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Abstract

Symplectic structures on product four-manifolds
by

Tolga Etgu
Doctor of Philosophy in Mathematics

University of California at Berkeley

Professor Robion C. Kirby, Chair

This thesis concerns existence of symplectic structures on product four-manifolds.
If a three-manifold M fibers over the circle S, then the product S' x M admits a
symplectic structure. Conversely, we have the following conjecture.

Taubes Conjecture. Let M be a closed, oriented three-manifold. If S* x M admils
a symplectic structure, then M fibers over the circle.

In this thesis, this conjecture is proved in three special cases, namely when ST x M
is a four—-manifold which admits a Lefschetz fibration, when it is a complex surface and
when it is a Seifert fibered four-manifold (assuming the three-manifold in question has
no fake 3-cells). As a byproduct, some interesting results on the relationship between
the geometrization of three-manifolds and the symplectic topology of four-manifolds
are also obtained.

W. Chen and R. Matveyev classified all symplectic Lefschetz fibrations on S x M
and proved that M fibers over the circle if S' x M admits a symplectic Lefschetz
fibration and there is no fake 3—cell in M. First of all, this result is generalized
to include the manifolds which admit Lefschetz fibrations that are not compatible
with any symplectic structure. Then by using the Enrique-Kodaira classification of
compact complex surfaces and the Seiberg-Witten invariants of non-Kahler complex
surfaces the Taubes conjecture is proved when S x M admits a complex structure

(not necessarily compatible with any symplectic structure). M. Ue generalized the



concept of Seifert fibration to define Seifert fibered 4—manifolds which have nice geo-
metric properties similar to those of their 3—dimensional counterparts. By using these
geometric properties, the conjecture is proved for product four-manifolds that admit
Seifert fibrations.

Most of the three-manifolds which fiber over the circle admit geometric structures
(in the sense of W. Thurston). It is also known that the existence of a symplectic
structure on S' x M implies that M is the connected sum of a prime manifold and a
homology 3-sphere (which is 5% assuming the geometrization conjecture of Thurston).
In the last part of the thesis, the relationship between the geometry of a compact
three-manifold M and the symplectic topology of S' x M is discussed. Most of
the geometric nonhyperbolic three-manifolds are Seifert fibered and as a consequence
Taubes’ conjecture holds for all geometric, nonhyperbolic 3-manifolds. An essential
part of this discussion is the fact that the product of a Seifert fibered 3—space with the
circle admits a complex structure. A proof to a partial converse of this well-known

fact is also obtained in the thesis.

Professor Robion C. Kirby

Dissertation Committee Chair
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Chapter 1

Introduction

This thesis concerns existence of symplectic structures on product four-manifolds.
A closed, oriented, smooth 4—manifold X which fibers over a Riemann surface admits
a symplectic structure unless the fiber class is torsion in Hy(X;Z). In particular, a
fibration of a closed, oriented 3-manifold M over S' induces a symplectic form on
Stx M.

Conjecture T. Lel M be a closed, oriented 3-manifold such that S x M admils a
symplectic structure. Then M fibers over S*.

This conjecture was first stated by C. Taubes [33] and is still open. Recent work
of W. Chen and R. Matveyev [4] proves that it holds when M has no fake 3-cells,
S1x M admits a symplectic structure and a Lefschetz fibration with symplectic fibers.

In the first part of this thesis, we generalize Chen and Matveyev’s result prov-
ing that the conjecture holds when S x M admits an arbitrary Lefschetz fibration
(possibly with nonsymplectic fibers). More generally, we prove the following

Theorem 1.0.1. Suppose M is a closed 3—manifold without a fake 3—cell.
(L) If S* x M admits a Lefschetz fibration, then Conjecture T holds.
(S) If S* x M admits a Seifert fibration, then Conjecture T holds.

(K) If S* x M admits a Kdhler structure, then Conjecture T holds.
(C) If S' x M admits a complex structure, then Conjecture T holds.

Here, a fake 3—cell means a compact, contractible 3—manifold which is not home-



omorphic to D3. Note that the Poincaré conjecture implies that there is no fake

3—cell.

Remark 1.0.2. We'll see that a nonsymplectic Lefschetz fibration on a product 4—
manifold has no singular fibers and its fibers are tori. Since a Seifert fibration can
be thought of as a T?—fibration with multiple fibers, (S) is a further generalization
of (L). Statement (C) is clearly a generalization of (K). Note that all (symplectic)
product 4-manifolds which admit complex structures turn out to be Seifert fibered.
This means that all other statements follow from (S) using the result of Chen and

Matveyev on symplectic Lefschetz fibrations.

In the remark above and the rest of the thesis, by a product 4-manifold we mean
the product of S' with a (compact, oriented, connected) 3-manifold.

In order to prove (L), we first generalize another result of Chen and Matveyev
and show that any Lefschetz fibration on a product 4-manifold is a locally trivial
fiber bundle. we also use the Seiberg-Witten theory of circle bundles over surfaces to
analyze different cases.

The Enriques-Kodaira classification of compact complex surfaces is used to handle
symplectic 4-manifolds that admit complex structures which may or may not be
compatible with any symplectic form on them. Seiberg-Witten invariants of non-
Kahler complex surfaces give an interesting obstruction which is also helpful in the

proof of (K) and (C).

Remark 1.0.3. In their paper [11] on taut contact circles on 3-manifolds, Geiges and
Gonzalo classified product 4-manifolds carrying complex structures with respect to
which the obvious circle action is holomorphic. Since we don’t require this action to
be holomorphic and we are mainly interested in the symplectic structure on product

manifolds, we prove different type of results even though we use similar methods.

Research on Seifert fibered spaces has been an important part of 3—dimensional
topology and geometry. In [41], M. Ue generalized the concept of Seifert fibration
to define Seifert fibered 4—manifolds which have nice geometric properties similar to

those of their 3—dimensional counterparts. These manifolds admit torus fibrations



over surfaces with finitely many multiply covered fibers. Smooth elliptic surfaces
with vanishing Euler characteristics are all Seifert fibered. We prove (S) by using
geometric properties of Seifert fibered 4-manifolds.

In the second part, we discuss the relationship between the geometry of a compact
3-manifold M and the symplectic topology of S x M. A manifold is called geometric
if it admits a locally homogeneous metric, i.e. a metric for which one can find a local
isometry that carries any point of the underlying manifold to a preassigned point.
Thurston showed that there are only eight 3—dimensional geometries, i.e. simply-
connected and geometric 3-manifolds which have compact quotients, and six of these
geometries correspond to Seifert fibered spaces. He also conjectured that one can cut
any compact 3—manifold along finitely many spheres and tori so that all the resulting
pieces are geometric. As a result of his work towards proving this conjecture, we now
know that most 3—manifolds which fiber over the circle are in fact geometric [40].

The following theorem shows the relevance of geometric 3—manifolds to the study

of Taubes conjecture.

Theorem 1.0.4. Suppose that M is a closed, geometric nonhyperbolic 3—manifold.
If S' x M admils a symplectic structure, then M fibers over the circle.

An essential part of the proof of this theorem is the fact that the product of
a Seifert fibered space with the circle admits a complex structure. A proof to the

following partial converse of this well-known result is also provided.

Theorem 1.0.5. If S' x M admits a complex structure and M is sufficiently large,
then M is a Seifert fibered space.

Remark 1.0.6. Theorem 1.0.4 says that when M is a nonhyperbolic geometric 3—
manifold Conjecture T holds. On the other hand, if S x M admits a symplectic
structure, then M is prime (assuming Thurston’s conjecture on the geometrization of
3—manifolds) [21] , [43]. So it might be interesting to try to prove Conjecture T (at
least up to the geometrization conjecture) by first proving it when M is hyperbolic,
then considering geometric 3—manifolds with boundary (disjoint union of tori) and

finally using Seiberg—Witten theory of 4-manifolds glued along 7.



The organization of the thesis is as follows. In the next chapter we recall defi-
nitions and some basic theorems on Lefschetz fibrations, complex surfaces, Seiberg—
Witten invariants, Seifert fibrations and geometric structures on 3 and 4-manifolds.
In Chapter 3, we discuss nonsymplectic Lefschetz fibrations on S! x M. By using the
Seiberg-Witten theory of symplectic 4-manifolds and S'-bundles over surfaces, we
prove (L) of Theorem 1.0.1 . In Chapter 4, product 4-manifolds which admit complex
structures are considered and (K) is proved first. As a result of a slightly more careful
investigation we prove (C). Finally, we consider Seifert fibered 4-manifolds and prove
(S). In the last chapter, we discuss the relation between the geometry of M and the
symplectic structures on S' x M.

In this thesis, by a fiber bundle we mean a locally trivial one and an F-bundle
means a (locally trivial) fiber bundle with fiber F'. All fibrations (of any kind) are
oriented and all manifolds are compact, smooth, oriented and connected, unless clearly

stated otherwise.



Chapter 2

Background

2.1 Symplectic manifolds

A symplectic form on a 2n-dimensional manifold X is a closed 2-form w which is
also non-degenerate, i.e. the n-fold wedge product w A w--- A w never vanishes. In
particular, the existence of a symplectic form implies that X is orientable. In case
X is oriented, we insist that the given orientation coincides with the one that comes
from the symplectic form. If there exists a symplectic form on a manifold X we say
that X admits a symplectic structure, or simply X is symplectic.

There is a natural symplectic form on R?” given by wy = dxy Adxg+ -+ dxg,_1 A
dzg,. In fact, any symplectic manifold is locally given by this form, i.e. there is a
local coordinate chart where the symplectic form is the same as wy.

The volume form of a closed, connected, oriented surface ¥ is obviously a sym-
plectic form, and moreover, the sum of the pull-backs of the volume forms of ¥ and ¥’
is a symplectic form on ¥ x ¥'. On the other hand, product four-manifolds S x M3
are not all symplectic. For example, S' x S® has no symplectic form on it since
by(S* x §%) = 0 and a symplectic form would give a positive definite subspace in
H?(S' x S%R).

[22] is an excellent reference for the symplectic topology of manifolds.



2.2 Topology of product four—manifolds

The following lemma summarizes the topological properties of S x M.

Lemma 2.2.1. Let M be a closed, oriented and connected 3—manifold. Then X =
St x M is a spin J-manifold with o(X) = x(X) =0, b4(X) = by(M) (in particular,
b2(X) is even), where o, x and b, denote the signature, Fuler characteristic and the

corresponding Betti number, respectively.

Proof. Both S and M are spin, so X is spin. Since y(S') = 0, the Euler characteristic
of X vanishes. The boundary of D* x M is X, so a(X) = 0. The facts about the Betti

numbers follow easily from the definitions of o and y in terms of Betti numbers. [

2.3 Lefschetz fibrations and pencils

Definition 2.3.1. Let X be a compact, connected, oriented and smooth 4-manifold.
A Lefschetz fibration on X is a smooth map 7 : X — ¥, where ¥ is a compact,
connected, oriented surface and 771 (9%) = X, such that each critical point of 7 lies
in the interior of X and has an orientation-preserving (complex-valued) coordinate
chart on which 7(z1,29) = 27 + 22 relative to a suitable smooth (complex-valued)

chart on X.

Definition 2.3.2. A Lefschelz pencil on a closed, connected, oriented, smooth 4—
manifold X is a non-empty finite subset B of X called the base locus, together with
a smooth map 7 : X — B — CP! such that each point b € B has an orientation-
preserving coordinate chart in which 7 is given by the projectivization C* — {0} —
CP', and each critical point has a local coordinate chart as in the definition of a

Lefschetz fibration above.

Definition 2.3.3. A Lefschetz fibration is called relatively minimal if no fiber con-
tains an exceptional sphere, in other words it cannot be obtained by blowing up

another Lefschetz fibration.



Remark 2.3.4. Here by blowing up we mean the smooth generalization of the com-
plex blow-up process. For a smooth, oriented 4-manifold X, the connected sum

X#CP? is called the blow-up of X. The sphere CP! in the CP? summand is called

the exceptional sphere. The blow-up process can also be defined in the symplectic

category, because for a symplectic 4—manifold X, X#CP? is also symplectic.

Definition 2.3.5. A Lefschetz fibration is called a symplectic Lefschelz fibration if
the total space admits a symplectic structure such that generic fibers are symplectic

submanifolds, otherwise it is called a nonsymplectic Lefschetz fibration.

Theorem 2.3.6 (Gompf). A Lefschetz fibration on a 4-manifold X is symplectic
if and only if the homology class of the fiber is not torsion in Hy(X;Z).

The close relation between Lefschetz fibrations and symplectic structures is stated

in the following theorems.

Theorem 2.3.7 (Donaldson [5]). Fvery symplectic j—manifold admils a Lefschetz

pencil by symplectic surfaces.

Theorem 2.3.8 (Gompf [12]). If a j-manifold admils a Lefschetz pencil (with

non-empty base locus), then it admits a symplectic structure.

It is necessary that the base locus is non-empty as we have examples of 4-
manifolds, e.g. S! x 53, which admit Lefschetz fibrations over S? but no symplectic
structure.

If a manifold admits a Lefschetz pencil, then one can blow-up the points of the
base locus and construct a Lefschetz fibration (over S?). So Donaldson’s theorem
implies that every symplectic 4-manifold has a blow-up which admits a Lefschetz
fibration. FEven though it is always possible to put a Lefschetz pencil on a symplectic
S1x M it may not be possible to find a Lefschetz fibration on it. Note that a blow-up
of S' x M can never be a product for topological reasons.

For more details on Lefschetz pencils and fibrations see [12].



2.4 Seiberg—Witten invariants

Let X be a closed, oriented, connected, homology oriented Riemannian 4-manifold
with b4 (X) > 0. The Seiberg—Witten invariant SW of a Spin. structure on X was
first extracted from monopole equations by Witten in [46]. If by (X) > 1, then SW
is an integer-valued diffeomorphism invariant of X. When b, (X) = 1 it may depend
on the chosen metric. The Seiberg—Witten invariant of a Spin. structure £ on X
is denoted by SWx(£). We call @ € H*(X;Z) a basic class if there exists a Spin,
structure & such that SWx (&) # 0 with ¢;(det(§)) = a, where det(¢) denotes the
determinant (complex) line bundle of £. If there is no 2-torsion in H?*(X;Z), then
there is a unique Spin. structure £ with ¢;(det(€)) = o for any characteristic class
a € H*(X;Z). In general, the set of isomorphism classes of Spin. structures on X is
an affine space modelled on H*(X;Z).

Seiberg—Witten invariants of 3—dimensional manifolds are defined similarly. As we
state in Theorem 3.2.4, Seiberg—Witten invariants of a 3—manifold M carry exactly
the same information as those of S* x M at least when b;(M) > 1. The reader is
referred to [18] and [28] for the theory of Seiberg—Witten invariants in dimension 3.

We have the following important theorem on the Seiberg—Witten invariants of

symplectic manifolds.

Theorem 2.4.1 (Taubes [31], [32]). Let X be a closed j-manifold with by (X) > 1
and a symplectic form w. Then there is a canonical Spin. structure & on X such that
SWx (&) = +1 and det(§) is the canonical line bundle K of (X,w).
Moreover,
0 <o [w]] <ler(K)-[w]]
where a is any basic class; 0 = « - [w] if and only if a = 0; |- [w]| = | (K) - [w]| if

and only if @ = +¢1(K).

See [12], [24] and [18] for more details on Seiberg-Witten invariants of 4-manifolds.



2.5 Geometric structures on manifolds

Definition 2.5.1. A metric on a manifold is called locally homogeneous if any pair

of points can be mapped to each other by isometries of open neighborhoods.

Definition 2.5.2. A manifold is called geometric if it admits a complete, locally

homogeneous metric.

Definition 2.5.3. A simply connected geometric manifold together with the isometry

group corresponding to a complete (locally) homogeneous metric is called a geometry.

Up to isometry, there are eight 3—dimensional and nineteen 4—dimensional ge-
ometries with compact quotients. These are classified by Thurston and Filipkiewicz
[7] respectively. See [30] and [44] for detailed discussions on 3 and 4-dimensional
geometries.

A manifold is called prime if it cannot be written as the connected sum of two man-
ifolds none of which is a sphere. In [23] Milnor showed that, up to homeomorphism
and the permutation of the summands, there is a unique way to write a compact,
oriented 3—manifold as the connected sum of prime manifolds. There is also a reason-
ably canonical way to cut compact, prime 3—-manifolds along tori into pieces which
no longer have embedded tori in them other than their boundary components (up to
homology). Thurston’s geometrization conjecture asserts that these pieces should all

be geometric.

2.6 Seifert fibered manifolds

A trivial fibered solid torus is S' x D?* with the product foliation by circles. A fibered
solid torus is a solid torus with a foliation by circles that is finitely covered by a trivial
fibered solid torus. It can be constructed by gluing two ends D? x {0} and D? x {1}
of D* x I after a q/p rotation.

A Seifert fibered space is a 3—manifold with a decomposition into disjoint circles
such that each circle has a neighborhood isomorphic to a fibered solid torus. A circle

bundle over a surface is naturally a Seifert fibered space. By identifying each of
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these circles with a point, we can consider a Seifert fibered space as a fibration over
a 2-orbifold base. Such a fibration is called a Seifert fibration. Fibers of a Seifert
fibration are obviously circles and singularities of the base orbifold correspond to the
fibers without trivial fibered solid torus neighborhoods. A fiber is called regular if it

projects to a nonsingular point of the base, otherwise it is called a multiple fiber.

Lemma 2.6.1 (cf. Lemma 3.2 in [30]). Suppose M admits a Seifert fibration over
a 2-orbifold X. Then there is a short exact sequence

1 — G —m(M) — a"(X) — 1,

where G denotes the cyclic subgroup of w1 (M) generated by a regular fiber and w¢"™°(X)
denotes the fundamental group of X as an orbifold. The subgroup G s infinite except

in cases where M is covered by S°>.

Note that a presentation for 7¢"*(X) is

;L’f" = 1, ﬁ[a“bl] . HIZ = 1> 5
=1 i=1

<a1,bl,...,ag,bg,xl,...,:z;n

where ¢ is the genus of the underlying surface of X, assuming X is closed and ori-

entable with n singular points of multiplicities py,...p,. The Euler characteristic

X(X) of such a 2-orbifold X is defined by

X(X):Q_QQ_ZZ:;<1_I%>

An orbifold is called spherical (hyperbolic) if its Euler characteristic is positive (neg-
ative). It is called Fuclidean if the Euler characteristic vanishes.

For more details on Seifert fibered spaces see [27] and [26]. For geometric struc-
tures on Seifert fibered spaces see [30].

A Seifert fibration on a 4-manifold is analogous to a Seifert fibration on a 3-

manifold.

Definition 2.6.2. A smooth map 7 : X — ¥ from a smooth 4-manifold X to a

surface X is called a Seifert fibration if there exists a finite set of isolated points B in
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Y. such that the restriction of 7 to 7T_1(E — B) is a torus bundle and for each element
b e B, n7(b) has a tubular neighborhood diffeomorphic to the product of a fibered

solid torus with a circle.

A Seifert fibration can be thought of as a torus fibration over a 2-orbifold. In
the complex category it corresponds to an elliptic fibration without singular fibers
(possibly with multiple ones). If a 4-manifold admits a Seifert fibration it is called a
Seifert j—manifold. We have analogous statements for Seifert fibered 4—manifolds to
most of the properties of Seifert fibered spaces, e.g. Lemma 2.6.1. See [44] and [45]
for geometric structures on elliptic surfaces without singular fibers, [41] and [42] for

a general picture of Seifert 4—manifolds in terms of geometric structures.
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Chapter 3

Lefschetz fibrations on product

four—manifolds

In this chapter we generalize the results of Chen and Matveyev to include product
4-manifolds which admit Lefschetz fibrations that aren’t compatible with a symplectic

structure.

3.1 Nonsymplectic Lefschetz fibrations on product
four—manifolds

In this section we first show that nonsymplectic Lefschetz fibrations on S x M cannot
have singular fibers hence they are in fact locally trivial torus bundles. We then
investigate which of these fibrations have symplectic total spaces and which of them

give rise to fibrations of M over S*.

Theorem 3.1.1 (Chen-Matveyev [4]). Let m be a symplectic Lefschelz fibration on
S1x M, where M is a closed, connected, oriented 3-manifold withoul any fake 3—cells.
Then there exists a fibration p on M over S*. Moreover, the symplectic structure with
which 7 is compatible is deformation equivalent (up to self-diffeomorphisms of S*x M)

to the canonical symplectic structure associated to the fibration Id x p : S' x M —
Stx St



13

The symplectic form (canonical up to deformation equivalence) on the total space
of a surface bundle over a compact, oriented surface is obtained by extending a sym-
plectic form on a fiber and adding a (sufficiently large) multiple of the pullback of
a symplectic form on the base to it (see [38] and [22] for details and more general

cases). The following lemma plays a crucial role in the proof of the theorem above.

Lemma 3.1.2 ([4]). Let © be a symplectic Lefschetz fibration on S' x M, where M

is a closed, connected, oriented 3—manifold. Then m doesn’t have any critical points.
First of all, we give the following generalization of this lemma.

Lemma 3.1.3. Let m be a Lefschelz fibration on S' x M, where M is a closed,
connected, oriented 3—manifold. Then 7 is a fiber bundle. If w is not symplectic, then

it s a torus bundle.

Proof. We only need to consider the case where 7 is not symplectic, i.e. fibers are
not symplectic submanifolds of X = S' x M. By Theorem 2.3.6 the fiber class [F] is

torsion in Hy(X;Z). This is possible only if F is a torus since otherwise

0 # x(F) = (e(TF),[F]) .

Note that e¢(TF) extends to H*(X;Z) since TF is the pull-back (by the inclusion
F — X)) of the vertical (with respect to ) subbundle of TX. On the other hand, the
Euler characteristic of the total space of a Lefschetz fibration is equal to the product

of the those of the base and the fiber plus the number of vanishing cycles. In our case

this leads to
0= x(S* x M) = x(T?) - x(B) + #{vanishing cycles} .
Hence there are no vanishing cycles and 7 is a torus bundle. O

This lemma shows that nonsymplectic Lefschetz fibrations on S!' x M are all
torus bundles over Riemann surfaces. We investigate these bundles in three groups

according to base genus.

Lemma 3.1.4. Lel S' x M be the total space of a nontrivial T?-bundle over S*.

Then S' x M carries no symplectic form.
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Proof. Since the torus bundle is nontrivial, b; (S* x M) < 2 and therefore by(S' x M) =
2-b;(M) = 0. Hence all closed 2-forms on S* x M are degenerate. O

Remark 3.1.5. As we mentioned before, a fibration of M over S! induces a sym-
plectic form on S' x M. Therefore, when S' x M is as in the lemma M doesn’t fiber

over the circle.
We have a totally different picture for 7'*-bundles over 1.

Theorem 3.1.6 (Geiges [10]). Let X be the total space of an oriented T*—bundle
over T?. Then X admits a symplectic structure. Moreover, there exists a symplectic
T?-bundle over T? with total space X wunless X is the total space of a nontrivial

St -bundle over the lotal space of a nontrivial S*~bundle over T2

Let X be an exception, i.e. a twisted circle bundle over a twisted circle bundle
over the torus. Then b;(X) = by(X) = 2. Moreover, H},z(X;R) is generated by
[a] and [B], where a and [ are closed 1-forms on X such that n-a A 3 = dv,
where n is the Euler number of the (nontrivial) S'-bundle over 7% and ~ is a 1-
form on X (see [6] for details). In particular, (H'(X;R))"? = 0, where (H'(X;R))"?
denotes the image of the cup product of H'(X;R) with itself. On the other hand,
HY(S' x M;R) = H'(SYR)® H'(M;R) and obviously (H'(S' x M;R))“* # 0.

Therefore we have the following corollary.

Corollary 3.1.7. If S' x M is the total space of a T?-bundle over T?, then S* x M
admits a symplectic Lefschetz fibration.

For T* bundles over higher genus surfaces we have the following lemma.

Lemma 3.1.8. Let S' x M be the total space of a T*-bundle over B, where B is a
closed, oriented surface of genus > 2. Also assume that M has no fake 3—cells. Then
M fibers over the circle if and only if the torus bundle is trivial.

We are going to use the following lemma to prove the one above.

Lemma 3.1.9 (cf. [27] Theorem 7.2.4). Let M be a closed,oriented 3—manifold
which is the total space of a circle bundle over a closed, oriented surface B of genus

> 2. Then M fibers over the circle if and only if M = S' x B.
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Proof. Recall that m1(M) has the presentation
<a1,bl, . ,ag,bg,a“ai,a] = [bi,a] = 1,[a1,b1] - - [ay, b,] = ozk> \

where g = genus(B) and k is the Euler number of the S'-bundle. In particular,
Hy(M)=Z** if k =0 and Hi(M) = Z* & Z otherwise.

We also have the following commutative diagram of exact sequences

0 —— m(S") o m(M) —— m(B) —— 1

5 ! !

Hy(SY) -2 H{(M) — H(B) —— 0
where vertical maps are Hurewicz epimorphisms. Note that the homomorphism j, is
injective if and only if Im(jg) N [m (M) : 7 (M)] = {1} (here [G : G] stands for the
commutator subgroup of ). Now suppose that F —s M — S' is a fibration. There
exists a normal subgroup N = m(F') in m;(M) such that 7 (M)/N = Z. Assume
that there exists an element v € N\{1} such that u = jg(v). Then there is a normal
infinite cyclic subgroup (generated by u) in N and this implies that F'is a torus, but M
cannot be the total space of a torus bundle over the circle since by (M) > 2g > 4 > 3.
Therefore I'm(jgz) N N = {1}. On the other hand, [m1(M) : m;(M)] C N because
m(M)/N 2 Z. So Im(jg) N [m(M) : 7 (M)] = {1}, j« is injective and we have the

short exact sequence
0 — Hy(S") — H\(M) — Hy(B) — 0
which clearly splits. Hence b(M) = 2g + 1 and M is the product S* x B. O
Proof of Lemma 3.1.8. We have the homotopy sequence of the T?-bundle
0 — m(T%) 2% (8" x M) 5 1y (B) — 1 . (3.1)

Let u be a generator of m(S! x pt). Assume that 74(u) = v # 1 € m(B). Then
v generates a normal cyclic subgroup in m1(B) and this contradicts the fact that
genus(B) > 2. Therefore u € ker(my) = im(jg), where j is the inclusion map. Let
a be ];(u) . We can find another element b € 7;(7?) such that the restriction of ju
to the subgroup (b) generated by b gives the short exact sequence
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1 — (b)) — m (M) — m(B) —1 . (3.2)

By Theorem 11.10 in [14] M admits an S'-bundle over B (we use the assumption
that M has no fake 3—cells). Lemma 3.1.9 finishes the proof. g

We should note that the idea of extracting (3.2) from (3.1) was used by Chen and
Matveyev in [4].

Proposition 3.1.10. Suppose S' x M admils a nonsymplectic Lefschelz fibration,
where M is a closed, oriented 3—manifold. If the base space of the fibration is a torus,
then S'x M admits a symplectic form and a symplectic Lefschelz fibration. Otherwise
M doesn’t fiber over St or it has a fake 3—cell.

Proof. Let m be a nonsymplectic Lefschetz fibration on X = S!' x M. By Lemma
3.1.3, 7 is relatively minimal, has no critical points and the fibers are tori. It is a
nontrivial bundle since otherwise it would be symplectic. If the base space B is a
torus, then X admits a symplectic Lefschetz fibration by Corollary 3.1.7. If B = S?,
then X doesn’t admit a symplectic structure by Lemma 3.1.4 and in particular, M
doesn’t fiber over S' since such a fibration would induce a symplectic form on X.
Finally, if the genus of B is at least 2 and M has no fake 3—cells, then Lemma 3.1.8
implies that M doesn’t fiber over S*. O

3.2 Seiberg—Witten invariants of symplectic man-

ifolds and circle bundles over surfaces

In this section we use Seiberg-Witten theory of symplectic manifolds and S'-bundles
over closed, oriented surfaces to prove the following theorem which in turn implies
that the existence of a symplectic form and a Lefschetz fibration on S* x M is possible
only if there is a symplectic Lefschetz fibration on S' x M (Theorem 3.2.5). Statement

(L) of Theorem 1.0.1 is a consequence of this result.
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Theorem 3.2.1. Let M be the tolal space of an oriented S'-bundle over a Riemann
surface B. Then X = S' x M admils a symplectic structure if and only if the bundle

s trivial or B is a torus.

The following theorem follows from the work of Mrowka, Ozsvath and Yu on
the SW invariants of Seifert fibered spaces [25]. See [1] for a different (and more

elementary) approach.

Theorem 3.2.2. Lel M be the S'-bundle over a Riemann surface B of genus g > 1
with Euler class n\, where X is the (positive) generator of H*(B;Z). If n # 0, then
all basic classes of M are in {k-7*(X) | 0 < k < |n| — 1}, where m is the bundle

projection. Moreover, we have

SWu(k-m"(A) = Y SWap(s-pri(h) | (3.3)

s=k (mod n)

where pry is the projection S x B — B.
It is well-known that the Seiberg—Witten invariants of S' x B are given by
SWaryp(t) = (t—t71)*7?% |

where g is the genus of B and the coefficient of ¢ on the right hand side corresponds
to the Seiberg—Witten invariant of the Spin. structure with determinant line bundle
L with ¢1(L) = p - pri(A). Therefore the sum of all Seiberg—Witten invariants of
S x Bis 0if g > 1. This sum is preserved under twisting of the S'-bundle as can
be seen from (3.3).

Corollary 3.2.3. Let M be as in the previous theorem and g > 1. Then
Y SWyla)=0 |
where the sum is over all Spin. structures on M.

The following is also well-known and relates the Seiberg—Witten invariants of

St x M with those of M. For a proof see [28].
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Theorem 3.2.4. If M is a closed, oriented 3—manifold, then
SWa(a) = SWargar(pry(a))

for any o € H?*(M;Z), where pry is the projection S'* x M — M. Moreover, if
by(S* x M) = by(M) > 1, then all basic classes of S* x M are pull-backs of basic
classes of M .

Proof of Theorem 3.2.1. 1f the bundle is trivial then X = T? x B and there is a
symplectic form on X which is simply the sum of symplectic forms on 7% and B.

If B is a torus, then X is a torus bundle over a torus and by Theorem 3.1.6 it
admits a symplectic structure.

If the bundle is nontrivial and B is a sphere, then X is a nontrivial 7*-bundle
over S? and cannot be symplectic as we proved in Lemma 3.1.4.

From now on we will assume that the bundle is nontrivial and the genus of B is
at least 2.

By Corollary 3.2.3 and Theorem 3.2.4 (as by(M) > 2b;(B) > 4)

Y SWula) =Y SWx(B)=0 (3.4)
@ B8

where sums are over all Spin. structures on M and X respectively.

Assume that X admits a symplectic form w. First of all, by the conditions on
equality in Theorem 2.4.1, the canonical class K = ¢;(X,w) cannot be a nonzero
torsion class. On the other hand, since M is an S'-bundle over a surface of genus > 2
we can apply Theorem 3.2.4, and then the first part of Theorem 3.2.2 implies that
all basic classes of X are torsion. Therefore the only basic class of X is K’ = 0 and

SWx(0) = +1, in particular,

Y SWx(8) = £1
B

where the sum is over all Spin, structures on X. This contradicts (3.4) hence X does

not admit a symplectic structure. O
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Theorem 3.2.5. Let M be a closed, oriented 3-manifold such that S* x M admits a
Lefschelz fibration and a symplectic form. Then S*x M admits a sympleclic Lefschelz
fibration or M has a fake 3—cell.

Proof. Let X = S' x M admit a Lefschetz fibration and a symplectic form. Assume
that there is no symplectic Lefschetz fibration on it. Then by Lemma 3.1.3 it admits
a torus bundle over a Riemann surface B. Any such bundle should be nontrivial since
otherwise it would be symplectic. By Theorem 3.1.10, B is not a torus, and it cannot
be a sphere by Lemma 3.1.4. So genus(B) > 2. If M has no fake 3—cells, then as we
have seen in the proof of Lemma 3.1.8, M is the total space of an S'-bundle over B

and this contradicts Theorem 3.2.1. O

This theorem (together with Theorem 3.1.1) finishes the proof of statement (L)
of Theorem 1.0.1.

Remark 3.2.6. Symplectic Lefschetz fibrations on product 4-manifolds were classi-
fied in [4]. As a result of our discussion, we see that nonsymplectic Lefschetz fibrations
on nonsymplectic S* x M are nontrivial torus bundles over spherical or hyperbolic sur-
faces. On the other hand, nonsymplectic Lefschetz fibrations on a symplectic S x M
are torus bundles over tori and by Proposition 3.1.10 any such manifold admits a

symplectic Lefschetz fibration.
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Chapter 4

Complex structures and Seifert

fibrations on product 4-manifolds

In this chapter, we use the classification of complex surfaces to prove statements
(K) and (C) of Theorem 1.0.1. To prove the latter, we also use an interesting result
in Seiberg—Witten theory of complex surfaces due to O. Biquard. Then we consider
Seifert fibered product 4-manifolds and prove that those which admit symplectic
structures also admit either Kahler structures or torus bundles over tori. This obser-
vation finishes the proof of Theorem 1.0.1.

At this point we know exactly when the existence of a Lefschetz fibration on S! x M
is sufficient for M to fiber over the circle. Our motivation is to determine whether the
existence of a symplectic structure on S* x M is sufficient for M to fiber over the circle,
so it is quite natural to ask which symplectic (product) 4-manifolds admit Lefschetz
fibrations. This question doesn’t seem to be any easier than Conjecture T itself even
though Donaldson proved that every symplectic 4—-manifold admits a Lefschetz pencil.
In fact, statement (L) of Theorem 1.0.1 implies that they are equivalent when M has
no fake 3—cells. On the other hand, allowing multiple fibers and considering Seifert
fibrations, one can still get interesting results on Conjecture T. Seifert fibered product
4-manifolds turn out to be closely related to complex surfaces and this is the main

reason of our discussion on complex structures on product 4-manifolds.
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4.1 Complex structures on product 4—-manifolds

Suppose that S' x M is a closed complex surface. Since it is a spin 4-manifold its
intersection form is even, so there is no exceptional sphere to blow-down, thus it is a
minimal complex surface. We are going to use the Enriques—Kodaira classification of

compact complex surfaces (see [12] or [3]) to prove the following theorem.

Theorem 4.1.1 (cf. Theorem 4.1 in [11]). Let S* x M be a closed 4—manifold.
If St x M admils a complex structure, then it is either an elliplic surface or of
Class V1.
If St x M is also symplectic, then the only possibilities are the following:
(i) ST x M = S* x T2
(ii) S* x M admits a T*~bundle over T*.
(iii) S x M admits a Seifert fibration over a hyperbolic orbifold.

Proof. Let x(X) be the Kodaira dimension of X = S' x M as a complex surface.

Case 1: k(X) = —oco. In this case X is either CP? or geometrically ruled or of
Class V1. The complex projective plane CP? is simply-connected, but X is not. If
X is a complex surface of Class VIlg, then 0 = b;(X)—1 = b4 (X) hence it cannot be
symplectic. If it is geometrically ruled, then it is the total space of a CP!-bundle over
a Riemann surface B and 0 = x(X) = x(CP') - x(B), hence B is a torus. Moreover,
X is diffeomorphic to S? x T? since the total space of the nontrivial S*-bundle over
T? is not spin.

Case 2: £(X) = 0. Any minimal complex surface of Kodaira dimension 0 is a
K3 surface, an Enriques surface, a primary Kodaira surface, a secondary Kodaira
surface, a hyperelliptic surface or a complex torus. Since b;(X) > 1 X cannot be a
K3 or an Enriques surface. In three of the other four cases, X is diffeomorphic to
the total space of a T% bundle over 7%, When X is a secondary Kodaira surface it
admits an elliptic fibration over CP! (without singular fibers) and ,(X) = 1. So in
this case, X cannot be symplectic because by (X) = b (X)—1=0.

Case 3: k(X) = 1. In this case X is a (properly) elliptic surface. An elliptic

fibration on X cannot have singular fibers but only multiple fibers since the Euler
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characteristic of X vanishes. In particular, X is a Seifert fibered 4—manifold. While

investigating geometric structures on elliptic surfaces Wall (see [44] or [45]) proves

that the base orbifold of such a fibration must be hyperbolic when x(X) =1 .
These are the only possibilities since every minimal surface of general type has

positive Euler characteristic and x(X) = 0. O

Remark 4.1.2. By a well-known result of Bogomolov [37] a complex surface of Class
VIl with vanishing second Betti number is either a Hopf surface or an Inoue surface.
Since the center of the fundamental group of an Inoue surface is trivial (cf. Proposition
4.2 in [11]) no Inoue surface is a product. On the other hand, Kato’s work on Hopf
surfaces [16] implies that if a Hopf surface is diffeomorphic to a product, then it must
be elliptic. In particular, it is Seifert fibered since vanishing of the Euler characteristic
implies that an elliptic fibration on a product can have no singular fibers (but only

multiple ones).

Recall that a closed complex surface is Kahler if and only if its first Betti number
is even. Therefore statement (K) of Theorem 1.0.1 is a consequence of the following

theorem.

Theorem 4.1.3. Let S' x M be a closed, connected complex surface. If by(M) is odd
and M has no fake 3-cells, then M is a Seifert fibered space which fibers over S'.

Proof. Since by(X) = by(M) +1 is even, X = S' x M admits a Kéahler structure. By
Theorem 4.1.1, X is diffeomorphic to S% x T? or admits a 7% bundle over T? or a
properly elliptic fibration without any singular (possibly with multiple) fibers.

If X is diffeomorphic to §% x T2, then M fibers over S' by Theorem 3.1.1. More-
over, the diffeomorphism between S' x M and S x (S? x S') gives a homotopy
equivalence between M and S? x S' and as they both fiber over S! this homotopy
equivalence must be a homeomorphism, in particular, M is a Seifert fibered space.

If X admits a T*-bundle over 7%, then by Corollary 3.1.7 and Theorem 3.1.1 M
fibers over S1 with fiber a torus and in particular it is geometric. On the other hand,
by Theorem 3 in [10] the geometric type of M is E*, where E” is R™ with its standard
metric. This implies that M = T (see p.446 in [30]). In particular, M is Seifert
fibered.
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If X admits a Seifert fibration over a hyperbolic orbifold B, then it is geometric
and the geometric type of it must be E? x H* by Theorem 4.5 in [45] as X admits
a Kahler structure, where H? is the hyperbolic plane. It should be noted that there
is a mistake in [45] which was later corrected by Kotschick in [17]; since it concerns
manifolds with nonvanishing Euler characteristic, it doesn’t effect our discussion on
product 4-manifolds. On the other hand, we get the following exact sequence from

the Seifert fibration

1 — m(F) — m(S' x M) — 77"(B) — 1,

where F' is a regular fiber and 7¢"°(B) denotes the fundamental group of B as an

orbifold. This exact sequence leads to another one
1 —Z—m(M) — 7"(B) — 1,

just as in the proof of Lemma 3.1.8, since B is hyperbolic and its orbifold fundamental
group doesn’t contain an infinite cyclic normal subgroup. So there exists an infinite
cyclic normal subgroup in m1(M) and M is a Seifert 3-manifold by Corollary 12.8
in [14]. (Note that as b;(M) is odd it is nonzero and M is sufficiently large.) In
particular, M is geometric. Since S x M is type E* x H?, M must be type E! x HZ,
in other words the rational Euler class of a Seifert fibration on M is 0. A generalization

of Lemma 3.1.9 (e.g. Theorem 8.1 in [26]) implies that M fibers over S*. O

In order to prove statement (C) of Theorem 1.0.1 we use the following result of

Biquard (cf. Théoreme 8.2 in [2]):

Theorem 4.1.4. A properly elliptic non—Kdhler surface admits no symplectic struc-

ture.

Proof of Statement (C) in Theorem 1.0.1.  We have seen in Theorem 4.1.1 that
if X = 81 x M admits a complex and a symplectic structure, then there are three
possibilities. The product S? x T? admits a Kahler structure hence if X = 52 x T2,
then M fibers over S by Theorem 4.1.3. If X admits a 7'*-bundle over T2, then M
fibers over S' by Corollary 3.1.7 and Theorem 3.1.1. If X is a properly elliptic surface,
then it has to be Kahler by Theorem 4.1.4 hence M fibers over S' by Theorem 4.1.3.
O
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4.2 Seifert fibrations of product four—manifolds

The following is a well-known theorem. For a nice proof see [47].

Theorem 4.2.1. If M is a closed, orienled Seifert fibered space, then S* x M admils

a complex structure.

Proposition 4.2.2. Let M be a closed, oriented 3-manifold with no fake 3-cells.
Suppose St x M admils a symplectic structure and a Seifert fibration. Then S* x M

admits a Kdhler structure or a T?-bundle over T?.

Proof. We have the following short exact sequence coming from the Seifert fibration

1 — m(F) — m(S" x M) 25 29%(B) — 1,

where F is a generic fiber, 7¢"°( B) denotes the fundamental group of B as an orbifold

and 7 is the projection map of the fibration. Let u be a generator of (S x {pt})
in m(S* x M) as in the proof of Lemma 3.1.8.

First assume that m4(u) is nontrivial in 72"*(B). Then it generates an infinite,
cyclic, normal subgroup (cf. proof of Lemma 3.1.8). Existence of such a subgroup in
m"%(B) is possible only if B is a nonsingular orbifold of genus 1, i.e. a torus. So the

Seifert fibration we have is in fact a T?-bundle over T°2.

Now assume u € ker(mg). Then as in the proof of Theorem 4.1.3 we have
1 —Z—m(M) — a"(B) — 1 .

In particular, there is an infinite cyclic normal subgroup of m;(M). Since X admits a
symplectic structure b4 (X) > 1 and so is by(M). This implies that M is sufficiently
large. Therefore we can use Corollary 12.8 in [14] to conclude that M is a Seifert
fibered space. So S!' x M admits a complex structure by Theorem 4.2.1, hence
it admits a Kahler structure or a 7% -bundle over 72 as in the proof of statement

(Q). O

This proposition (together with Theorem 4.1.3 and Corollary 3.1.7) finishes the
proof of Theorem 1.0.1.
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Chapter 5

The geometrization of 3-manifolds

and symplectic 4-manifolds

During the course of our proof of Theorem 1.0.1 in the previous chapters we made
observations on the interaction between various structures and fibrations on M and
S1 x M. In this chapter, we recall some of these observations and use them to prove
some theorems on the relation between the geometry of M and S x M.

Throughout this chapter we will assume that M is a closed, connected and oriented

3-manifold with no fake 3—cells.

5.1 Geometric structures on three—manifolds that

fiber over the circle

We consider closed, oriented 3—manifolds that fiber over the circle in three different
classes according to the genus of the fiber.

If a closed, oriented 3—-manifold M is the total space of a sphere bundle over the
circle, then M is homeomorphic to S x S2, and in particular, geometric of type
E' x S2.

Torus bundles over the circle are three types according to the monodromy of the

fibration. If the monodromy is periodic, i.e. the monodromy is an automorphism
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of the torus which has a positive power that is homotopic to the identity, then the
total space is geometric of type E*. If the monodromy is not periodic but reducible,
in other words, if there is a simple closed curve preserved by the monodromy, then
the total space is in fact the total space of a circle bundle over the torus and it is
geometric of type Niu[°. If the monodromy is neither periodic nor reducible, then it
is Anosov and the total space is geometric of type Sol®.

In case the fiber of a fibration over the circle is a closed, oriented hyperbolic
surface, then we again have three cases according to the type of the monodromy. If
the monodromy is periodic, then the total space is geometric of type E!' x H*. A
remarkable theorem of Thurston [39] says that if the monodromy is pseudo-Anosov,
i.e. neither periodic nor reducible, then the total space is hyperbolic.

The above discussion can be summarized as

Proposition 5.1.1. Let M be a closed, oriented 3—-manifold which is the total space
of a surface bundle over the circle. Unless the fiber is hyperbolic and the monodromy
is reducible, M has a geometric structure. If M is not geometric, then there is an

incompressible torus embedded in M.

5.2 Seifert fibered and complex S' x M and the
geometry of M

In the proof of Proposition 4.2.2 we used the existence of a symplectic structure on
St x M to conclude that by (S' x M) = b (M) > 0 and as a consequence M is
sufficiently large.

Theorem 5.2.1. If S' x M is Seifert fibered and M is sufficiently large, then M

admits a nonhyperbolic geometric structure.

Proof. As in the proof of Proposition 4.2.2 we look at the homotopy sequence of the

Seifert fibration. There are two different cases depending on the image of a generator

u of m (St x {pt}) C m(S* x M):
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If w is in the kernel, then we have an infinite cyclic normal subgroup in m1(M).
Since M is sufficiently large, Corollary 12.8 in [14] implies that M is a Seifert fibered
space.

If u is not in the kernel, then S x M admits a T?*-bundle over 72, in particular
it is symplectic. Hence (e.g. by (L) of Theorem 1.0.1) M fibers over the circle with
fiber a torus. As discussed in the previous section, M is geometric of type E*, Nil®

or Sol®.

It is now clear that in any case M is geometric but not hyperbolic. O

Theorem 4.2.1 says that if M is Seifert fibered, then S' x M admits a complex
structure. If M is geometric of type Sol?, then S x M is obviously geometric of type
E! x Sol? and S' x M doesn’t admit any complex structure as a consequence of [44].

On the other hand, Theorem 4.1.1 says that if S* x M admits a complex structure,
then it is either of C'lass VIly or an elliptic surface and in any case, by the remark
following Theorem 4.1.1, S* x M is Seifert fibered.

This discussion leads us to the following conclusion which is a partial converse of

the well-known Theorem 4.2.1.

Theorem 5.2.2. If S' x M admits a complex structure and M is sufficiently large,
then M is a Seifert fibered space.

5.3 Symplectic S' x M and the geometry of M

J. McCarthy and S. Vidussi independently proved that if M is a closed, oriented,
3-manifold such that S' x M admits a symplectic structure, then M can be uniquely
decomposed as the connected sum of a prime manifold and a homology 3—sphere ([21]
and [43]). In fact, they proved that M itself is prime (assuming the geometrization
conjecture). Note that all prime 3-manifolds are irreducible except S* x S%. Through-
out this section, we will assume that M is a closed, oriented, irreducible 3—manifold
such that S1 x M admits a symplectic structure.

First of all, as we saw in Lemma 2.2.1, b;(M) = b, (S* x M). On the other hand,

a symplectic form on a 4-manifold X induces a cohomology class which generates
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a positive definite subspace in H*(X;R), hence b;(X) > 1 for such a manifold X.
Therefore by (M) > 0 and this implies that M is sufficiently large and Haken.

Thurston proved the geometrization conjecture for Haken manifolds. So there is
a canonical way to cut M into geometric pieces along embedded incompressible tori.
In fact, if M is atoroidal, then there is no incompressible torus embedded in M and
hence M itself is geometric, and in fact, it is hyperbolic. Even if M is not atoroidal,
there may still not be an incompressible torus embedded in M. If this is the case,
i.e. if M is not atoroidal and there is no incompressible torus in M, then, by the
Torus Theorem, M is Seifert fibered. So the only remaining case is the one where
M has an incompressible torus. It should be kept in mind that even in this case M
might be geometric. For example, the total space of any torus bundle over the circle
with Anosov monodromy is geometric of type Sol®, but still admits incompressible
tori which are fibers of the torus bundle.

Here are two statements that wrap up this discussion:

Proposition 5.3.1. Let M be a closed, oriented 3-manifold such that S* x M admils
a symplectic structure. Then M = N#X for a prime manifold N and a homology
sphere Y. Moreover, if there is no incompressible torus in N, then N is either Seifert
fibered or hyperbolic (in particular, geometric). If there is an incompressible torus in

N, then N could be canonically cut into geomelric pieces along tori.

Proposition 5.3.2. Let M be a prime, closed, oriented 3-manifold such that S* x M
admits a symplectic structure. If there is no incompressible torus embedded in M,

then M is either ST x S% or type H? x E! or hyperbolic.

5.4 Taubes conjecture and hyperbolic 3—manifolds

As it is mentioned in the first section of this chapter, most of the 3—manifolds that
fiber over the circle are hyperbolic, but it is not known whether Conjecture T holds
for hyperbolic 3-manifolds or not. In fact, it might be possible to construct coun-
terexamples to Conjecture T by using hyperbolic 3—manifolds which don’t fiber over

S' but have finite covers that fiber over S.



29

Question Is there a hyperbolic 3-manifold M which satisfies the following con-

ditions?
1. M doesn’t fiber over the circle.
2. There exists a finite cover of M that fibers over the circle.
3. S x M is symplectic.

Such a three-manifold would obviously be a counterexample to Conjecture T.
There are examples in [9] and [29] which satisfy 1 and 2. In fact, the virtual bundle
conjecture of Thurston claims that any hyperbolic 3-manifold has a finite cover which
fibers over the circle. On the other hand, since the geometrization conjecture implies
that M is Haken when S' x M is symplectic, it is not expected that the example in
[29] satisfies 3.
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