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Problem Motivation
Consider a simple finite dimensional linear system

ẋ(t) = Akx(t) , k ∈ {1, . . . , `}

A1, . . . , A` are known fixed matrices

Assume each fixed “candidate” system is stable, i.e., 
max real (eig(Ak)) < 0 , ∀ k

It is well known that this is not sufficient to guarantee asymptotic stability of the 
switched system. In other words, there may exist a switching sequence leading 
to an unstable system. 

There are dwell time based stability results: if the minimum time interval 
between consecutive switchings is longer than a certain dwell time, then 
the system is asymptotically stable. 

This paper deals with LPV systems with time delays in this context. 
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LPV Systems with Time Delays

Consider the following linear parameter varying time delay systems:

Σθ :

½
ẋ(t) = A(θ)x(t) + Ā(θ)x(t− τ(θ)) +B(θ)u(t), t ≥ 0
x0(ξ) = φ(ξ), ∀ξ ∈ [−τmax, 0]

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is control input, τ(θ) denotes
the parameter varying time-delay satisfying 0 < τ(θ) ≤ τmax. The LPV time
delay system Σθ depends on a parameter θ(t), where θ(t) ∈ R is assumed to be
continuously differentiable and θ ∈ Θ where Θ is a compact set.

We propose to construct a family of stabilizers designed at selected operating points

K := {Ki : i = 1, 2, ..., l}, where Ki is a state feedback controller designed for
θ = θi, which robustly stabilizes the LPV time delay systems for

θi ∈ Θi := [θ−i , θ+i ], Θ ⊆
l[

i=1

Θi.
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Switched feedback system:

The switched feedback system satisfy

Σq :

½
ẋ(t) = Acq(t)(θ)x(t) + Ā(θ)x(t− τ(θ)), t ≥ 0
x0(ξ) = φ(ξ), ∀ξ ∈ [−τmax, 0]

where q(t) is a piecewise switching signal taking values on the set F := {1, 2, ..., `},
i.e. q(t) = kj , kj ∈ F , for ∀t ∈ [tj , tj+1), where tj , j ∈ Z+ ∪ {0}, is the jth
switching time instant. We also assume u(t) = Kkjx(t) for θ ∈ Θkj .
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Feedback system with uncertainty:

t ∈ [tj , tj+1)In we define τkj (θ) := τ(θ), for θ ∈ Θkj

Σkj :

½
ẋ(t) = (Ackj +∆A

c
kj
(θ))x(t) + (Ākj +∆Ā(θ))x(t− τkj(θ)), t ∈ [tj , tj+1)

xtj(ξ) = φj(ξ), ∀ξ ∈ [−τ̄kj , 0],

φj(ξ) =

½
x(tj + ξ) −τ̄kj ≤ ξ < 0
limh→0− x(tj + h), ξ = 0

0 < τ̄kj := max τkj (θ), for θ ∈ Θkj ,

A(θ) = Akj +∆A(θ), where ∆A(θ) := DkjFkj (θ)Ekj ,

Ā(θ) = Ākj +∆Ā(θ), where ∆Ā(θ) := D̄kj F̄kj (θ)Ēkj ,

B(θ) = Bkj +∆B(θ), where ∆B(θ) := DkjFkj (θ)E
B
kj

Fkj (θ)
TFkj (θ) ≤ I and F̄kj (θ)

T F̄kj (θ) ≤ I

Ackj = Akj +BkjKkj ,

∆Ackj = DkjFkj (θ)E
c
kj
,

Eckj = Ekj + E
B
kj
Kkj
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Definition of asymptotic stability:

We say the feedback system is stable if there exists a function ϑ satisfying

kx(t)k ≤ ϑ(|x|[t0−τmax,t0]), ∀t ≥ t0 ≥ 0, along the trajectory of Σq

and ϑ(·) : R+ → R+ is strictly increasing with ϑ(0) = 0

the system is asymptotically stable if it is stable and lim
t→+∞

x(t) = 0

furthermore,

We will first consider the stability of each candidate system defined earlier:

Σkj :

½
ẋ(t) = (Ackj +∆A

c
kj
(θ))x(t) + (Ākj +∆Ā(θ))x(t− τkj(θ)), t ∈ [tj , tj+1)

xtj(ξ) = φj(ξ), ∀ξ ∈ [−τ̄kj , 0],

For this purpose we will look for a Lyapunov-Razumikhin function

so that

κkjkxj(t)k2 ≤ Vkj (t, xj) ≤ κ̄kjkxj(t)k2, ∀xj ∈ Rn,
κ̄kj := σmax[Pkj ] > 0κkj := σmin[Pkj ] > 0

Vkj (t, xj) = x
T
j (t)Pkjxj(t), t ∈ [tj , tj+1]
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Moreover, if         is chosen to satisfy Pkj

V̇kj (t, xj) ≤ −xTj (t)Skjxj(t),

Skj := − {Pkj (Akj +BkjKkj + Ākj ) + (Akj +BkjKkj + Ākj )TPkj
+ γkjPkjDkjD

T
kjPkj + γ−1kj (Ekj +E

B
kjKkj )

T (Ekj +E
B
kjKkj )

+ γ̄kjPkj D̄kj D̄
T
kjPkj + γ̄−1kj Ē

T
kj Ēkj + 2τ̄kjpkjPkj

+ τ̄kjPkj Ākj (Qkj + Q̄kj )Ē
T
kj (²kj I − Ēkj (Qkj + Q̄kj )ĒTkj )−1Ēkj (Qkj + Q̄kj )ĀTkjPkj

+ τ̄kjPkj (Ākj (Qkj + Q̄kj )Ā
T
kj + ²kj D̄kj D̄

T
kj )Pkj ,

then we havefor some matrices  Qkj > 0, Q̄kj > 0

where γkj > 0, γ̄kj > 0, ²kj > 0 are free design parameters.

The goal is to find such positive matrices and scalars, and the control gain so that
Skj > 0 which implies 

V̇kj (t, xj) < −wkjkxjk2 where wkj := σmin[Skj ] > 0.

((Ackj +∆A
c
kj )

TQ−1kj ((A
c
kj +∆A

c
kj ) ≤ Pkj

(Ākj +∆Ā)
T Q̄−1kj (Ākj +∆Ā) ≤ Pkj

First assume for some constant                we have  pkj > 1

∀ϕ ∈ [−2τ̄kj , 0].xTj (t+ ϕ)Pkjxj(t+ ϕ) < pkjx
T
j (t)Pkjxj(t)

where
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pkj > 1, γkj > 0, γ̄kj > 0, ²kj > 0, ρkj > 0, ρ̄kj > 0,

Lemma. The time varying time delay system given above is robustly stable if 
there exist matrices                                                       and scalarsYkj , Xkj > 0, Qkj > 0, Q̄kj > 0,

such that⎡⎣ Xkj XkjA
T
kj
+ Y TkjB

T
kj

XkjE
T
kj
+ Y Tkj (E

B
kj
)T

AkjXkj +BkjYkj Qkj − ρkjDkjDT
kj

0

EkjXkj +E
B
kj
Ykj 0 ρkjI

⎤⎦ ≥ 0
⎡⎣ Xkj XkjĀ

T
kj

Xkj Ē
T
kj

ĀkjXkj Q̄kj − ρ̄kjD̄kjD̄Tkj 0

ĒkjXkj 0 ρ̄kjI

⎤⎦ ≥ 0
⎡⎢⎢⎣

Mkj XkjE
T
kj
+ Y Tkj (E

B
kj
)T Xkj Ē

T
kj

τ̄kj Ākj (Qkj + Q̄kj )Ē
T
kj

EkjXkj + E
B
kj
Ykj γkj I 0 0

ĒkjXkj 0 γ̄kj I 0
τ̄kj Ēkj (Qkj + Q̄kj )

T ĀTkj 0 0 −τ̄kj (²kj I − Ēkj (Qkj + Q̄kj )ĒTkj )

⎤⎥⎥⎦ < 0

In this case a stabilizing state feedback controller is given by
with 

Kkj = YkjX
−1
kj
,

Pkj = X
−1
kj
.

Mkj = (Akj + Ākj )Xkj +Xkj (Akj + Ākj )
T + γkjDkjD

T
kj
+ γ̄kj D̄kj D̄

T
kj
+ BkjYkj + Y

T
kj
BTkj

+ τ̄kj ²kj D̄kj D̄
T
kj
+ τ̄kj Ākj (Qkj + Q̄kj )Ā

T
kj
+ 2τ̄kjpkjXkj .
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Theorem: Consider the switched LPV time delay system with state feedback 
controllers designed as above. Let the dwell time be defined by

τD := T
∗ + 2τmax, where T ∗ := λμbλ− 1

p̄− 1 + 1c

p̄ := min
kj∈F

{pkj} > 1 and b·c is the floor integer function

λ := max
kj∈F

κ̄kj
κkj

, and μ := max
kj∈F

κ̄kj
wkj

.

Then system is asymptotically stable for any switching rule, provided that the 
minimum time interval between consecutive switchings is greater than τD.

Recall: κ̄kj := σmax[Pkj ] > 0κkj := σmin[Pkj ] > 0

wkj := σmin[Skj ] > 0maximize minimize
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Two Switching Mechanisms:
(a) Midpoint switching: 

dwell time based stability results do not work in this case.

(b) Hysterisis switching: 
if parameter variation is slow stability can be guaranteed.
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For the hysterisis switching a sufficient condition for asymptotic stability is

Corollary:

|θ̇(t)| < min
i∈F

½ |di,i+1|
τD

¾
,

di,i+1 = Θi ∩Θi+1 is the ith hysterisis interval as shown in in the figure.

where
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Concluding Remarks

Dwell time based stability result is obtained for switched LPV time delay 
systems in the form 

u(t) = Kx(t)

As a future work it would be interesting to study the case where there 
is a time delay in the feedback loop. 

Feedback gain is designed using standard techniques similar to 
published papers in the robust control of time delay systems literature.

Another interesting future study is to consider the output feedback problem.

ẋ(t) = A(θ)x(t) + Ā(θ)x(t− τ (θ)) + B(θ)u(t)
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Solving the BMIs is a difficult problem in general. 

Fixing some of the scalar parameters make them LMIs.

Trying to minimize maximum singular values and maximize the 

minimum singular values of the solutions of these LMIs will help

minimizing the dwell time, that will allow faster switchings. 

In the full version of the paper we will include an example. 
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