be independent of process and environment parameters,
and depend only on the topology of the gate. In reality, the logical ef-
fort g and the parasitic delay p vary slightly with process parameters
and operating conditions. Sutherland et. al in [1] study the process and
operating condition sensitivity of g and p for NAND and NOR gates
with 2, 3 and 4 inputs. They compute g and p for processes ranging
from a 2.0p process to a 0.35 one and power supply voltages rang-
ing from 5.0 volts to 2.5 volts. Their results indicate that, over such
a wide range of processes and power supply voltages, logical effort g
shows a variation around £10% around the mean [1, Table 5.4]. For
parasitic delay p, the variation is around £15% around the mean [1,
Table 5.5]. Sutherland et. al in [1] also study the process and operating
condition variability of T for the same range of processes and power
supply voltages mentioned above. Their results show that T ranges
from approximately 25 psecs to 160 psecs, more than a factor of 6
variation. As seen here, almost all of the process and environmental
variability shows up in T in (1) and the logical effort g and the unit-
less parasitic delay p exhibit relatively much less variation even with
a wide range of processes and power supply voltages. The kind of
process and enviromental variability we consider in this work is quite
different from the setting studied by Sutherland et. al in [1]. The kind
of variability considered by them spans across fabrication processes
from a 2.0y process all the way to a 0.35p process, and power supply
voltages from 5.0 volts to 2.5 volts. In our case, we concentrate on a
single fabrication process and a fixed nominal power supply voltage,
and we consider small statistical variations in some parameters of the
fabrication process, such as channel length and oxide thickness. We
therefore do not expect the kind of variation mentioned above in, for
instance, the reference inverter delay t. We expect at most a +35%
variability in T and proportionally much less variation in the logical ef-
fort g and the parasitic delay p. Given the setting and the evidence, one
can argue that almost all of the statistical variability will show up in T
in (1) and the unitless factor d in (3) will exhibit practically insignifi-
cant statistical variability. Thus, we will assume that d is independent
of the statistically varying process parameters and the enviromental
conditions.

C. Justifications for and implications of
the statistical invariability of logical effort

Rabaey et. al in [7] report results that are in support of our claim of
the statistical invariability of logical effort. They state that “Electri-



cal and logic effort do not contribute to the delay distribution”. Their
observation is inspired and supported by the results they present on
the yields of an inverter chain, a NAND chain and a 4-bit adder cir-
cuit. The yields they compute for these circuits with Monte Carlo
SPICE simulations show little sensitivity to the type and the topology
of the circuit. They also state that this will no longer be true if statis-
tical variations in different gates are not perfectly correlated, i.e., with
strong intra-die variations. However, they do not present any results
in support of this second statement. Next, we demonstrate how the
generalized stochastic gate delay model in (2) can be used to explain
the reason behind both of the above observations in the light of the
discussion we presented in the previous section.

Let us consider a path T= {g1,g2, - ,gr) With R gates with g as
the rth gate on the path. When only inter-die variations are present,
we have T, = 0 in (2), and hence the total delay for the path can be
expressed as follows

R R
Dh=T Zdr:r Z(pr+grhr):rD” 4)
r=1 r=1

which is the product of the two terms, T that captures all statistical
variation, and a unitless, deterministic, fixed number D™ that quanti-
fies the total complexity of the logic gates on the path. Rabaey et. al
in [7] define yield using

YT=p (DL < 1.1E[DL) )

where P (-) is the probability measure and E [-] is the expectation op-
erator. We would like to draw the attention of the reader to the fact that
the delay cut-off value (i.e., delay specification) in the yield definition
above is expressed relative to the nominal delay E [D;‘bs], not as an
absolute value. If the probability density function (PDF) of T is p¢(n)
defined for 0 < n < +oo, then the PDF of D]} _ in (4) is given by

pom (1) = o e () ©)

because D™ is simply a deterministic constant. Hence, we can com-
pute yield Y ™ as follows

11E[DR] 1 n
Y”=/O 5P (5w ) dn 7)

where the nominal delay E [ngs} can be computed using

e n
B3I = ) prPe(r)on

_pr [ ®)
=D /0 upr(uydu
=D"E[1]

If we substitute the above in (7) and make a change of integration
variable using u = %, we obtain

L1E[T]
Y= /0 pe(u) du ©

We observe that the yield expression above is independent of D™ and
depends only on the PDF and the mean of t. Thus, with only inter-die
variations considered, the yield of a path defined as in (5) is indepen-
dent of D™and hence the types, topologies, sizes and the loading of the
logic gates on the path. We arrived at this result due to the following
two reasons:

« The cut-off delay in the yield definition in (5) is chosen in relative
(as a multiple of) to the mean, i.e., nominal, delay.
« The total path delay in (4) can be expressed as the product of a
deterministic constant D™ and a random variable T.

If we also consider partially uncorrelated intra-die variations, the path
delay expression in (4) turns into

R
Dlbs = z (T+1)dr
r=1
R R
:Tr;(pr+grhr)+r;Tr (pr+orhr) (10)

R

=1D"+ Z Tr (pr+0arhr)
r=1

In this case, we can not express the delay above as the product of a
random variable and a deterministic constant, but it can be expressed
as a linear combination of random variables. In this case, with a little
bit of tinkering, one can conclude that the yield can not be independent
of dr = pr +grhr in general. Thus, the yield as defined in (5), in
general, depends on the types, topologies, sizes and the loading of the
logic gates on the path. To put it more precisely, one can state the
following theorem:

Theorem 11.1: If Z = K_; ax X« is a random variable formed as a
linear combination of random variables Xy, k = 1...K with determin-
istic constants ay,k =1...K, then P (Z < o E [Z]) for some determin-
istic constant a is independent of a’sifand only ifa; =a, = --- = ak.

Hence, in general, P (DL < 1.1E [DL ]) in (5) depends on d; =
pr 4 0r hr with DT} expressed as a linear combination of the random
variables T and 1;’s as in (10). However, based on the theorem above
we can conclude the following:

Corollary 11.1: If inter-die variations are ignored, i.e. if 1= 0, and
if all of the gates on the path are identical, i.e. ifd; =dy =--- =dR,
then the yield defined by (5) is independent of d;, i.e., the type of
the gate in the path. In this case, the yield of an inverter chain and a
NAND chain will be the same.

As demonstrated above, the simple, analytical, stochastic model we
developed for gate delay is very powerful. Using this model, we can
not only explain observations made by other authors in the literature,
but also analyze and understand new situations.

D. Summary

We model the delay of a gate, by generalizing the logical effort for-
malism [1] to the statistical case, using the following equation

Oaps = (T+ 1) d=(t+71)d = (1+71) (p+gh) (11)
where T is a random variable that serves as a stochastic delay unit. T
characterizes a given fabrication process and its distribution depends
on the statistical variability of the process parameters and the enviro-
mental conditions such as the power supply voltage and temperature.
T captures the effect of inter-die process variations. The same T is
shared by all of the gates on a die. Hence, T captures the perfectly
correlated portion of the statistical variations, including the nominal
delay. T, above is also a random variable, a zero-mean correction term
accounting for intra-die process variability that is not fully but par-
tially correlated (or uncorrelated) among the gates on the same die.
d = p+gh above is a unitless and most importantly a deterministic
quantity. The information about the topology and the type of the gate,
and also its size and load, is captured by d. The random variables 1
and T, above are largely independent of the gate type, topology, size
and loading, whereas the deterministic quantity d = p+gh is inde-
pendent of the statistically varying process parameters. Thus, we have
a gate delay model with separation of concerns. The two concerns
here are

« Statistical variations in gate delay.
« Gate type, topology, sizing and loading.

While statistical variations are captured by gate independent but pro-
cess dependent T and Ty, the gate type, topology, sizing and loading
information is captured by d = p+ gh which does not exhibit sta-
tistical variations. With the stochastic gate delay model in (11), we
elevate the logical effort formalism from the deterministic, nominal
case to the statistical one. Next in Section Ill, we use the gate delay
model in (11) in generalizing some of the results of the logical effort
formalism, from the setting of the minimization of nominal path delay
to the maximization of path timing yield.

I11. TIMING YIELD OPTIMIZATION

We now consider the optimization of the delay (deterministic case)
and the timing yield (stochastic case) of a path using the logical ef-
fort formalism and the stochastic gate delay model we developed in
Section Il. We proceed as follows:

« Section I11-A: We review the mechanics and the conclusions of the
deterministic minimization of path delay using the standard logical
effort formalism. This serves as a reference for the stochastic cases
we consider next.

« Section I11-B: We consider the maximization of the timing yield of
a path when only inter-die statistical variations are present.



« Section I11-C: We consider the maximization of the timing yield of
a path with both inter-die and intra-die statistical variations.

A. Deterministic path delay minimization

We consider a path 1= (g1,g2,...,gr) With R gates with g as the
rth gate on the path. The total delay of the path can be expressed as

follows
R R
ngsz'[ z dr=t z (pr+grhr
r=1 r=1

We do not consider statistical variations in this case. Hence, T is a
fixed constant. hy above is the electrical effort of the rth gate g, on
the path. It is the ratio of the load capacitance of g; to the capacitance
of a particular input. h, essentially combines the size information for
a gate with the information on the load it is driving. The load of gate
gr is essentially the input capacitance of gate gyy1. In path delay
minimization, a constraint H on the ratio of the capacitance at the
termination of the path to the input capacitance of the first gate on the
path must be specified. This ratio H is called the path electrical effort
and is essentially equal to the multiplication of the electrical efforts of
all of the gates in the path

R
H=hihy---hg=[]hr
n

Path delay minimization without a constraint on the path electrical
effort is not meaningful. For instance, if only the capacitance at the
termination of the path is specified, then one can increase the sizes of
the gates in the path to the point where the delay due to the output load
capacitance becomes negligible. However, if the sizes of the gates in
the path are made very large, then the delay of some other logic circuit
driving the first gate on this path will increase considerably. As such,
it is not meaningful to specify only the load capacitance that the path
needs to drive. A specification on the ratio of the termination load
capacitance to the input capacitance of the first gate is more proper
and required.

Given the constraint on the path electrical effort above, the infor-
mation captured by the electrical efforts is essentially equivalent to
the sizing information for the gates. Given the electrical efforts for the
gates and the specification on the path electrical effort, one can easily
compute the sizes of the transistors in the gates of the path [1]. In min-
imizing path delay, we choose the electrical efforts of the gates, i.e.,
hy,ha, ... hR, as the optimization variables. The optimization prob-
lem can then be formulated as follows:

(12)

(13)

Py

minimize D=1 3 (pr+grhr)
- (14)
subject to

R
he = H
Ik

We proceed with the solution of this problem using the method of La-
grange multipliers. The first-order necessary conditions for optimality
can be written as

R R
6?1 [ Z(pr+9r )+A |_|hr:| =TOk+A |‘|hr_o
r=1

r;ék (15)
k=1,2,...,R
We multiply both sides of the equations above with hy
R
Tgkhk+A ﬂhr:o k=1,2,...,R (16)
and use the constraint in (13) to obtain
Tgkhk+AH =0 k=1,2,...,R 17)
Using the above, we can write
AH
9ih1=gohz=---=0rhr=—— (18)

which gives us the main conclusion on the solution of the deterministic
path delay minimization problem:

The path delay is minimized when the product of the logical effort g,
and the electrical effort h, is the same for each logic stage on the path.

In the terminology of the logical effort formalism, the product of the
logical effort and the electrical effort for a gate is called its effort delay
or stage effort. Thus, to minimize the path delay, the stage effort for
all of the gates on the path should be made equal to each other.

B. Timing yield maximization with inter-die variations

We now consider inter-die statistical variations only, i.e., the statistical
variation of delay is perfectly correlated in all of the gates on the path.
In this case, we use (11) with T, = 0 in order to null out the intra-die
variations. The total delay of the path can be expressed as follows

R R
as=T Y dr =15 (pr+0rhr)
r=1 r=1

where T is a random variable, shared by all of the gates. We assume
that the PDF of 1 is given by p:(n) defined for 0 < n < 4o, not nec-
essarily a Gaussian PDF. Please note that, except for T, all of the other
quantities in (19) are deterministic. We use the following definition
for the path timing yield

(19)

YT'="P (D], <Tc) (20)
where T¢ is specified as the cut-off delay. In the presence of statistical
variations, we formulate a stochastic optimization problem to max-
imize the path timing yield (as opposed to minimizing the nominal
delay):

maximize Y™ = (pr+0orhr) < Tc)

M=

r
R
subject to hr =H
I
(21)

The path timing yield above can be expressed in terms of the PDF
pr(n) of T as follows
n

Y"—/TC : p (
0 Z,R:l(pr‘Fgrhr) ' Zle(pr-i-grhr

because the PDF of a T is given by 2 p; (2 ) when o is a deterministic
constant. With a change of the integration variable using

n

)) )

= (23)
Y (pr+arhr)
the above integral turns into
S
yT— /OZrzl(Pnghr) pT(U) du (24)

With the above expression for yield, we can rewrite the optimization
formulation in (21) as follows

Tc
maximize Y”:/X'Rﬂ(pr*grhr) pr(u) du
0
R (25)
subject to |‘!hr =H
r=
We proceed with the solution of the above problem again using the

method of Lagrange multipliers. The first-order necessary conditions
for optimality can be written as

i /Zr 10 Dr+grhr) dU—l—)\ h
ahy (26)
for k=1,2,...,R
and then
_ Ok Te S ( Te > rllhr -0
[25:1 (pr+or hr)} Zr 1(Pr+0rhr) Ir_ 27)
for k=1,2,...,R
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hr) \/ZrR=10|2(pr+gr hr)?

d¢ | dn
\/Zr 10r Pr+0r r)

We multiply both sides of the equations above with hy, use the con-
straint in (13) and re-arrange the terms to obtain

H [ZR(pr+arhr)] 2

grRhrR= ——
T Tc
¢ P ( Sres (Pt hr))

gih1=gohp=---= (28)

The examination of the equation above takes us to the final conclusion:

The path timing yield is maximized when the product of the logical
effort g, and the electrical effort hy, i.e. the stage effort or the effort
delay, is the same for each logic stage/gate in the path.

This conclusion is exactly the same conclusion we arrived at in Sec-
tion 111-A, when we considered the deterministic problem, i.e., the
minimization of nominal path delay.

C. Timing yield maximization with inter-die and intra-die variations

We now consider both inter-die and intra-die statistical variations, and
use the full stochastic gate delay model in (11). In this case, from (10),
the total path delay can be expressed as follows

R
Dlbs = z (T+1r)dr
r=1

R
(pr+9r hr)+ ZTr(prJrgrhr)
r=1

H
IIM;U

(29)

r
=1D"+ Z T (pr+grhr)
r=1
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where
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(30)
T above is a random variable, shared by all of the gates. We assume
that the PDF of 1 (for the inter-die statistical variations and the nom-
inal behavior) is given by pr(n) defined for 0 < n < +oo, not nec-
essarily a Gaussian PDF. t1,’s (represent corrections for the intra-die
statistical variations) above are uncorrelated with each other and also
with T. We also assume that T,’s are zero mean Gaussian random vari-
ables with variance 0,2. Thus, ngsmter is a random variable with

R
ab31nter z Pr+0rh r ) Dab31ntra

PDF
1 n
por_(nN)= p ( ) (31)
simser U T SR (pr+grhy) A SRy (pr+0rhr)
and DIt is also a Gaussian® random variable with zero mean

absintra
and variance equal to

(32)

and hence with a PDF
por,...(N)=
n (33)
\/ZrR=10r2(pr+gr hr)? \/ZrR=10r2(pr+gr he)?

where pN(O’l)(n) is the PDF of a Gaussian random variable with zero
mean and unity variance. The PDF of the total delay in (29) is then

PNn(o,1)

LEven if 1 ’s are not Gaussian, ngsi““ may still be approximated with a Gaussian random variable
based on the Central Limit Theorem, because it is the linear combination of several tr’s.

given as the convolution (denoted by x) of PDL....
(n) in (33) above

(n) in (31) and

U
pDabsintra

por,.(N) =Por,,....(N) * por, . (N) (34)
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because DT, . and Dy, . are independent. The path timing
yield, as defined §n (20), can be expressed as in (LE1) at the top of the
page. Unfortunately, we can not put the expression for yield in (LE1)
in a simpler form, because we have assumed a general PDF p(n) for
T. It is then very unlikely that we will be able to find an analytical
or semi-analytical solution to the yield maximization problem using
the method of Lagrange multiplies. We were able to solve the yield
maximization problem fully analytically in Section 111-B by assum-
ing a general PDF for 1. We now proceed with a simplification and
approximate the PDF of the reference inverter delay t (due to inter-
die variations) with a Gaussian PDF, and assume that the PDF of the
reference inverter delay T, due to intra-die variations can also be ap-
proximated with a Gaussian PDF. This simplification will enable us to
reach possibly sub-optimal but much more simpler and practical con-
clusions on yield maximization in the presence of both inter-die and
intra-die statistical variations. The more general yield expression in
(LEZ1) can be used for numerical yield maximization and for fast yield
estimation.

To proceed further, we assume that the PDF of p¢(n) of T is Gaus-

sian with mean L, and variance a2. In this case, Dlisinter PECOMES 2
Gaussian random variable with mean and variance

R
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The total path delay D7 .
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is then also Gaussian with mean and variance
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Then, the yield expression in (LE1) can be simplified as follows
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The path timing yield optimization problem can be formulated as fol-
lows

Y=
@7

UL =

uL

maximize Y“:/_oo Pn(o,2)(N) dn

R (38)

subject to hy =H
11

where UL given in (37) is a function of all of the optimization vari-
ables hq,hy, ..., hr. We proceed with the solution of the above prob-
lem again using the method of Lagrange multipliers. The first-order
necessary conditions for optimality can be written as

a[m (n)d )\Rh] 0 fork=1,2,...,R
pNO,l n)an+ rf= or K=1,2,...,
ohy |/ - ©.1) rl:!

(39)



and then

a[uL) R
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After we define
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we proceed further and obtain (LE2) at the top of the next page. By
noting that UL, NUL and DUL in (LE2) are k-independent, and after
an examination of the equations in (LE2) along with the constraint
equation in (13), we arrive at the following conclusion on the optimal
choice for the electrical efforts hq,ho, ..., hg: If

« 02=05=--=0% =02, i.e, the variance of the part of the ref-
erence mverter delay ue to intra-die variations is the same for all of
the gates on the path,

e P1=Pp2=---= PR, i.e, the normalized parasitic delays of the gates
in the path are equal to each other, which essentially means that we
have a chain of the same kind of gate in the path,

then the path timing yield is maximized when the product of the logical
effort g, and the electrical effort hy, i.e. the stage effort or the effort
delay, is the same for each logic stage/gate in the path.

In the general case when both inter-die and intra-die variations are
present, and when at least one of the two conditions above is vio-
lated, the optimal values for the electrical efforts h1,ho, ..., hgr can not
be chosen using the simple rule above, but they can be computed by
solving the nonlinear system of equations in (LE2) along with the con-
straint equation in (13). We have written a simple MAT LAB script for
the numerical solution of these equations using fsolve. We provide an
initial guess for fsolve by computing the electrical efforts hq, hy, ..., hr
so that the stage effort or the effort delay (product of g, and hy) is the
same for each logic stage/gate in the path. In all of the examples
we have tried, fsolve is able to find the optimal solution that satisfies
(LE2) and (13) in just a few iterations in a fraction of a second. In all
of these examples, the optimal solution was very close to the initial
guess and the difference between the optimal yield value and the yield
value at the initial guess was practically insignificant. This is due to
the fact that the optimization landscape is relatively flat, as discussed
in [1] and [2].

In the gate delay model we used so far, we assumed that the proba-
bilistic properties (i.e., mean, standard deviation and PDF) of T and T,
are gate or location independent. This is justified for T since it models
inter-die variations. However, as we discussed in Section I, the vari-
ance of 1, can typically be modeled to be inversely proportional to the
total area the gate occupies. We can easily incorporate this effect in
our model by expressing the variance of 1, as follows:

2
of=

NIt |_|q=1 hq

where NI, is the number of inputs for gate gy, o2 is the intra-die vari-
ation delay variance for a minimum sized inverter, and ﬂa;i hq is the

normalized (with the per input capacitance of the first gate in the path)
per input capacitance for gate gr. The effect of this variance model
can be easily incorporated in the first-order necessary conditions for
optimality in (LE2). We have modified our simple MATLAB script
mentioned above to include this variance model. The optimal values
for hq,ha, ... hgr can still be computed in a fraction of a second, in a
few iterations. With this new variance model for intra-die variations,
the optimal values for hq,hy,... hgr come out in such a way that the
differences between the stage efforts (product of g, and hy) of different
stages are not insignificant anymore. When the path delay PDF with
equalized stage efforts is compared with the (stochastically) optimal
stage efforts that come from the solution of the stochastic optimization
problem, one observes that the (stochastically optimal) mean path de-
lay is larger than the (deterministically optimal) mean path delay with
equalized stage efforts. However, the (stochastically) optimal stan-
dard deviation is smaller than the standard deviation with equalized
stage efforts, resulting in an overall larger yield. This behavior was
also observed by the authors in [2] with their block-based, heuristic
stochastic sizing technique. The very simple, almost back of the en-
velope, timing yield estimation and optimization methodology we are
proposing in this paper is able to produce the same behavior.

(42)

IV. FAST AND EFFICIENT TIMING YIELD ESTIMATION
AND IMPORTANT SAMPLE POINT GENERATION

We provide an outline here for how one can make use of the stochastic
logical effort model described in Section Il to guide the generation
and selection of sample points in the parameter/probability space in a
transistor-level simulation based Monte Carlo method for timing yield
estimation. One can also use it for very fast and efficient estimation of
the timing yield.

We first obtain stochastic characterizations for T (for inter-die vari-
ations) and t, (for intra-die variations). As explained in detail in
Section |1, these stochastic characterizations may be in the form of
a PDF, a table look-up or response surface model built from exten-
sive transistor-level Monte Carlo simulations or from measurements
of a simple test circuit where an inverter is loaded with several others.
This characterization needs to be done only once for every fabrica-
tion process. The table look-up or response surface model mentioned
above most likely expresses T and T, in terms of basic statistical pro-
cess parameters which are independent from each other (or made in-
dependent through some sort of principal or independent component
analysis [5]). The stochastic characterization for T, will include infor-
mation on how its stochastic characteristics such as its PDF or vari-
ance changes with location on the chip or gate size. This stochastic
characterization will possibly also include information on the corre-
lation between t,’s at different locations on the chip. Please recall
that the same T is shared by all of the gates on a particular die since it
represents inter-die variations. We then combine the stochastic char-
acterizations for T and 1, with the topology, type, size and loading
information for the gates on a collection of paths in a digital circuit.

Armed with the above, we can answer the following question in a
very efficient manner: Given a point in the probability space, i.e. an
assignment to the basic statistical process parameters, does the maxi-
mum of the delays of the paths exceed a specification on total delay?
To answer this question, we first use the stochastic characterizations
of T and 1,’s to compute their values for the given point in the prob-
ability space. We then compute the delays of all of the paths under
consideration using these value assignments for T and 1, and the logi-
cal effort model. We finally compute the maximum of the path delays
and compare it with the specification.

Being able to answer the question above in a very efficient manner
enables us to generate “important” sample points in the probability
space in a transistor-level Monte Carlo analysis for timing yield com-
putation accelerated through the use of novel importance sampling
techniques. The stochastic logical effort model is used here to test the
“importance” of the sample point before an expensive transistor-level
simulation is performed, as explained in more detail in [4].

One can accumulate the answers given to the above question at all
of the tested sample points generated in the probability space and use
them to compute a quick estimate for the timing yield of the collec-
tion of paths under consideration. Once an adequate number of “im
portant” sample points are generated, a transistor-level simulation is
performed at every one of them to obtain a much more accurate esti-
mate of the timing yield.

V. CONCLUSIONS

There is no doubt that the performance variability due to statistical
process variations and environmental fluctuations is an important and
very difficult to cope with issue that is posing a challenge to the IC
design and EDA community. Statistical modeling, analysis and op-
timization of digital circuit timing is a challenging, and if not ap-
proached wisely, a possibly intractable problem. It is practically al-
most impossible to gather detailed and accurate variability data and
develop precise statistical models for parameter and performance vari-
ability. We think that trying to develop statistical timing analysis tech-
niques that can very accurately manipulate grossly inaccurate statisti-
cal data and imprecise stochastic models is a futile effort. We believe
that only simple methodologies and optimization techniques that do
not rely on detailed and precise models of statistical variability and
that can produce simple design guidelines will prevail in the statisti-
cal, robust design arena. We also believe that the only meaningful and
practical techniques for accurate timing yield estimation are going to
be the appropriately accelerated Monte Carlo methods.
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