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Fig. 1. Overview of the proposed synthesis-by-analysis system.

toward automatic generation of the audio-visual mapping
from speech prosody to head gestures. Although the same
framework can also be applied to the analysis of co-
occurring arm gesture and speech patterns, this is beyond
the scope of the current paper. There are some open
challenges involved in the joint analysis of head gestures
and prosody toward prosody-driven head gesture synth-
esis: First, unlike phonemes and visemes in speech
articulation, there does not exist a well-established set of
elementary prosody and gesture patterns for gesture
synthesis. Second, synchronicity of gesture and prosody
patterns may exhibit variations. For instance, a speaker can
move her/his head before the corresponding prosodic
utterance with a variable time lag. Moreover, gestural
patterns may span time intervals of different duration with
respect to their prosodic counterparts. Third, prosody and
gesture patterns are speaker dependent and may exhibit
variations in time even for the same speaker. Previously
reported works [15], [16], [17] do not address any of these
challenges, for instance, the asynchrony problem is either
ignored or handled by manual alignment. In this work, we
address these challenges by first processing the head
gesture and prosody features separately by a parallel
HMM structure to learn and model the gestural and
prosodic elements (elementary patterns), respectively, over
training data for a particular speaker. We then employ a
multistream parallel HMM structure to find the jointly
recurring gesture-prosody patterns and the corresponding
audio-to-visual mapping.

HMM-based segmentation techniques are commonly
employed in modeling multistream correlations; for ex-
ample, for speech-driven lip animation in [7], [8], and [9]
and for audio-visual event detection in [18]. We can
classify HMM-based modeling techniques as supervised
and unsupervised. Speech and lip motion correlation
modeling can be thought of as a supervised analysis/
segmentation problem, since phonemes and visemes

constitute well-established elementary units for these
modalities. Hence, speech-driven lip animation task is
often equivalent to find a mapping between the phonemes
of speech and the visemes of lip movement. On the other
hand, we shall consider the audio-visual gesture model-
ing/mapping as an unsupervised segmentation problem,
where the recurrent joint events are not well defined and
to be extracted from the joint feature streams.

The organization of this paper is given as follows: In
Section 2, we first provide an overview of the proposed
HMM-based analysis-synthesis framework and then de-
scribe the computation of head gesture and speech prosody
features. Robust and accurate tracking of the speaker head
motions is an integral part of the overall system; hence, it is
described in detail. Section 3 presents the proposed two-
stage unsupervised analysis procedure to identify and
model jointly recurring head gesture and prosody patterns.
Section 4 explains the HMM-based synthesis of head
gesture parameters from input test speech. In Section 5,
we describe the experiments conducted and present
objective and subjective evaluation of the prosody-driven
head gesture synthesis results. Finally, Section 6 provides
conclusions.

2 OVERVIEW OF THE PROPOSED SYSTEM AND
FEATURE EXTRACTION

A block diagram of the proposed system for prosody-
driven head gesture animation, which consists of analysis
and synthesis parts, is depicted in Fig. 1. The analysis part
includes two feature extraction modules and two-stages of
analysis. Feature extraction modules compute the head
gesture features f9 and speech prosody features fP,
respectively, from training stereo video sequences of a
speaker. At the first stage analysis, individual feature
streams are used to train separate parallel HMM structures,
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Fig. 2. Parallel HMM structure.

where f is the first feature vector f 5, and f tp, 115 the last
feature vector f ;.

The segmentation of the feature stream is performed
using Viterbi decoding to maximize the probability of
model match, which is the probability of feature sequence F
given the trained parallel HMM
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where " is the Ith temporal segment, which is modeled by
the mth branch of the parallel HMM . One can show that
m, IS the best match for the feature sequence”|, that is

m, YaargmaxP&'j mk alzp
m

Since, the temporal segment", from frame t, to &1 1Pis

associated with segment label m;, we define the sequence of

frame labels based on this association as
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where ¢, is the label of the tth frame, and we have a label
sequence * Y4 fep;%5;...;*rg corresponding to the feature
sequenceF . The first stage analysis extracts the frame label
sequences+? and <P given the head gesture and prosody
feature streams F¢ and FP. Although mapping the gesture
and prosody features to discrete frame labels, the mismatch
between the frame rates of gesture and prosody is
eliminated by downsampling the frame rate of prosody
label stream to the rate of gesture label stream.

The parallel HMM structure has two important para-
meters to set before training the model . The first
parameter is the number of states in each branch, N. It
should be selected by considering the minimum duration of
temporal patterns. Selecting a small N may hamper
modeling long-term statistics for each branch of the parallel
HMM. The extreme case N %1 reduces to K-Means
unsupervised clustering. We select the number of states in
each branch of the head gesture HMM 4 as N %10,
corresponding to the minimum gesture pattern duration of
10 frames % sec assuming 30 video frames/sec). Note that
the gesture patterns can be longer than 10 frames since the
HMM structure allows self-state transitions. On the other
hand, the prosody patterns are expected to follow smooth

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 30, NO. 8, AUGUST 2008

pitch frequency movements over several syllables. Con-
sidering the average syllable duration and smoothness of
the pitch contours, we set N 7] in each branch of the
prosody HMM model .

The second parameter is the number of temporal
patterns, M. Since the number of head gesture and prosody
patterns is speaker dependent, we propose a selection ofM
by using two fitness measures. The first fithess measure
which is inversely related to in-class variance, is defined as
the frame average of the log-probability of model match:

1 .
%?IogEPfFj Pb al4b
The measure is expected to saturate with an increasing
number of parallel branches in , since the training
database is expected to contain a limited number of
temporal patterns. However, small variations within tem-
poral patterns are also expected; hence, the number of
branches M can be more than the actual number of
temporal patterns in the training corpus. Consequently,
the second fitness measure, which is the average statistical
separation between two similar temporal patterns, increases
with the decreasing number of temporal patterns. The
second fithess measure is considered as the average
statistical separation between two similar temporal pat-
terns, and it is defined as
|
E)Q- log P8 mP .

The = POimP’
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where  is the second best match for the temporal
segment ", that is

m, YaargmaxPd'j mP alep
8m&im,

In general, the  measure increases with the number of

patterns M, whereas measure decreases. Hence, a good

value for M can be selected such that is high enough,

whereas reaches a certain value.

3.2 Stage ll: Joint Modeling of Prosody-Gesture
Patterns
In the second stage, unsupervised segmentation of the joint
gesture-prosody label stream is performed to detect
recurrent joint label patterns. Note that this task is similar
to the task of stage |, except in the second stage, we have a
multistream discrete observation sequence. For this task,
the parallel HMM structure in Fig. 2 is used with discrete
multistream HMM branches. In multistream HMMs, all
streams share the same state transition structure however
emission probabilities are determined independently for
each stream.

The joint gesture-prosody frame label stream, denoted by
«% s defined such that for every frame k, +2° 1 ;P 7. We
represent the discrete multistream parallel HMM structure
by gpand its mth branch by 2. The discrete HMM g is
trained over the joint gesture-prosody label stream. Each
branch 2, associated with a joint gesture-prosody tempor-
al label pattern, is then described by

r%p1/46°‘gmp;1BgmBg]; L] aL7p
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Fig. 3. Example for unsupervised joint label segmentation.
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Fig. 4. The proposed prosody-driven gesture synthesis system.

where A @ denotes a state transition matrix, B 3 and B p
are discrete observation probability distributions for gesture
and prosody label streams, and [elis an initial state
probability matrix. The distributions B ¢ and B p define the
probability of observing a gesture- prosody label at state s
and frame k, given by

P(-¥ls) =

where the exponents, 4 and
which may be set to unity.

For the purpose of synthesis, each multistream discrete
HMM branch, %, can be split into two individual single-
stream discrete HMM models 2 = (A #;B ¢; ) and

h = (A » B p; ) respectively, for gesture and prosody
streams. These single stream HMM models share the same
state transition and initial state probability matrices, but
their discrete observation probability distributions are
different. The individual observation distributions are then
given by P(}|s) and P(P|s) for gesture and prosody
models, respectively.

Unsupervised temporal segmentation of joint label
streams is demonstrated by the following example, which
also illustrates how the asynchrony between gestures and
prosody is handled in our scheme.

P(egIs) *P(:fls) ® (18)

p. are the stream weights,

Example. Let us have two label streams «® and «°, where
each label can assume values 1, 2, or 3. When temporal
segmentation of the joint label stream is performed using
the HMM structure g, with M = 2 patterns and N = 3
number of states for each pattern, we obtain the result
shown in Fig. 3. One can observe that the recurrent joint
label patterns are captured and the asynchrony between
individual label streams is modeled by the first and the
last states of the HMM branches.

The number of states N for each branch of ¢, should
be selected according to the number of head gesture and
prosody patterns determined by the stage | analysis, since

gp Models the recurrent joint gesture-prosody label pairs.
Similarly, the number of branches M _ in ¢, should be
selected by considering the two fitness measures and , as
defined in (14) and (15). The selection of N and M is
further discussed in Section 5.

4 PROSODY-DRIVEN GESTURE SYNTHESIS

In this section, we address prosody-driven gesture synth-
esis using the proposed gesture-prosody pattern model. A
detailed block diagram of the proposed prosody-driven
gesture synthesis system is shown in Fig. 4. The system
takes speech as input and produces a sequence of head
gesture features, that is, Euler angle vectors, which are
naturally correlated with the input speech. The details of
the subblocks are described in the following.

4.1.1 Prosody Feature Extraction
The prosody features, FP, are extracted from the input
speech signal, as described in Section 2.2.

4.1.2 Prosody Feature Segmentation

Temporal segmentation of prosody feature sequence FP is
performed using the HMM model ,, which is trained in
the stage | analysis in Section 3.1. During the temporal
segmentation, the conditional probability P(FP| ;) is
maximized using Viterbi decoding to extract the temporal
prosody segment sequence, "P, and the sequence of prosody
frame labels, P.
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4.1.3 Gesture Segment Label Estimation

The aim of this step is to predict the sequence of gesture
frame labels, 9, given the prosody frame labels «P. To this
effect, temporal segmentation of the prosody frame labels,
P is performed using the HMM model ,, which is
extracted by splitting the jointly trained gesture-prosody
HMM model g, As a result of this temporal prosody label
segmentation, a state sequence sP = {sf;sb;...;sk} asso-
ciated with P = {«f;¢5;...;eR} is extracted. Then, the
gesture frame label sequence «9 is predicted by maximizing
the probability of observing gesture label on the state
sequence path sP over the gesture HMM model 4, such that

«J=arg mn?xP(m|sE; o) (19
where k is the frame index, m runs over all possible M
gesture patterns, and the conditional probability P (m|sf; 9)
is defined by the discrete observation probability distribu-
tion B ¢.

4.1.4 Generation of Euler Angles

This step computes the gesture segment sequence "9,
consisting of the Euler angle features, given the gesture
frame label sequence 9. First, we find the segment frame
boundaries, {t|},L:1, by merging the same gesture frame
labels in the sequence «9. Then, the Euler angle features for
the Ith segment, "? = {f2:f2 ,;...;f{ ,}, are generated
from the HMM o which is the ¢ -th branch of the parallel
HMM model ¢ (éomputed in stage ).

Note that the segment duration for the Ith segment is
extended as d = (ti;a+ — (ti— )) frames, where is
the number of overlapping frames at the segment bound-
aries to smooth segment-to-segment transitions. The state
sequence s or equivalently the state occupancy duration
for the Ith segment is calculated using the diagonal terms of
the d -step state transition matrix of the HMM gt . Having
the state sequence s} and the continuous observation
probability P (f 9|s?), which are modeled using a Gaussian
distribution, the Euler angle features are generated along
the state sequence associated with the distribution P (f 9|s?).
The segment boundaries have 2 + 1 number of frame
overlaps, where the overlapped and averaged features
generate smoother segment-to-segment transitions.

4.1.5 Smoothing of Euler Angles

As the final step of the gesture synthesis, the Euler angles
are smoothed using median filtering followed by a
Gaussian low pass filter to remove motion jerkiness. The
median filtering is performed over 11 visual frames, and the
Gaussian smoothing is performed over 15 visual frames.
Fig. 5 depicts the samples generated from the HMM and
outputs of the median and Gaussian filters. The figure
clearly shows that the median filter removes jitters within a
state and the Gaussian low pass filter smooths the state-to-
state transitions.

There are two main advantages of using HMMs for
gesture synthesis. The first is the random variations in the
synthesized gesture patterns for each segment. This varia-
tion yields more natural looking synthesis results than
using a fixed gesture dictionary, since humans produce
slightly varying gestures at different occasions for the same
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Fig. 5. The effect of filtering in the synthesis of Euler angle . The
dashed circles represent the states of a single branch HMM model. The
vertical position and size of each circle are adjusted considering the
mean and variance of the Euler angles associated with each state.

semantics. The second advantage is generating gestures
with varying duration in accordance with the prosody of
the speaker.

5 EVALUATION AND RESULTS

In this section, we present experimental results and the
evaluation of the proposed system. Section 5.1 describes the
audio-visual database, which is used in the experimental
evaluation to generate objective and subjective results. The
evaluation of the gesture-prosody pattern analysis is
presented in Section 5.2, and the objective and subjective
performance results for synthesis are presented in Sec-
tion 5.3. Speaker dependency of the prosody-driven head
gesture synthesis system is evaluated in Section 5.4.

5.1 Database and Experimental Setup

We have conducted experiments using the MVGL-MASAL
gesture-speech database. The database includes four re-
cordings of two subjects telling stories in Turkish. The
subjects are instructed to tell stories to children audience.
All gestures are spontaneous within this context. Each story
lasts approximately seven minutes. The audio-visual data is
synchronously captured from the stereo camera and the
sound card. The stereo video includes only upper body
gestures with 30 frames per second, whereas the audio is
recorded with 16-kHz sampling rate and 16 bits per sample.
The detailed specification of the stereo camera can be found
in [28]. The performance of the proposed analysis and
synthesis system is evaluated in detail on the recordings of
the first speaker, whereas the recordings of the second
speaker are used to investigate the speaker dependency
problem. For the first speaker, the database is partitioned
into two parts such that three stories are used for the
training of the models, and one story is used for testing. For
objective evaluation of the synthesis, the Euler angles
extracted from the test sequence are considered as the
ground truth for the synthesized head motion.

5.2 Analysis Results

The head gesture and prosody correlation analysis includes
unsupervised temporal segmentation of the individual
feature streams as well as the joint gesture-prosody label
stream. The objective and subjective evaluation of these
tasks are presented in the following.
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Fig. 7. The mean Euler angles with standard deviations and typical thumbnails for the five gesture patterns: (a) Turn Left, (b) Turn Right, (c) Tilt Left,

(d) Tilt Right, and (e) Nod.

5.3 Synthesis Results
Prosody-driven head gesture synthesis generates an Euler
angle sequence, which is naturally correlated to a given test
speech signal. The details of the synthesis process is given
in Section 4. In this section, we present objective and
subjective evaluations of the prosody-driven head gesture
synthesis process. The evaluations are performed over the
test database, which is defined in Section 5.1.

The objective evaluations compare the difference be-
tween original and synthesized Euler angles. Furthermore,
A-B comparison type subjective evaluations are performed

using the talking head avatar of Momentum Inc. [30], where
the Euler angles that we deliver are used to drive head
gestures/motion of the speech-driven talking head anima-
tion. The subjective tests are used to measure opinions on
the naturalness of the synthesized head gestures using the
speech-driven talking head animations.

We have adopted the Input-Output HMM (IOHMM)
structure [8], [31] as a possible alternative scheme for the
joint analysis of gesture and prosody label streams at the
second stage. In that case, the IOHMM structure replaces
the HMM o, to predict gesture segment labels from
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Fig. 12. The and fithess measures for varying number of head

gesture patterns of the second speaker.

use of parallel multistream HMM in the second stage is
more robust to any noise in the input stream.

Samples of the audio-visual sequences for the prosody-
driven talking head animations are available online [33].
These samples are selected to demonstrate three possible
related applications. The first one is the speaker dependent
prosody-driven gesture synthesis application, where ges-
ture-prosody correlation model of a speaker is used to
animate the same speaker with her/his speech. The second
application is a head gesture transplant, where gesture-
prosody correlation model of speaker A is used to animate
speaker B from speaker A’s speech. Furthermore, the
prosody transplant is considered as the third application,
where gesture-prosody correlation model of speaker A is
used to animate speaker A from speaker B’s speech. In the
demonstration of the prosody transplant, we used speech
input from audio-book recordings in English, where the
gesture-prosody correlation model is performed over the
story telling recordings in Turkish. Although one should
expect differences in prosody patterns across different
languages, the naturalness of the animations is observed
to be acceptable. We also note that the talking speed of these
two speakers are different, where the native Turkish
speaker has a faster rate than the native English speaker.
As expected from the proposed correlation model, we
observe slower head gesture animations for the native
English speaker.

5.4 Speaker Dependency

The proposed analysis method is capable of providing
personalized elementary head gesture and prosody patterns
and a personalized prosody to gesture mapping model. To
demonstrate this, we have repeated the experiments with a
second speaker. The second speaker is also instructed to tell
the same four stories to an audience of children. The system
is then trained using the recordings of the speaker. At the
end of the two-stage analysis for modeling gesture-prosody
correlation, we have observed that the resulting elementary
patterns for both prosody and head gestures significantly
differ from those of the first speaker.

In order to set the number of gesture patterns, M _, and
prosody patterns, M, the two fitness measures and are
calculated for varying number of gesture and prosody
patterns, respectively, which are plotted in Figs. 12 and 13.
In both plots, the probability of model match, , increases,
and the statistical separation between patterns, , decreases
with an increasing number of patterns. The numbers of
gesture and prosody patterns are selected in the vicinity
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Fig. 13. The and fitness measures for varying number of prosody
patterns of the second speaker.

where and curves intersect, as M j=4and M =5
The mean Euler angle vectors and typical thumbnails for
the four gesture patterns are plotted in Fig. 14. Similarly, the
means and standard deviations of the normalized intensity
and pitch frequency trajectories for the five prosody
patterns are plotted in Fig. 15. Note that the elementary
gesture patterns for the second speaker is distinctively
different than the ones for the first speaker (see Fig. 7 for
comparison). Sample video streams of the typical elemen-
tary gesture patterns are available online in [33]. The
elementary prosody patterns also differ for the second
speaker. Three of the prosody patterns are falling boundary
tones (L percent), and the other one is a rising boundary
tone (H percent) for the second speaker.

At the second stage analysis, the joint gesture-prosody
pattern label stream is segmented in an unsupervised
manner using the discrete multistream HMM structure g,
The two fitness measures for ¢, are plotted in Fig. 16. In the
unsupervised segmentation, the number of joint gesture-
prosody patterns is set to M = 5. As for the demonstra-
tion of synthesis results, to better emphasize speaker
dependency, we have used the same audio-book recordings
in English and the same face model to derive the head
gesture animations for the two different speakers. A sample
animation video is available online in [33], where the video
stream resulting from the second speaker’s gesture-prosody
correlation model, is presented in parallel with the video
stream generated from the first speaker’s model for visual
evaluation of the speaker dependency performance.

6 CONCLUSIONS

We proposed a new two-stage joint head gesture and speech
prosody analysis framework. In the first stage of the analysis,
elementary gesture and prosody patterns are extracted using
unsupervised segmentation for a speaker, and in the second
stage, a correlation model between head gesture and
prosody patterns is developed. The proposed two-stage
analysis framework offers the following advantages:

1. Meaningful elementary gesture and prosody pat-
terns are defined for a speaker at the first stage.

2. A mapping between these elementary prosody and
head gesture patterns is obtained with unsupervised
segmentation of the joint gesture-prosody label
stream.
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Fig. 14. The mean Euler angles with standard deviations and typical thumbnails from the second speaker for the four gesture patterns: (a) Tilt Left,

(b) Nod with Tilt Right, (c) Nod, and (d) Tilt Right.
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Fig. 15. The means and standard deviations of the normalized intensity (dB) and pitch frequency (Hz) trajectories for the five prosody patterns of the

second speaker.

3.

The HMM-based analysis and synthesis yields
flexibility in modeling structural and durational
variations within gestural and prosodic patterns.
Automatic generation of the elementary gesture
patterns produces natural looking prosody-driven
head gesture synthesis.

In addition to successful demonstration of speaker
dependent speech-driven head gesture synthesis system,
different applications, such as head gesture transplant and
prosody transplant, are also demonstrated. After extracting
a gesture-prosody correlation model for speaker A, head
gesture transplant animates speaker B from speaker A’s
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speech, and prosody transplant animates speaker A from
speaker B’s speech. In the prosody transplant demonstra-
tion, gesture-prosody correlation model is trained with
audio-visual recordings in Turkish, and prosody-driven
gesture synthesis is performed with speech input record-
ings in English. The naturalness of the prosody transplant is
found to be acceptable. Also in this demonstration, we
observe slower head gesture animations for the native
English speaker whose talking speed is slower.

The proposed HMM based two-stage head gesture and
speech prosody analysis system can be utilized to model the
correlation between any other loosely correlated modalities,
such as facial expressions and speech prosody, arm gestures
and speech semantics, etc. Furthermore, the proposed
speaker dependent speech-driven head gesture synthesis
system can be tailored to model a speaker’s emotion and
mood. We also note that prosody patterns obtained using the
proposed stage | analysis over a multispeaker phonetically
rich Turkish (or any other language) training database can be
used to define a complete ToBI-like prosodic transcription
convention for Turkish (or any other language) intonation.

APPENDIX

RiGID MOTION PARAMETER ESTIMATION BY
CONSTRAINED OPTIMIZATION

This appendix summarizes the method used for estimating
the rotation matrix, R, and translation vector, t, which
describe the rigid motion between the world point
coordinate matrices Wy and W\, (see Section 2.1).

Let my denote the mean of the column vectors in the
matrix Wy such that

wi (22)

and my be defined similarly. Then, the translation t

between Wy and Wy, is given by
t=mg —myg: (23)

Furthermore, let W, and W, represent the mean-
removed coordinate matrices such that

K =Wi-md’; and Wi =W, —m1": (24
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Then, the rotation matrix R can be found by minimizing the
cost function:

f(R) =[E||F =tr (EET); (25

where | - || and tr(-) denote the Frobenius-norm and the
matrix trace, respectively, and

E =W} — RW,: (26)

The minimization of the cost function f (R), f : R®>® — R,
is a nonlinear optimization problem, under the unitary
constraint RTR = I, which can be solved by the algorithm
proposed in [34], where Manton describes a modified
Newton method for optimization on the complex Stiefel
manifold that defines the space related with the unitary
constraint.

We simplified this method to minimize the cost function
f (R) for a square and real matrix R subject to the constraint
RTR =1 as follows:

1. Choose the initial R such that RTR =1.
For small rotations, R can be approximated in
terms of a parameter vector u = [ux;uy;uz]T such

that [35]
2 3
0 —-u; wuy
Rrl+S=1+%4u, 0 —u?o: (27)
—Uy Uy 0

Equating the residual defined in (26) to zero, we
obtain the following equation to solve for S:

Wi —W, =SW,; (28)
which can be expressed in terms of u as
2 3
K1
veqW, — W, ) = Ku :g : éu
K
2 " (29)
0 Zn —Yn
Kn=9-2, 0 X,&;
—Xn Yj 0

where operator ved:) obtains a column vector by
stacking the columns of the operand matrix, and
each 3 x 3 submatrix K, is constructed using the
nth point (Xn;Yn;Zn) from W, . The least squares
solution of (29) can then be used to find u and to
construct S. The initial guess for R can finally be
obtained by projection onto the unitary space R =
(I +S) (described in step 5 below).

2. Compute the derivative Dg and the Hessian Hr of f

given by

Dgr = —2EW}/; (30)

Hr = 2(Wi W) @ 13,3); (31
wrcl]ere ® denotes Kronecker product.

3. If tr(DEDr—RTDRR'DR) < , then stop.
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Compute the Newton step size Z := Z (%P,

The Newton step size is defined as the value of Z,
Z € R3<3, confined to the tangent space V, at which
the quadratic approximation g(Z) has its critical
point:

9(Z) ~f(R)+1tr(ZTD) + (1=2)vedZ) HvedZ);
(32

where

D=Dgr; H=Hr-(1=2)[(R'TDr +DLR)" ®1]:

(33

The tangent space V is defined as a subset of R®3
such that Z = RA, where A is skew symmetric. The
critical point Z(°® € V, that is, the Newton step size,
satisfies the following linear constraint:

tr(ZTD) + [veZ) H)veqZz®) =0:  (34)

By writing Z as Z = P 3 | iRA;, where A; (i =
1,2;3) is an arbitrary basis for skew-symmetric
matrix, the critical point Z °® can be found by solving
the following linear equation for ; (i = 1;2;3):
ew) _ tr ((RA;)'D) + veqRA;) " HveqZ) = O:
@. - I | - M

(39

Note that the above equation can be put into a
matrix form:
K THK

=K TvedD); (36)

where

K = (I ®R)[veqA1);veqA,); veqAs)]

T (37
=l 2 3:
SetR':= (R+2Z).
The projection (R), R33 _ St, onto the Stiefel
manifold, St = {R € R¥*3®: RTR =1}, is defined as
_ ; —Ol2
(R) = argmin |R — Q" (38)
If the singular value decomposition of R is U VT,
then the projection is simply given by [34]:

(R) = Ul3,3V': (39)

If f (R) <f(R’), then abort.
Set R := R’. Go to step 2.
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